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Abstract 

Let {X, fj,) be a measure space, and let Li, . . . , L„ be (possibly unbounded) self- 
adjoint operators on L'^{X,fi), which commute strongly pairwise, i.e., which 
admit a joint spectral resolution E on R". A joint functional calculus is then 
defined via spectral integration: for every Borcl function m : R" — )■ C, 

m(L) =TO(Li,...,i„) = / m{X)dE{X) 

is a normal operator on L'^{X, /i), which is bounded if and only if ?Ti — called 
the joint spectral multiplier associated to m{L) — is (_E-essentially) bounded. 
However, the abstract theory of spectral integrals does not tackle the following 
problem: to find conditions on the multiplier m ensuring the boundedness of 
m{L) on LP{X, /i) for some p ^ 2. 

We are interested in this problem when the measure space is a connected Lie 
group G with a right Haar measure, and Li, . . . , L„ are left- invariant differential 
operators on G. In fact, the question has been studied quite extensively in the 
case of a single operator, namely, a sublaplacian or a higher-order analogue. 
On the other hand, for multiple operators, only specific classes of groups and 
specific choices of operators have been considered in the literature. 

Suppose that Li, . . . , L„ are formally self-adjoint, left- invariant differential 
operators on a connected Lie group G, which commute pairwise (as operators 
on smooth functions). Under the assumption that the algebra generated by 
Li, . . . , L„ contains a weighted subcoercive operator — a notion due to [ER98], 
including positive elliptic operators, sublaplacians and Rockland operators — we 
prove that Li, . . . ,L„ are (essentially) self-adjoint and strongly commuting on 
L^{G). Moreover, we perform an abstract study of such a system of operators, 
in connection with the algebraic structure and the representation theory of G, 
similarly as what is done in the literature for the algebras of differential operators 
associated with Gelfand pairs. 

Under the additional assumption that G has polynomial volume growth, 
weighted L^ estimates are obtained for the convolution kernel of the opera- 
tor m{L) corresponding to a compactly supported multiplier m satisfying some 
smoothness condition. The order of smoothness which we require on m is re- 
lated to the degree of polynomial growth of G. Some techniques are presented, 
which allow, for some specific groups and operators, to lower the smoothness 
requirement on the multiplier. 

In the case G is a homogeneous Lie group and Li, . . . , L„ are homogeneous 
operators, a multiplier theorem of Mihlin-Hormander type is proved, extending 
the result for a single operator of [Chr91] and [MM90]. Further, a product theory 
is developed, by considering several homogeneous groups Gj, each of which with 
its own system of operators; a non-conventional use of transference techniques 
then yields a multiplier theorem of Marcinkiewicz type, not only on the direct 
product of the Gj, but also on other (possibly non- homogeneous) groups, con- 
taining homomorphic images of the Gj . Consequently, for certain non-nilpotent 
groups of polynomial growth and for some distinguished sublaplacians, we are 
able to improve the general result of [Ale94]. 
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Introduction 



Fourier and spectral multipliers 

Fourier multipliers. One of the classical problems of harmonic analysis is 
the study of operators of the form 

r™:/^-F-i(m^/), 

where T is the Fourier transform on M", and to : R" — > C is a suitable (measur- 
able) function, which is called the Fourier multiplier associated to the operator 
Tm- In fact, the Fourier transform intertwines the operator Tm with the operator 
of multiplication by to. 

Since the Fourier transform is (modulo a constant factor) an isometry of 
L^(]R"), boundedness of Tm on _L^(R") is equivalent to (essential) boundedness 
of the multiplier to, and 

||r„||2^2 = ||n^||oo- 

On the other hand, boundedness of Tm on LP(]R") for p 7^ 2 is much more 
difficult to characterize. 

Sufficient conditions for boundedness of Tm on L^ can be expressed in terms 
of smoothness conditions on the multiplier m. For instance, given a family of 
dilations 

on R" (for some Ai, . . . , A„ > 0), we say that m satisfies a Mihlin-Hormander 
condition^ of order s G R, adapted to the dilations 5t, if 

sup||(TOO(5t)ry||Ha(K„) < 00, (*) 

*>o 



^Starting from the work of Marcinkicwicz [Mar39] about multipliers of Fourier series, Mihlin 
[Mih56], [Mih57] obtained the sufficient condition 

sup sup |a;|'"'|9°m(a;)| < 00 (**) 

ae{0,l}" a;/0 

for the operator Tm to be bounded on L^ for 1 < p < cxd (an account of the results of 
Marcinkiewicz and Mihlin can be found in the appendix of [Mih65] ) . Subsequently, Hormander 
[H6r60] reduced to [n/2j + 1 the maximal order of derivatives of m to be controlled, and 
replaced the supremum with an L^ norm, thus obtaining substantially the same condition 
as (*) in the case of isotropic dilations 5t{x) = tx. The non-isotropic case was eventually 
considered by Kree [Kre66] and Fabes and Riviere [FR66]. An extensive bibliography about 
Fourier multipliers in the 1960s may be found in §2.2.4 of [Tri78a] and in Chapter IV of 
[SteZOa]. 



where 77 is a non-negative smooth cut-off function supported on an annulus of 
R" centered at the origin, and 



is the L^ Sobolev norm of fractional order s. Correspondingly, we have the 
Mihlin-Hormander multiplier theorem: 

Theorem A. // m satisfies a Mihlin-Hormander condition of order 

n 

adapted to some family of dilations on M", then Tm is of weak type (1,1) and 
bounded on ^^(R") for 1 < p < 00. 

A multi-variate analogue of the previous condition is the following: we say 
that TO satisfies a Marcinkiewicz condition^ of order s — (si, . . . , s„) G R" if 

sup ||mj-77(g)---(X)?7||5?H(R..) < 00, (t) 

ti,...,t„>0 

where 

m^ixi,...,Xn) = m{tiXi,...,tnXn), 

77 is a smooth cut-off function as before, but on R^, and 

2 _ / I Tr-P/'(rM2 (-1 I ic \\2si /I I \c \\2s„ 



is the multi-parameter L^ Sobolev norm of order s. Then we have 
Theorem B. If m satisfies a Marcinkiewicz condition of order s, with 

1 1 

Sl > ;rj • • • : *n -^ ^1 

then r,„ is bounded on iP(M") for 1 < p < 00. 

The first result is proved via the Calderon-Zygmund theory of singular in- 
tegral operators, while the second exploits also Littlewood-Paley theory. Their 



^Thc original result of Marcinkiewicz [Mar39] was about Fourier series. The expression 
"Marcinkiewicz multiplier theorem" refers commonly to a transposition of Marcinkicwicz's 
result into the non-periodic setting, which is stated in §XI.11.31 of [DS63] (see also Theorem 
IV. 6' of [Ste70a], or Theorem 5.2.4 of [Gra08]), and involves L^ norms of mixed partial deriva- 
tives of the multiplier m. One feature of this condition on m is its invariance by independent 
dilations of the components of M"; this feature disappears in Mihlin's pointwisc condition 
(**), but is recovered, e.g., by Lizorkin [Liz63] with the condition 

sup sup \x"^ ■ ■ ■ x"" d°'m{x)\ < 00. (ff) 

Condition (f), involving a multi-parameter L^ Sobolev norm, is stated in [CS95] as the hy- 
pothesis of a "multiparameter version of the Hormander-Marcinkiewicz multiplier theorem" . 
Subsequently, conditions such as (f) and (ff) have been referred to as "Marcinkiewicz (-type) 
conditions" in the context of joint spectral multipliers for left-invariant differential operators 
on Heisenberg-type groups (see [MRS95], [MRS96], [Fra97], [VenOO], [FraOla], [FraOlb]). 



IV 



applications include a-priori estimates and regularity results for partial differen- 
tial equations (see, e.g., [H6r90]). Notice that, in both theorems, the regularity 
threshold (i.e., the minimum number of derivatives to be controlled in order to 
obtain boundedness on L^ for 1 < p < oo) is half the dimension of the envi- 
ronment space: in the former, the threshold is n/2, which is half of dimM", 
whereas in the latter it is 1/2 in each component, that is half the dimension of 
each factor IRi of R". 

Generalizations of this kind of results are given at least in two directions. 
First of all, one can consider a setting where some sort of Fourier transform 
is defined, e.g., locally compact groups'^ or symmetric spaces. In particular, 
for non-compact symmetric spaces, Clerc and Stein [CS74] proved that — in 
contrast with the Euclidean case, where a finite order of differentiability of the 
multiplier is sufficient — a necessary condition^ for a function m to define a 
bounded operator Tm on L^ for some p 7^ 2 is the existence of a holomorphic 
extension of m. 

Spectral multipliers. The second direction develops from the observation 
that, if P : K" ^ K is a polynomial, then the differential operator 

L = P{-idi,...,-idn) 
is (essentially) self-adjoint on L^(R"), thus admits a spectral resolution 

i= f \dE{X), 

JR 

and moreover, for a bounded Borel function to : R — > C, we have 
TmoP = m(L) = / to(A) dE(X); 



an easy consequence of Theorem A is then the following 

Theorem C. Let L = P(—idi, . . . ,—idn), where P : M" -^ M. is a polyno- 
mial which is homogeneous with respect to some family of dilations on R" and 
nowhere null off the origin. // ?7i : R — > C satisfies a Mihlin-Hormander condi- 
tion of order 

n 

^>2' 
then m{L) is of weak type (1, 1) and hounded on L^iW^) for 1 < p < 00. 

The function to defining the operator m{L) is called a spectral multiplier 
for L. A typical example for the operator L is the Laplacian —{df -I- • • • -I- 9^), 
which corresponds to the polynomial P{x) = x\ -\- ■ ■ ■ -\- x^^, and therefore to 
radial Fourier multipliers mo P. 

In a setting where an analogue L of the Laplacian is defined, the spectral 
theorem gives a functional calculus for L such that, if tti : R ^^ C is a bounded 
Borel function, then m{L) is a bounded operator on L^; therefore one can again 



•^See [CW71] for SU2, [Rub76] for the plane motion group, [DM79] for the Hcisenbcrg 
group; see also [Wei72] for central multipliers on a compact Lie group. 

■^For other results in the context of non-compact symmetric spaces, including sufficient 
conditions for boundedness on L^ , see [Ank90], [GMM97] and references therein. 



look for sufficient conditions on the spectral multiplier m ensuring boundedness 
of m{L) on L^ for some p 7^ 2. 

This question has been explored particularly in the case of a connected Lie 
group G with a hypoelliptic left-invariant self-adjoint^ differential operator L, 
typically a sublaplacian. Notice that, for a sublaplacian i on a connected Lie 
group G, a general result of Stein (see [Ste70b], §IV.6) yields boundedness of 
the operator m{L) on LP{G) for 1 < p < 00 whenever the multiplier m is 
of Laplace transform type; this rather strong condition on the multiplier — it 
implies analyticity — can be considerably weakened on specific classes of groups. 

For a homogeneous sublaplacian L on a stratified Lie group G, there is a 
result analogous to Theorem C due to^ Christ [Chr91] and Mauceri and Meda 
[MM90] , where a condition of order 

i.e., half the homogeneous dimension Q of the stratified group G, is required. 
This result in general is not sharp: although on R" (with isotropic dilations) it 
is Q = n, on more general stratified groups G the homogeneous dimension Q is 
greater than the topological dimension dim G, and in the case of a Heisenberg- 
type group G it has been proved (by Miiller and Stein [MS94] and Hebisch 
[Heb93a] for a sublaplacian, and by Hebisch and Zicnkiewicz [HZ95] for a more 
general positive Rockland operator) that a condition of order 

dimG 

is sufficient. 

An analogous result, due to Alexopoulos [Ale94], is known for a sublaplacian 
L on a connected Lie group G of polynomial volume growth. In this case, the 
condition on the multiplier is expressed in terms of an L°° Besov norm, and the 
regularity threshold involves both a local dimension Qq (related to the Carnot- 
Caratheodory distance associated to the sublaplacian L) and a dimension at 
infinity Qoo (that is, the degree of polynomial growth of G), so that a condition 
of order 

max{(3o,Qoo} 

^> 2 

is sufficient; notice that, for a homogeneous sublaplacian on a stratified group, 
it is Qo — Qoo — Q- An extension of this result to higher-order operators is 
contained in [DOS02] (where generalizations to different settings, such as frac- 
tals, are also discussed). Moreover, in the case of a distinguished sublaplacian 
on the compact group G = SU2, for which Qo = 4 > 3 = dimG, Cowling and 
Sikora [CSOl] have shown that a condition of order 

dimG 
(with an L^ Sobolev norm) is sufficient. 

^ Since we consider left-invariant differential operators on G, it is understood that the 
measure defining the Lebesgue spaces LP{G) is a right Haar measure. 

^This problem has a long history: starting from Theorem 6.25 of [FS82], due to Hulanicki 
and Stein, the smoothness requirement on the multiplier has been lowered and lowered (see 
[Mau87], [DM87]), culminating with the above-mentioned result. 
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In the context of Lie groups with exponential volume growth, two different 
behaviours may appear: in some cases (similarly to what happens on non- 
compact symmetric spaces) a multiplier m defining a bounded operator nn{L) 
on L'P for some p ^2 necessarily extends to a holomorphic function (see [CM96] , 
[LMOO]), whereas in other cases a finite order of differentiability is sufficient to 
ensure boundedness on LP{G) for 1 < p < oo (see [Heb93b], [CGHM94]); the 
distinction between the two behaviours is somehow connected with the symme- 
try of the Banach *-algebra L^{G). 

Joint spectral multipliers. Suppose now that, instead of a single opera- 
tor, we have a family Li,...,L„ of (essentially) self-adjoint operators, which 
moreover commute strongly pairwise, i.e., admit a joint spectral resolution E 
on R": 



Lj - / A, dE(\) 



for j = 1, . . . , n. This defines a joint functional calculus for Li, . . . , i„, which 
yields, for every bounded Borel m : M" — > C, a bounded operator 

m(i) =m(Li,...,i„) = / 'm{X)dE{\) 

on L^; the function m is said to be a joint spectral multiplier for the sys- 
tem Li, . . . , Ln, and again one can look for sufficient conditions on m ensuring 
boundedness of m{L) on L^ for some p ^ 2. 

Notice that Fourier multipliers on M" fall into this context: in fact, a Fourier 
multiplier on K." can be thought of as a joint spectral multiplier for the system 
—idi, . . . ,—idn of differential operators on M". However, for instance, on a 
non-commutative Lie group, two left-invariant differential operators do not nec- 
essarily commute, so that joint spectral multipliers can be considered only for 
particular systems of left-invariant differential operators. 

Certainly, if the environment space is a direct product, and each Lj op- 
erates on a different factor, then strong commutativity is ensured; this case is 
considered in [Sik09], where results of Mihlin-Hormander type are obtained, and 
applications to products of fractals are given. 

Another extensively studied context is that of Heisenberg-type groups: 

• Mauceri [Mau81] obtained a result of Mihlin-Hormander type for joint 
functions of the sublaplacian L and the central derivative —iT on Hcisen- 
berg groups; 

• Miiller, Ricci and Stein [MRS95] , [MRS96] proved results of Marcinkiewicz 
type for the sublaplacian L and the central derivatives —iTi, . . . , — ir„ on 
Heisenberg-type groups; 

• Fraser [Fra97], [FraOlb], [FraOla] and Veneruso [VenOO] obtained results 
of Marcinkiewicz type for the partial sublaplacians Li,...,L„ and the 
central derivative —iT on Heisenberg groups. 

In some of these works, which are concerned with specific groups and operators, 
sharp thresholds are obtained. 

However, to our knowledge, in the literature there is no result for multiple 
operators with the same generality as in the above-presented results for a single 
operator. 



Our results 

One of the aims of this work is to partially fill the mentioned gap in the litera- 
ture, by obtaining joint spectral multiplier results in some generality. Therefore, 
one of the problems which we had to face was that of identifying the right object 
to be studied, i.e., a class of systems of left-invariant differential operators on a 
connected Lie group for which joint multiplier theorems were likely to hold. The 
desiderata were, on one hand, the applicability of the spectral theorem for defin- 
ing the joint functional calculus, and consequently the self-adjointness on L^{G) 
and the strong commutativity of the operators under consideration; on the other 
hand, the validity of some analogue of the "heat kernel estimates" , which are 
an essential tool in the proof of multiplier theorems for a single operator. 

Our solution involves the weighted subcoercive operators of ter Elst and 
Robinson [ER98], which are a rather wide class of left-invariant differential 
operators on connected Lie groups, including positive elliptic operators, sub- 
laplacians, and also positive Rockland operators on homogeneous groups. Cor- 
respondingly, we define a system Li, . . . , L„ of left-invariant differential opera- 
tors on a connected Lie group G to be a weighted subcoercive system if the Lj 
are formally self-adjoint and pairwise commuting, and if moreover the algebra 
generated by them contains a weighted subcoercive operator. We then prove 
that, if Li, ..., Ln is a weighted subcoercive system on the group G, then the 
operators Lj are (essentially) self-adjoint on LF'{G) and commute strongly pair- 
wise; moreover, the presence of a weighted subcoercive operator in the algebra 
generated by Li, . . . ,i„ provides, by the results of [ER98], the required heat 
kernel estimates. 

A somehow abstract study of these weighted subcoercive systems is subse- 
quently carried out, exploring their relationships with the algebraic structure 
and the representation theory of the environment group, analogously as what is 
done in the literature for the algebras of differential operators associated with 
Gelfand pairs. In particular, we show that, to every weighted subcoercive sys- 
tem Li, . . . , Ln on a group G, a Plancherel measure on the joint L^ spectrum of 
the operators can be associated, so that the L"^ norm of the convolution kernel 
of the operator m{L) on G coincides with the L^ norm of the multiplier m with 
respect to the Plancherel measure. 

Next, for a weighted subcoercive system Li, . . . , L„ on a Lie group G with 
polynomial growth, we obtain weighted L^ estimates for the convolution ker- 
nel of the operator m{L) corresponding to a joint multiplier m with compact 
support, satisfying some smoothness condition. This implies in particular that 
the convolution kernel corresponding to a smooth and compactly supported 
multiplier m is integrable, so that the operator m{L) is bounded on L'p{G) for 
1 < p < oo; in fact, this result is shown to hold also for multipliers m in the 
Schwartz class of rapidly decreasing smooth functions. 

The weighted estimates, together with the Calderon-Zygmund singular inte- 
gral theory, then yield, in the case of a homogeneous group G with homogeneous 
operators Li, . . . , i„, a joint multiplier theorem of Mihlin-Hormander type, with 

a condition of order 

Qg , n-1 



s > 



2 q 



in terms of an L'' Besov norm with q G [2,oo], where Qg is the degree of 
polynomial growth of G. Notice that this result extends the multiplier theorem 



of [Chr91] and [MM90] for a sublaplacian on a stratified group. 

For a fiomogeneous group G with a positive Rockland operator L, the ho- 
mogeneous dimension of G corresponds to the local dimension Qo associated 
to L as in [Ale94], whereas Qg = Qoo is the dimension at infinity, and it is 
always Qo ^ Qg, with equality if G is stratified. Since most of the results in 
the literature about spectral multipliers on homogeneous Lie groups are stated 
in the context of stratified groups, the different role of these two quantities gen- 
erally remains in the shade. However, on a fixed nilpotent Lie group G, there 
may be several homogeneous structures — as in R" there are plenty of families 
of non-isotropic dilations — with possibly different homogeneous dimensions, 
whereas the degree of polynomial growth Qq is intrinsic to the algebraic struc- 
ture of G. In our multiplier theorem, differently from [Ale94] , but analogously 
as in Theorem A on M", the homogeneous dimension Qq docs not appear in the 
regularity threshold, which depends only on Qq. 

Some methods are presented which allow, for certain groups and systems 
of operators, to improve the multiplier theorem by lowering the regularity 
threshold. In particular, the technique of Hebisch and Zienkiewicz [HZ95] is 
extended to our multi-variate setting, enabling us to replace, e.g, in the case 
of a Heisenberg-type group G, the degree Qg of polynomial growth with the 
topological dimension dimG in the threshold. The summand (n — l)/q in the 
threshold can be lowered too, through an analysis of the Planchcrel measure 
associated to a specific weighted subcocrcive system, which sometimes can be 
explicitly computed. 

Finally, a sort of product theory is developed, yielding a multiplier theorem 
of Marcinkiewicz type involving several homogeneous groups Gj , each of which 
with its own weighted subcocrcive system. A non-conventional use of trans- 
ference techniques allows us to obtain this multiplier theorem not only on the 
direct product of the Gj, but also on other groups (containing homomorphic 
images of the Gj) which need not be nilpotent. In this way, we are also able 
to improve, for certain non-nilpotent groups of polynomial growth (including 
the plane motion group, the oscillator groups and the diamond groups) and for 
some distingiushcd sublaplacians, the general result of [Ale94]. 

Structure of the work 

This thesis is divided into five chapters. The first two chapters are of introduc- 
tory character, and are aimed to establish the language which is used throughout 
the work. 

Specifically, the first chapter is a brief summary of the basic definitions and 
results related to Lie groups. Lie algebras and translation-invariant differential 
operators. Several classes of Lie groups are considered, focusing particularly on 
nilpotent and homogeneous Lie groups. Moreover, some of the results of ter 
Elst and Robinson [ER98] about weighted subcocrcive operators are discussed 
and slightly amplified. 

The second chapter introduces the instruments used to measure smoothness 
of functions, and particularly of joint multipliers, i.e., Sobolcv and Besov spaces 
on K". Special attention is payed to Sobolcv and Besov spaces with dominating 
mixed smoothness, which allow to prescribe different orders of differentiability 
on different directions. Mihlin-Hormander and Marcinkiewicz conditions are 



then studied abstractly (i.e., without immediate reference to multiplier theo- 
rems), by investigating their behaviour under a change of variables, along with 
mutual implications. 

The remaining three chapters contain the above-mentioned results. Namely, 
in the third chapter weighted subcoercive systems of operators on a connected 
Lie group are introduced, together with the associated Plancherel measure, and 
relationships with the algebraic structure and the representation theory of the 
group are examined. In the fourth chapter, weighted estimates for convolu- 
tion kernels of operators in the functional calculus are obtained, and a few 
examples are worked out. In the fifth chapter, our two multiplier theorems of 
Mihlin-Hormander and Marcinkiewicz type are proved, and some applications 
are discussed. 

Finally, an appendix collects some known results about spectral integration 
and Banach *-algebras which are extensively used in the work. 
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List of commonly used notation 

N natural numbers (including 0) 

Z, Q, R, C integral, rational, real and complex numbers 

M"*" positive real numbers (excluding 0) 

T 1-dimensional torus 

S" n-dimensional sphere 

C{X) continuous (complex-valued) functions 

Cb{X) bounded continuous functions 

Cq{X) continuous functions vanishing at infinity 

Cc{X) compactly supported continuous functions 

Ciub(G) left uniformly continuous and bounded functions 

Crub(G) right uniformly continuous and bounded functions 

Cub{G) left and right uniformly continuous and bounded functions 

£{X) smooth functions 

£'{X) compactly supported distributions 

'D{X) compactly supported smooth functions 

'D'{X) distributions 

S{G) Schwartz functions 

S'{G) tempered distributions 

LP{X, fi) Lebesgue spaces 

LP{G) Lebesgue spaces with respect to a right Haar measure 

L'P''°°{G) smooth functions which are in LP{G) 

together with all their left-invariant derivatives 

G^ (G) smooth functions which vanish at infinity 

together with all their left-invariant derivatives 

W'^'P{M.") classical L^ Sobolev spaces 

_ff*(R") L^ Sobolev spaces of fractional order 

Bp,qi^"') Bcsov spaces 

Sp „B{M.") Besov spaces with dominating mixed smoothness 

L^;, Rx left and right regular representations 

J)(G) left-invariant differential operators 

£)+ formal adjoint of D 

I • \p p-norm on R" 

I • 1^ homogeneous norm with respect to the dilations 6t 

Qs homogeneous dimension with respect to the dilations 6t 

Qg degree of polynomial growth (dimension at infinity) 

dim G topological dimension 



Chapter 1 

Differential operators on 
Lie groups 



This chapter is an introduction to our main objects of study and to the envi- 
ronment in which they hve. 

Starting from general Lie groups, we then consider more restrictive condi- 
tions (type I, amenability, polynomial growth, ...), eventually reaching nilpotent 
and homogeneous Lie group, on which the fundamental class of Rockland oper- 
ators is defined. 

In the last part, we move back to general, by showing how homogeneous 
Lie groups and Rockland operators may serve as a model for studying some 
invariant differential operators (the so-called weighted subcoercive operators) 
on general Lie groups. 



1.1 Lie groups and differential operators 

Here we recall the basic definitions and results involving Lie groups. Lie algebras 
and differential operators, which will be freely used in the following. This brief 
exposition also allows us to set out the notation. 

Most of the theory presented here for Lie groups is in fact valid in the more 
general context of locally compact topological groups; for these results, we refer 
mainly to the treatises of Hewitt and Ross [HR79] and Folland [Fol95]. For 
the parts which instead are specific to Lie groups, our primary references are 
the books of Helgason [Hel62], [Hel78], [Hel84] and Varadarajan [Var74]. A 
discussion of distributions on smooth manifolds and Lie groups, including the 
Schwartz kernel theorem, can be found in the treatise of Dieudonnc [Die72], 
[Die74], [Die88]; however, most results are straightforward generalizations of 
the corresponding results for R" given, e.g., in the book of Treves [Tre67]. 

Notice that, since we focus mainly on left-invariant differential operators, 
the "standard" measure on a Lie group will be a right Haar measure, and the 
definition of convolution of functions will be formulated accordingly. In some of 
the references, the choice is instead for right-invariant operators and/or left Haar 
measures, so that the results summarized here might take a slightly different 
form in those works. 
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1.1.1 Lie groups and their Lie algebras 

In the following, a Lie group will be a second-countable smooth manifold G 
endowed with a group structure such that the maps 

G X G 3 {x,y) ^ xy e G, G 3 x ^ x~^ G G 

(multiplication and inversion) are smooth. We set 

\g{x)^gx, Tg{x)^xg^^ 

(left and right translations) and correspondingly 

I^g.f = .fo\-\ R,/ = /or;i 

(left and right regular representations). 

On a Lie group, we have a left uniform structure, generated by entourages 
of the form 

{{x,y) eGxG : x'^y e U} 

where C/ is a neighborhood of the identity e G G, and a right uniform structure, 
generated by entourages of the form 

{{x,y) eGxG : yx'^ e U}. 

These two structures do not necessarily coincide (they do coincide, e.g., when 
G is compact or abelian), however both structures are compatible with the 
topology of G. Correspondingly, we have the notions of left (right) uniformly 
continuous (complex-valued) functions on G; it can be shown that f : G ^>- C 
is left (right) uniformly continuous if and only if 

lim \\RJ - /lloo = ( lim \\Lgf - f\\^ = 0). 

A left-invariant vector field on G is a (smooth) vector field X such that 

d(\g)x(X^) = Xgx for aU g,x eG 

or, equivalently, thinking of X as an operator on (smooth) functions, 

XLg = LgX for all geG. 

Right-invariant vector fields are defined analogously, using right translations in 
place of left translations. From the definition, it is clear that a left- (or right-) 
invariant vector field is uniquely determined by its value at the identity e e G. 
Moreover, left- (right-) invariant vector fields constitute a Lie subalgebra of the 
Lie algebra of smooth vector fields on G. 

The Lie algebra g of the Lie group G is the Lie subalgebra of left-invariant 
vector fields on G; as we said before, g can be identified with the tangent space 
TeG of G at the identity, so that in particular g is finite-dimensional and its 
dimension coincides with the topological dimension dim G of the Lie group. 

If : G ^- G' is a Lie group homomorphism (i.e., (/) is smooth and a group 
homomorphism) , then it maps left-invariant vector fields on G to left-invariant 
vector fields on G'; the correspondence (f>' ■ 9 ^ g' thus established is a Lie 
algebra homomorphism, which is called the derivative of (j). 
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The map 

U o r^: : G 3 5 H- > xgx~ G G 



is an (inner) automorphism of G; its derivative is then an automorphism of 
0, which is denoted by Ad(a;). The map Ad : G ~> Aut(g) is a Lie group 
homomorphism, which is called the adjoint action of G on its Lie algebra g. 
The derivative of Ad, denoted by ad, is the adjoint action of the Lie algebra g 
on itself, which maps g onto the inner derivations of g: 

ad{X){Y) = [X,Y]. 

1.1.2 Exponential map 

The exponential map 

exp : g ^ G 

is a smooth map which is uniquely determined by the condition that 

R 3 1 1-^ cxp{tX) e G (l-l-l) 

gives the flow curve of X through the identity (exp(O) = e). The exponential 
map is a local diffeomorphism at (its differential (i(exp)o : g — > g is the identity 
map). The curves (1.1.1) are 1-parameter subgroups of G and in fact every 1- 
parameter subgroup of G can be written in this form. 

In exponential coordinates, the product law of G can be written as a power 
series in a neighborhood of the identity, through the Baker-Campbell-Hausdorff 
formula: 

exp(X) exp(y) = exp(6(X, Y)), (1.1.2) 

where 

6(x,y)-x + y + ^6„(x,r), 

n>2 

bn {X, Y) is a linear combination of n-times- iterated commutators oi X,Y (whose 
coefficients do not depend on the Lie group G) and the series converges for 
sufhciently small X,Y (see [Var74], Theorem 2.15.4). 

1.1.3 Translation-invariant differential operators 

A (smooth) differential operator D on G (with complex coefficients) is said to 
be left- invariant if 

LgD = DLg for ah g e G. 

Right-invariant differential operators are defined analogously. 

Left-invariant vector fields are left-invariant differential operators of order 1 
and in fact they generate the whole algebra of left-invariant differential opera- 
tors; more precisely, the algebra ©(G) of left-invariant differential operators on 
G can be identified with the universal enveloping algebra U(gc) of the complex- 
ification of g. 
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1.1.4 Haar measures 

A left (right) Haar measure on G is a non-null regular positive Borel measure 
which is invariant under left (right) translations. Since a Lie group G is a locally 
compact group, a left (right) Haar measure on G exists and is unique, up to 
multiplication by a positive constant. A Haar measure on a Lie group is smooth, 
i.e., in every local coordinate system it is absolutely continuous with respect to 
the Lebesgue measure, with a density function which is smooth and nowhere 
null. 

Let fiG be a right Haar measure on G. For every x € G, the push-forward 
IxifJ-c) is still a right Haar measure, so that 

for some Ag{x) > 0. The function Ac : G — > R^ is called the modular function 
of the group G and is a (smooth) homomorphism of Lie groups, which can be 
expressed in terms of the adjoint action Ad of G on g as 

AgIx) == |detAd(x^^)| . 

(cf. [Hel62], §X.1.1). If lyai^) ~ Mg(^^^)j then i^g is a left Haar measure on G. 
In fact vg = AcfJ-Gi i-e., vq is absolutely continuous with respect to /ig, with 
density Aq. 

G is said to be unimodular if Ac = 1. In a unimodular group, a right 
Haar measure is also a left Haar measure, and vice versa. Compact groups and 
abelian groups are unimodular; more generally, if the left and right uniform 
structures of G coincide, then G is unimodular (see [HR79], §19.28). 

1.1.5 Function spaces 

In the following, let a right Haar measure hg be fixed on G, so that expressions 
of the form 

/ f{x)dx 

JG 

will be always understood as integrals with respect to /xg- The chosen measure 
determines also the Lebesgue spaces LP{G) ~ LP{G,^g) for 1 < p < oo; if G 
is not unimodular, these spaces differ from the corresponding Lebesgue spaces 
LP{G, AgHg) with respect to the left Haar measure AgI^g- For a Borel function 
/ : G — > C, we set for short 

ll/llp = II./IIlp(g) = II/IIlp(g,mg)' II/IIp = II./IIlp(g,agmg)- 

We will also use the notation C{G) for (the space of) continuous functions on G, 
Cb{G) for bounded continuous functions, Giub{G) for left uniformly continuous 
and bounded functions, Grub{G) for right uniformly continuous and bounded 
functions, Go(G) for continuous functions vanishing at infinity, Gc{G) for com- 
pactly supported continuous functions, £{G) for smooth functions, 2?(G) for 
compactly supported smooth functions. Moreover, I?'(G) will denote the space 
of distributions on G, whereas £'{G) will be the space of compactly supported 
distributions. As usual, the space L\^^{G) of locally /xc-integrable functions on 
G is naturally embedded into 2?'(G), by identifying a function / e L\^^{G) with 
the Radon measure //ic- 
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We will use the notation 

if, 9)= f fgdf^G, (1.1.3) 

Jg 

with the obvious extension when one of /, 5 is a distribution'^. In particular, the 
pairing (•,•) will always be linear in the first argument and conjugate-linear in 
the second, in order to extend the inner product of L'^{G). 

1.1.6 Formal adjoint of a differential operator 

The formal adjoint of a (smooth) differential operator D on G (with respect to 
the right Haar measure ^g) is the differential operator _D+ on G such that 

(L»+0, ij) = (0, DtA) for aU 0, V' G V{G). 

Existence and uniqueness of the formal adjoint are guaranteed by the properties 
of smoothness of the measure hg- 

If D is left- (right-) invariant, then also _D+ is, and the map D h^ D+ is 
an involutive conjugate- linear anti-automorphism of the algebra 23 (G), which 
makes it into a *-algebra. If X e g is a left-invariant vector field, then its flow 
is given by right translations, so that the measure fi is invariant under the flow 
of X , but this implies that 

(X0, ij) + (0, Xi;) = for all 0, V' G V{G), 

i.e., X+ =-X. 

A differential operator D on G is said to be formally self-adjoint if D"*" = D; 
in particular, ii X € q, then —iX is formally self-adjoint. 

1.1.7 Strongly continuous representations, unitary repre- 
sentations, smooth vectors 

A representation tt of G on a topological vector space V is a map from G to the 
bounded linear operators on V such that 

7r(e) ::= idv, 7r(xy) = TT{x)TT{y); 

we will always suppose that a representation is strongly continuous, i.e., for 
every v €V, the map 

G 3 X 1-^ 7r(x)u e V 

is continuous. A unitary representation of G is a representation tt of G on a 
Hilbert space H, such that the operators tt{x) ioi x E G are unitary operators 

on y.. 

If TT is a representation of G on a Frcchet space V and (f) E L^ (G) has compact 
support, then the expression 

7r(0)w = / Tr{x^^)v (j){x) dx for w G V (1.1.4) 

Jg 



^In fact, if distributions are defined as conjugate-linear functionals on tfie space of test 
functions, then the pairing (/, g) for / G 'D'(G) and g G 'E'(G) is simply the evaluation of / 
on g, whereas (1.1.3) determines the embedding of Lj^^{G) in X>'(G). 
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defines a bounded Hncar operator 7r(0) on V. If tt is a uniformly bounded rep- 
resentation (i.e., supj.gQp(7r(x)w) < oo for all seminornis p of V and all v G V), 
then the definition of 7r((/)) can be extended to all cj) € L^{G). Notice that, if tt 
is unitary, then ||7r((/))|| < \\<j}\\i. 

Given a representation tt of G on a Frechet space V, we say that w € V is a 
smooth vector of the representation tt if the map 

G 3 a; H^ tt{x)v G V 

is smooth. The set V°° of the smooth vectors of tt is a dense linear subspace 
of V and moreover, if G 1^{G), then 7r(0)v G V°° for all w G V; in fact, by 
a theorem of Dixmier and Malliavin's (see [DM78], Theoreme 3.3), the space 
V°° coincides with the Gdrding space of the representation, i.e., the set of finite 
sums of vectors of the form Tr{(p)v for u G V, G T>{G). 

For every v G V°°, we can consider the differential of tt{-)v at the identity 
e G G, which will be denoted by dTT{-)v. It can be shown that, \i X G g 
and V G V°°, then also dn{X)v G V°°, so that dTT{X) : v i-)- dTr{X)v can be 
considered as a linear operator on V°°. Since 

dT:{[X,Y]) ^ dTT{X)dT:{Y) - dTT{Y)dn{X), 

then diT can be extended to a homomorphism of unital algebras from 2)(G) to 
the linear operators on V°°, and one can prove that 

dTT{D)TT{(f>)v = TT{D(f>)v 

for all f G V, (/) G 2?(G) and D G ©(G). If tt is a unitary representation, it can 
be shown that, for aU D G S(G), 

dT:{D+) C dn{Dy , (1.1.5) 

and in particular a formally self-adjoint operator D is mapped to a symmetric 
(densely defined) operator on V. 

1.1.8 Regular representations. 

The (right) regular representation of G on LP(G) (1 < p < oo) is the represen- 
tation TT given by TT{g) ^ Kg. Since iiq is right-invariant, for every g € G, 7r(g) 
is an isometry of LP{G); in particular, if p = 2, tt is a unitary representation. 
An element / G L'p{G) is a smooth vector of tt if and only if, for all D G S)(G), 
Df G LP{G) (where Df is meant in the sense of distributions); moreover, in 
this case dTT{D)f — Df. 

We denote by LP'°°{G) the space of smooth vectors of the regular represen- 
tation of G on LP{G); more generally, for a measurable function u : G — > C, 
we denote by U'''°°{G^ u{x) dx) the Frechet space of the functions / on G which 
belong to the weighted Lebesgue space L^ {G ^ u{x) dx) together with all their 
right-invariant derivatives. 

An extension of the previous considerations is obtained by observing that a 
homomorphism 7 : G — > G' of Lie groups induces, by composition, a represen- 
tation TT of G on LP{G') given by TT{g) = R-y(g). Since the derivative 7' : — >■ g' 
of 7 is a Lie algebra homomorphism, it extends to a homomorphism of unital 
algebras 7' : S)(G) -^ S)(G'). We then have that an clement / G LP{G') is a 
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smooth vector of tt if and only if j'(D)f e LP{G') for all D e D(G), and in this 
case dTr{D)f = j'{D)f. 

Up to this point, for every representation tt of G on a Frcchet space V, 
we have always considered the operators dTT{D) for D e 5D(G) as defined on 
the common domain V°°. In fact, for some particular representations, we can 
restrict to certain subspaces W of V°° without losing essentially any information: 

Proposition 1.1.1. Let n be a representation of G on a Frechet space V, and 
let W be a linear subspace 0/ V°°, which is dense in V and such that 7r((^)yV C W 
for all (f) e V{G). Then, for all L> G S)(G), 



dTT{D)\w =d-K{D). 

Proof. See [NS59], Theorem 1.1. D 

In particular, if tt is the representation induced by a Lie group homomor- 
phism 7 : G ^ G' on LP(G') [l < p < 00), then we can take W = V{G'). This 
will be understood in the following, without further mention. 

1.1.9 Convolution 

Let M(G) denote the space of complex finite regular Borcl measures on G, 
i.e., the dual of the space Go(G) of continuous functions on G vanishing at 
infinity. For every a,T G M{G), the convolution of a and r is the unique 
element cr * r G M(G) such that 

/ rf(a * r) = / / f{xy) da{x) driy) for aU / e Go(G). 

G JG JG 

Convolution, together with the involution a ^-^ a* defined by 



makes M{G) into a Banach *-algebra. 

The space L^{G) can be identified with the subspace of M{G) of absolutely 
continuous measures with respect to the right Haar measure /i. In fact, L^{G) 
is a closed *-subalgebra of M{G), where involution is given by 



.r(x)-AG(a;)/(x-i), 
whereas convolution f * g is given by 

/ * .9(2;) = / f{xy^^)9{y) dy = .f{y^^)g{yx) dy for ^c-a.e. x € G, 
Jg Jg 

or, equivalently, by 

/*g= f g{y)Ry-ifdy^ f f(y-')Ly-rgdy. (1.1.6) 

Jg Jg 

These various formulations allow one to extend the definition of convolution 
to other spaces of functions, and also to distributions (sec [Die72], §17.11). For 
instance, we have Young's inequalities: 
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for p,q,r E [l,oo] with 1 + 1/r = l/p+ 1/q (see [KR78], Lemma 2.1). For 
r ~ oo, this inequahty gives 

||.f *.9l|oo < ||./||p||.9||p'; 

in fact, if / e LP(G, Aq/x) and g E L^ {G,fj,), then f * g is continuous and 
bounded on G, and if moreover 1 < p < oo, then f * g E Co{G) (see [HR79], 
Theorem 20.16). 

Other (continuous) inclusions involving convolution are the following: 

V{G)*V'{G)C£{G), £{G)*£'{G)C£{G), £'{G) *V'{G) CV'{G). 

The "smoothing" property of convolution, i.e., the fact that convolution has at 
least the (differential) regularity of each of its factors, is due to the behaviour 
of convolution under translations: 

Lx(/*.9) = (La;/)*5, ^x{f * g) = f * (Rxg) for aU a; G G, 

which implies that, for every left-invariant differential operator D and right- 
invariant differential operator D' on G, 

D{f * g) = f * Dg, D'{f * g) = {D' f) * g. 

Finally, we have that 



supp(/ * 5) C (supp /) • (supp.g), 
and the following duality relations hold: 

{f^g,h)^{f,h^g*)^{g,irA^')^h). 

By comparing (1.1.4) and (1.1.6), we see that, for a fixed/ e L^{G), the map 
(j> 1-^ (j> * f is the linear operator associated to / via the regular representation: 

* / = Rif)^. 

Associativity of convolution then gives R(/ * g) = K(g)K(f). More generally, 
for a (uniformly bounded) representation n of G, we have 

7r(/ * g) = 7r(.g)7r(/) 
(i.e., IT is an anti-representation of L^{G)) and 

^(R,/) - ^(x)7r(/); 
moreover, if tt is unitary, then 
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1.1.10 Approximate identities 

The convolution algebra L^{G) is not unital, unless G is discrete (cf. [HR79], 
Theorem 20.25). However, a valid and widely used replacement for an identity 
element of L^{G) is given by the following statement, which summarizes well 
known results (cf. [Gra08], §1.2.4). 

Proposition 1.1.2. Let G be a Lie group and A be a directed set. Suppose that 
(?7a)aeA is a family of elements of L^{G) such that: 

• limsup^g^ ||77a||i < oo; 

• YaHatzA Jq\ij \'na{x)\ dx ^ for all neighborhoods U of the identity e G G; 

• liuiaeA Jq Tla{x) dx — c for some c ^ C 
Then, for all f e Cb{G), 

lim f * Va — cf uniformly on compacta. 

aeA 

Moreover, for every uniformly bounded representation tt of G on a Frechet space 
V and every u G V, 

lim 7r(?7a)w = cv in V. 

aeA 

In particular, for all f G Ciuh{G), 

lim f * Va = cf uniformly, 

aeA 

and, if 1 < p < oo, for all f e LP{G), 

lim f * rja — cf in L^{G). 

aeA 

A family {rja)aeA satisfying the hypotheses of the previous proposition with 
c = 1 will be called an approximate identity on G (along the directed set A). 
Approximate identities exist in great abundance: if one takes a basis {Un}nen of 
neighborhoods of e G G, and if one chooses non- negative functions ?]„ G L^{G) 
with supp?7„ C [/„ and J„r]nd^ — 1, then it is easily checked that (?7„)„gN is 
an approximate identity (for n — > +oo). In particular, if the rjn are chosen in 
2?(G), then the corresponding approximate identity gives a "uniform" method 
of approximation by smooth vectors/functions. 

1.1.11 Direct products 

Suppose that Gi, . . . , G„ are Lie groups. Then the differential structure of direct 
product of smooth manifolds and the algebraic structure of direct product of 
groups are compatible, and define a structure of Lie group on 

G^ =Gi X •••xG„. 

Correspondingly, the Lie algebra g^ of the product is canonically identified with 
the direct product (or the direct sum) of the Lie algebras of the factors: 

g"" ^ 01 X • • • X fl„ = 01 e • • • ® 0„, 
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and this in turn gives a canonical identification of the universal enveloping 
algebra of (fl^)c with the algebraic tensor product of the universal enveloping 
algebras of (0i)c, • • • , (0„)c: 

D(G^)^S)(Gi)®---®2)(G„) 

(see [Die74], §19.7.2). 

If iiQi , ■ • ■ ; A'Gn are right Haar measures on the factors, then their product 

Mgx = MGi X • • • X ^G„ 

is a right Haar measure on G^. Consequently, the algebraic tensor product 
LP{Gi)(g)---(g) LP{Gn) is identified with a subspace of iP(G^ ), and 

ll/i »•••(» /„||lp(g>^) = II/i||lp(Gi) • • • II/«IIlp(g„); 

moreover, for 1 < p < oo, the algebraic tensor product is dense in LP{G^), so 
that L'P{G^) is the completion of LP{Gi) (g) • • • (g) L^(G„) with respect to this 
norm (see [DF93], §7.2 and §15.10, Corollary 2). In particular, for p = 1 we 
have a projective tensor product 

L\G'')^L\Gi)<E>^---<E>^LHGn), 
whereas for p = 2 we have a Hilbert tensor product 

L\G'')^L^{Gi)<E>n---<E>iiL^{Gn), 

so that the inner product in L'^{G^) satisfies 

(/l (g) • • • (g) /„, 51 (g) • • • (g) g„) = (/i, .9i) • • • (/n, .9n)- 

Moreover, for the Banach spaces of continuous functions vanishing at infinity, 
and for the Frechet spaces of continuous functions (with the topology of uniform 
convergence on compacta) we have injective tensor products: 

Go(G^ ) - Go(Gi) (g, • • • (g, Go(G„), GiG"") - G(Gi) (g, • • • (g, G{Gn). 

About smooth functions, we have that 2?(Gi) g) • • • g) ViGn) is dense in 
ViG""), and also in £{G'') (cf. §17.10.2 of [Die72], or Theorem 39.2 of [Tre67]). 
Moreover, the LF-space ^{Gj) and the Frechet space £{Gj) are nuclear (cf. 
[Tre67], proof of Corollary of Theorem 51.5), and we have 

2?(G^ ) ^ P(Gi) (g, • • • (g, ViGn) - ViGi) (ge • • • (g. V{Gn), 

£(G^ ) ^ £{Gi) (g, • • • (g, £{Gn) - £{Gi) (g, • • • (g, £(G„)- 

The action of a left-invariant vector field {Xi, . . . ,X„) G fli x • • • x 0n on 
smooth functions on G^ = Gi x • • • x G„ is determined by 

(Xi, . . . ,X„)(/i ® . . . ® /„) = (Xi/i) ® • • • (g (X„/„). 



More generally, if D e S)(Gj), and I?" is the image of D via the derivative of 
the canonical inclusion Gj -^ G^ , then 

£>"(./! » • • • (» /n) == .fl g) • • • <g /j-1 ® (Dfj) ® fj + i (g • • • (g /„. 
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In this case, we say that D^ is a differential operator along the j-th factor of the 
product G^ = Gi X • • • X G„, which corresponds to the differential operator D 
on Gj. 

A consequence of nuclearity of the spaces of smooth functions is the Schwartz 
kernel theorem: for every continuous linear map 

r:2?(Gi)^2?'(G2), 

there exists a unique K E V^Gi x G2) such that, for all / G 'D{Gi) and 
5e2?(G2), 

{Tf,g)^{KJ®g) 

(see Theorem 51.7 of [Tre67], or §23.9.2 of [Die88]). Ahhough this resuh (to- 
gether with most of the previous results about function spaces) is valid for more 
general (second countable) smooth manifolds, the following particular instance 
— which will be of great use in the following — is specific to the algebraic 
structure of a Lie group G: 

Theorem 1.1.3. For every continuous linear operator T : 2?(G) — > I?'(G) 
which is left-invariant, i.e., 

Thx ~ LajT for all x G G, 

there exists a unique k G 'D'{G), called the (convolution) kernel of T , such that 

T(t>^(t>*k for all(t)eV{G). (1.1.7) 

In particular, .such an operator maps I'(G) into £{G). 



1.2 Some classes of Lie groups 

The following diagram (which is an abridged version of [PalOl], Diagram 3, p. 
1487) shows the inclusions between some categories of connected Lie groups: 

nilpotent 
polynomial growth CCR 




hermit ian 

\ 
amenable unimodular type I 

Although the multiplier theorems of Chapter 5 are essentially limited to homo- 
geneous nilpotent Lie groups, most of the results about commutative algebras 
of differential operators of Chapter 3 require weaker hypotheses. 

In this section we summarize the main definitions and results about the 
classes of Lie groups which will be considered in the following (except for nilpo- 
tent and homogeneous Lie groups, to which §1.3 is committed). In doing so, 
we also briefly discuss irreducible representations, functions of positive type, 
transference methods, Schwartz functions and tempered distributions. 
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1.2.1 Irreducible representations and functions of positive 
type 

Let G be a Lie group. If tt is a unitary representation of G on a Hilbert space 
"H, then an element w S "H is called a cyclic vector for the representation tt if 

span{7r(x)w : x G G} 

is dense in G; the representation tt is said to be irreducible if "H 7^ {0} and every 
non-null element of H is a cyclic vector for tt. 

If TTi and TT2 are unitary representations of G on Hilbert spaces "Hi and 'H2 
respectively, then tti is said to be (unitarily) equivalent to 7r2 if there exists an 
isometric isomorphism U : "Hi — > 14.2 which intertwines tti and 772, i.e., 

U'Ki{x) — Tr2{x)U for all x E G. 

A function of positive type on G is a continuous function : G — > C such 
that, for every choice of n € N, xi, . . . , x„ G G and ^1, . . . , ^„ G C, 

n 

in fact, every function (j) of positive type is bounded, and we have 



||0||oo = 0(e), cl>{x-') = ^{x). 

For every unitary representation tt of G on a Hilbert space % and every w G "H, 
the diagonal coefficient 

(t>TT,v{x) = {tt{x)v,v)h 

is a function of positive type on G; in fact, every function of positive type can 
be written in this form (for suitable tt and v). For j — 1,2, if ttj is a unitary 
representation of G on "Hj and Wj G T-Lj is a cyclic vector for ttj , then we have 
07ri,t)i = 4'-n2,v2 if ^i^d only if there exists a (unique) isometric isomorphism 
L'^ : "Hi — > "^2 which intertwines tti and 7r2 and maps vi to W2 (see [Fol95], §3.3). 

The set V of the functions of positive type on G is a weakly-* closed convex 
cone in L°°{G). In particular, the subset Vq — {(f) (^ V : 0(e) < 1} is convex 
and weakly-* compact, and its extreme points are and the extreme points of 
Vi = {(f) & V : 0(e) = 1}, i.e., the functions of the form 0^^^ for tt irreducible 
and V of unit norm ([Fol95], Theorem 3.25 and Lemma 3.26). From the Krein- 
Milman theorem, it follows that the convex hull of the extreme points of Vi is 
weakly-* dense in Vi ([Fol95], Theorem 3.27). Moreover, the weak-* topology 
induced by L°°{G) on Vi coincides with the topology of uniform convergence 
on compacta induced by C{G) ([Fol95], Theorem 3.31). 

A consequence of the previous results is the Gelfand-Raikov theorem, i.e., the 
fact that the irreducible unitary representations of G separate points on G: for 
every x,y Cz G, ii x ^ y then there exists an irreducible unitary representation 
TT of G such that 7t{x) 7^ 7r(j/) ([Fol95], Theorem 3.34). There is a corresponding 
result for L^{G), which reads: if / G L^{G) is not null, then there exists an 
irreducible unitary representation tt of G such that 7r(/) 7^ 0. In particular, the 
expression 

||/|U = sup||7r(/)||, 
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(where tt can indifferently range either over the unitary representations of G, 
or over the irreducible ones) defines a norm on L^{G) ([Fol95], Proposition 7.1 
and Corollary 7.2); the completion C*{G) of the *-algebra L^(G) with respect 
to this norm is in fact a C*-algebra, which is called the group C* -algebra of G. 

1.2.2 CCR groups and type I groups, Plancherel formula 

A Lie group G is said to be CCR (which stands for "completely continuous 
representations") if, for every irreducible unitary representation tt of G and 
every / G L^{G), the operator 7r(/) is compact. Compact groups and abelian 
groups are CCR, because their irreducible representations arc finite-dimensional. 

Let TT be a unitary representation of a Lie group G on a Hilbert space "H, and 
let /(tt) be the algebra of bounded linear operators on "H which intertwine tt with 
itself; the representation tt is said to be primary if the center of /(tt) consists 
of scalar multiples of the identity. The group G is said to be type I if every 
primary representation tt of G is the direct sum of copies of some irreducible 
representation. 

Let G denote the set of equivalence classes of irreducible unitary represen- 
tations of the Lie group G. For every function of positive type which is an 
extremal point of Vi , there is an irreducible unitary representation tt^ (unique up 
to equivalence) for which (f> is a, diagonal coefficient; if the set of extreme points 
of Vi is endowed with the weak-* topology of L°°{G), the quotient topology 
induced on G via the map (p '~^ ["■</>] is called the Fell topology on G. It can 
be shown that G is CCR if and only if the Fell topology is Ti, and that G is 
type I if and only if the Fell topology is Tq (see [Dix82], Propositions 3.1.6 and 
3.4.11, §4.7.15, Theorem 9.1 and §13.9.4; see also [Fol95], §7.2); in particular, 
CCR groups are type L 

One of the consequences of the type I condition involves irreducible repre- 
sentations of direct products: if Gi and G2 are Lie groups, and at least one of 
them is type I, then a unitary representation tt of Gi x G2 is irreducible if and 
only if TT is equivalent to tti (g) 7r2 for some irreducible unitary representations tti 
of Gi and 712 of G2 (see [Fol95], §7.3). 

If the Lie group G is unimodular and type I, then there exists a unique posi- 
tive regular Borel measure on G, which is called the group Plancherel measure of 
G, such that (with a slight abuse of notation with respect to equivalence classes 
of irreducible representations) 

II/II2 - / MmlsdTT for every / G L'nL^{G) 
Jg 

(see [Dix82], Theorem 18.8.2, and also [Fol95], §7.5). 

1.2.3 Amenable groups and transference 

There are many equivalent definitions of amenability for a Lie group (or more 
generally, a locally compact topological group) , for which we refer to [Gre69] and 
[Pie84]. For instance, one can say that a Lie group G is amenable if it admits 
a left-invariant mean on L°°{G), i.e., a linear functional M : L^{G) — t- C such 
that 

M{L^f) = Mf for all / e L°°(G) and a; e G, 
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Mf>0 if/>0, and Ml = I. 

A characterization of amenability is related to convolution operators. For 
1 < p < oo, let Cv^{G) the set of the distributions u E 'D'{G) such that the 
associated left- invariant operator 

extends to a bounded operator on U'{G). By identifying left- invariant operators 
with their kernels (cf. Theorem 1.1.3), CvP{G) inherits a structure of Banach 
algebra from the algebra of bounded linear operators on U'{G). Moreover, by 
Young's inequality, we have that L^{G) C CvP{G), with continuous inclusion, 
and in fact 

ll.fllc.i = ll,/lli, 
whereas for 1 < p < oo we only know 

ll/llc. <ll./lli- (1.2.1) 

Then we have that, for all p G ]1, oo[, G is amenable if and only if 

ll/llc.p = ll/lli for ah / e L\G) with / > 

(see [Pie84], Theorem 9.6). 

Another characterization of amenability can be given in terms of unitary 
representations. Recall that, for any unitary representations tt and vr' of G, tt 
is said to be weakly contained in tt' if 

lk(/)|| < lk'(/)|| forall/eLi(G). 

Then G is amenable if and only if every irreducible unitary representation of 
G is weakly contained in the right regular representation of G on L?{G) (see 
[Gre69], §3.5, and also [Pie84], Theorem 8.9). 

The last characterization can be rephrased in terms of the G*(G)-norm: the 
group G is amenable if and only if 

ll./IU = ll/llc.^ for all / e Li(G), 

so that, in this case, C*{G) is isometrically isomorphic to the closure of L^{G) 
in Gv^(G). 

This property of amenable groups — i.e., the fact that the norm of a convo- 
lution operator on L^ (G) dominates the norm of the corresponding operator in 
every unitary representation — can be extended to more general representations 
(and operators) by transference methods (see [CW76], and also the appendix of 
[Cow97], for a discussion of the main ideas and contributions). For instance, we 
have 

Theorem 1.2.1. Let X he a a-finite measure space, t: be a (strongly continuous) 

uniformly bounded representation of an amenable group G on LP{X), where 

1 < p < oo, and set 

c^ = sup ||7r(x)||p^p. 
xeG 

Then, for every f G L^{G), we have 

lk(/)||p^p < cl\\f\\cvv(G)- 
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Proof. See [CW76], Theorem 2.4, and also [BPW96], Theorem 2.7. D 

By strengthening the hypothesis on the representation, it is possible to ob- 
tain transference results also for the so-called maximal operators. Recall that a 
bounded linear operator P on L^(X) is said to be positivity preserving if Pf > 
whenever / > 0. 

Theorem 1.2.2. Under the tiypottieses of Theorem 1.2.1, suppose moreover 
that, for every x G X , there exists a positivity preserving operator Px on U\X) 
such that 

\Ax)f\<PM\ foraUfeLP{X), 

and that 

Cp = sup \\Px\\p^p < oo. 

xeG 
Let {/jljeN be i sequence in L^{G), and set 

M,/) = sup|0*/,| for(f>eLP{G), 

jGN 

M^rj = sup \TTifj)ri\ for rj G LP{X). 

If M is bounded on LP{G), i.e., 

\\Mcf>\\p < CmUWp forancf>eLP{G), 
then Mjr is bounded on LP(X), and we have 

\\A/Ur]\\p < c^cpCmWvWp .for all rj G LP{X). 
Proof. See [BPW96], Theorem 2.11. D 

1.2.4 Hermitian groups 

A Lie group G will be called hermitian if the Banach *-algebra L^{G) is her- 
mitian (see §A.1.4). Thanks to Raikov's criterion, this property can be stated 
in terms of the C*(G)-norm: namely, if p{f) denotes the spectral radius of an 
element / of L^{G), then G is hermitian if and only if 



WfW* = VpiFT) foraU/GLi(G). 

(see also [Pal78], p. 695). It is known that connected hermitian Lie groups are 
amenable ([PalOl], Theorem 12.5.18(e)). 

1.2.5 Volume growth and connected moduli 

Let G be a connected Lie group. Then, for every compact neighborhood V of 
the identity of G, we have that 

yn ^ yn+1 ^^^ all n G N \ {0}, and |J y" = G. 

neN\{0} 

If fiG is a (left or right) Haar measure on G, we can then consider the growth 
of the increasing sequence of real numbers ficiV") as an index of the volume 
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growth of the group G. In fact, by a result of Guivarc'h ([Gui73], Theoreme II. 3; 
see also [Jen73]), we know that the volume growth of a connected Lie group G 
can be either strictly polynomial, i.e., 

for some Qg € N (which is called the degree of growth), or exponential, i.e., 

for some real f3 > a > 0. Notice that this classification (and also the degree Qg 
in the case of polynomial growth) does not depend on the choice of the compact 
neighborhood V of the identity, or even on the (left or right) Haar measure ^g- 
Another way to express the volume growth of a Lie group G is via a connected 
modulus, i.e., a continuous proper function |-| : G — > [0, +oo[ which is symmetric, 
subadditive and separating, i.e., for every x, y G G, 

\x-^\^\x\, |a;y|< |a;| + |y|, 

|a;| =0 if and only if x — e, 

and which moreover satisfies the following condition: there exist constants 
Gi, G2 > such that, for every x E G with |a;| > Gi, there exist elements 

e — xq, xi , . . . , Xfi—\ , Xfi — x 

in G with \xjX~_-^ \ < Gi for j ^ 1, . . . ,n and n < G2\x\. 

To every connected modulus | • | on G, we associate a left-invariant distance 
di and a right-invariant distance dr on G, which are defined by 

di{x,y) ^ \x^^y\, dr{x,y) ^ {yx^'^l; 

each of these distances induces on G the same topology as the manifold struc- 
ture, and moreover 

|a;| — di{e,x) — dr{e,x). 

Examples of connected moduli are those associated to the so-called Carnot- 
Carathcodory distances on G (sec [VSC92], §111.3.3), and also to the more gen- 
eral control distances considered in the following §1.4. 

If I • I and I • I' are both connected moduli on G, then they are equivalent at 
infinity (cf. [VSC92], Proposition III. 4. 2), i.e., there exists G > such that 

G-^\x\ < \x\' < G\x\ when |a;| > 1 or \x\' > 1. 

Moreover, if | • | is a connected modulus, then the growth of the (Haar) measure 
of the associated balls Br = {x G G : \x\ < r} corresponds to the volume 
growth of the group: namely, if G has polynomial growth, then 

1^g{Bt) ^ r'^^ for r large 

(where Qg G N is the degree of growth previously defined), whereas, if G has 
exponential growth, then 

e"*^ < fiG{Br) < e'^'^ for r large, 
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for some real /3 > a > 0. 

Connected Lie groups with polynomial growth have many of the previously 
examined properties: they are in fact unimodular ([Gui73], Lenime 1.3), her- 
mitian (see [Lud79]), and therefore amenable (see also [Gui73], p. 338). Notice 
however that there exist connected Lie groups with polynomial growth which 
are not type I (see, e.g., [Bag78] or [Cow78]). 

1.2.6 Schwartz functions and tempered distributions 

In the context of connected Lie groups with polynomial growth, it is possible to 
define the class of Schwartz functions in a natural way^. Let G be a connected 
Lie group with polynomial growth, | • |g be a connected modulus, and set 

{x)g = 1 + |a;|G- 
Then, for every p G [l,oo], the seminorms 

Vp.dMI) = \\{-)GDf\\p for D e 2)(G) and fc G N 

define a Frechet structure on a linear subspace S{G) of £{G), which contains 
T>{G), and which in fact does not depend on p G [l,oo] (see [Sch93], Theo- 
rems 1.2.21 and 6.8). Moreover, S{G) is a translation-invariant *-subalgebra of 
L^{G) ([Sch93], Theorems 1.3.13 and 1.4.3), and is also a nuclear Frechet space 
([Sch93], Theorem 6.24). Therefore, if we define the class S'{G) of tempered 
distributions as the dual of 5(G), then we have the (continuous) inclusions 

S{G) * (5(G) + £'{G)) c 5(G), 5(G) * S'{G) c £{G) n S'{G). 

Moreover, analogously as in §1.1.11, there is a version of the Schwartz ker- 
nel theorem involving Schwartz functions and tempered distributions, whose 
translation-invariant version is 

Theorem 1.2.3. For every bounded linear operator T : S{G) — ?■ S'{G) which 
is left-invariant, there exists a unique k G S'{G) such that 

T4>^(t>*k for all4)(^S{G). 

In particular, such an operator maps S{G) into S(G) C\S'(G). 

1.3 Nilpotent and homogeneous groups, Rock- 
land operators 

Nilpotent Lie groups are, in a sense, the slightest non-abelian generalization of 
R": in fact, a (connected, simply connected) nilpotent Lie group is a real vector 
space, endowed with a polynomial group law, which is "eventually abelian" (i.e., 
iterated commutators of sufficiently high order equal the identity^). Due to these 
facts, most of the classical instruments and techniques of analysis on Euclidean 
spaces can be also applied to nilpotent Lie groups. On the other hand, the 



■^ About the definition of Schwartz functions for other classes of Lie groups, see, e.g., [Sch93] 
and [DavlO]. 

Notice that, by a result of Lazard [Laz55], every polynomial group law on R" is nilpotent. 
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non-commutative algebraic structure brings completely new phenomena, which 
may be non-trivial at all (e.g., the theory of irreducible representations). 

Homogeneous Lie groups are nilpotent Lie groups with a fixed family of au- 
tomorphic dilations. This homogeneous structure allows to define a particularly 
interesting class of left-invariant differential operators, the so-called Rockland 
operators; moreover, dilations are an essential tool in the proof of the multiplier 
theorems of Chapter 5. 

Our main references for nilpotent and homogeneous Lie groups are the books 
of Corwin and Greenleaf [CG90], FoUand and Stein [FS82], and Goodman 
[Goo76]. Moreover, a rich source of examples is the list [Nie83] of all the nilpo- 
tent Lie groups of dimension up to 6 (with their irreducible representations) . 

1.3.1 Nilpotent Lie groups 

A Lie algebra q is nilpotent if the descending central series 

0[1] = fl, 0[«+l] = [9,S[n]] 

is eventually null. If n is such that 0[„] ^ and fl[„+i] = 0, then q is said to 
be n-step. In a nilpotent Lie algebra, the formal power series b{X, Y) in the 
Baker-Campbell-Hausdorff formula (1.1.2) becomes a finite sum, which defines 
a polynomial group law x g — >■ g, such that the identity is and the inverse 
of u € is —v; with this structure, q becomes a Lie group, whose Lie algebra 
is isomorphic to g itself, in such a way that the exponential map becomes the 
identity map. 

More generally, if G is a connected Lie group such that its Lie algebra g is 
nilpotent, and if we consider on g the group law previously defined, then the 
exponential map exp : g — > G becomes a Lie group homomorphism, and in fact 
exp is a universal covering map of G; in particular, if G is simply connected, 
then exp is an isomorphism. 

A nilpotent Lie group is a Lie group whose Lie algebra is nilpotent; unless 
otherwise specified, we always suppose that a nilpotent Lie group is connected 
and simply connected. Therefore, if G is a nilpotent Lie group, then G can 
be identified with its Lie algebra g via the exponential map. In this way, the 
Lie subgroups of G are identified with the Lie subalgebras of g (so that in 
particular they are linear subspaces of g and are closed). Moreover, a Lie group 
homomorphism between nilpotent Lie group is identified with its derivative, 
which is a Lie algebra homomorphism and in particular it is a linear map. 

If G is nilpotent, then the push- forward of the Lebesgue measure on g via 
the exponential map is both left- and right-invariant, so that it is a left and 
right Haar measure; in particular, nilpotent Lie groups are unimodular. 

In fact, every nilpotent Lie group has polynomial growth; more precisely: 

Proposition 1.3.1. Suppose that G is n-step and let Vj be a supplement of 
g[j+i] in g[j] for j — 1, . . . ,n. Choose moreover norms \ ■ \j on the Vj and set 

n 

|x|=^|x,|f , (1.3.1) 

i=i 

where x — xi + ■ ■ ■ + Xn is the decomposition of x Cz g = Vi Q) ■ ■ ■ (S Vn- Then 
every connected modulus on G is equivalent, in the large, to \ ■ \. In particular, 
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G has polynomial growth of 

n n 

Qg ^^j dim Vj = ^ dim 0[j] . 

Proof. Cf. the proofs of [Gui73], Theoreme II. 1 and Lemme II. 1. D 

In particular, on a nilpotent Lie group we can consider the classes S{G) and 
5'(G) of Schwartz functions and tempered distributions which has been defined 
for groups of polynomial growth; in fact, it can be shown that these classes 
coincide, in exponential coordinates, with the "classical" spaces of Schwartz 
functions and tempered distributions on g (see also [LM95]). 

About Schwartz functions, we also recall the following result from the rep- 
resentation theory of nilpotent Lie groups, which implies that a nilpotent Lie 
group is OCR. 

Theorem 1.3.2. Letir be an irreducible unitary representation ofG on a Hilbert 
space %. If f G S{G), then 7r(/) is a trace class operator on %. If f G L^(G), 
then 7r(/) is a compact operator on %. 

Proof. See [Kir62], Theorem 7.3 and Corollary, or also [CG90], Theorem 4.2.1. 

D 

1.3.2 Homogeneous Lie groups 

An expanding automorphism on a Lie algebra g is a Lie algebra automorphism 
^ of which is diagonalizable and whose eigenvalues are all greater than 1; such 
an automorphism can be written in the form ^ = e , where A is a diagonalizable 
derivation of q whose eigenvalues are all positive. 

Starting from such a derivation A, we define a family of dilations 

^^^gAiogt fort>0, 

which are automorphisms of q which share the eigenspaces W\ : 

St{v) = t^v for V G Wx. 

The map 1 1-^ 6t is a homomorphism R+ — >■ Aut(g). 

A homogeneous Lie algebra is a Lie algebra with a fixed family of dilations. 
The automorphic dilations 6t of a homogeneous Lie algebra g extend to automor- 
phisms St of the universal enveloping algebra U(gc), which are simultaneously 
diagonalizable. An element D G U(0c) is said to be homogeneous of degree A if 

5t{D)^t^D foraUt>0. 

The homogeneous dimension of the homogeneous Lie algebra q is the sum Qg 
of the degrees of the elements a homogeneous basis of g, i.e., Qs — ir A. 

By replacing the derivation A with cA for some c > 0, we can rescale all 
the degrees in g and in U(gc)7 and also the homogeneous dimension Q^, by the 
same factor c; in this case, we say that the new homogeneous structure on g, 
obtained by rescaling, is equivalent to the original one. In the following, unless 
otherwise specified, we always suppose that the least eigenvalue of the derivation 
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A defining a family of dilations is not less than 1. Under this hypothesis, the 
degree of a non-constant homogeneous element of U(gc) is not less than 1, and 
moreover Qg > dinig. 

A family of automorphic dilations 6t = e^ ^°^ * on a Lie algebra g determines 
a direct-sum decomposition 

Q^Wx,®---®Wx„ (L3.2) 

for some k G N and real numbers A^ > • • • > Ai > 1 — which are called 
weights of the homogeneous structure — such that, if we set W\ — whenever 
A ^ {Ai,...,Afe}, then 

[M^A, VFa'] C Wx+x' for all A, A' > 1 (1.3.3) 

(the spaces W\ are the eigenspaces of the derivation A, and Ai, . . . , A^ are its 
eigenvalues). Vice versa, such a direct-sum decomposition determines a family 
of automorphic dilations 5t on g by setting 

St{v) = t^v for V eWx- 

The existence of such a decomposition implies that a homogeneous Lie algebra 
is nilpotent. Notice that, conversely, not every nilpotcnt Lie algebra admits 
expanding automorphisms (see [Dye70]). 

In the case the weights Ai, . . . , A^ are all integers, then the direct-sum de- 
composition is called a gradation of g, and a graded Lie algebra is a Lie algebra 
with a fixed gradation (i.e., with a fixed homogeneous structure with integral 
weights). 

In general, if Ai, . . . , Afe have a common rational multiple, then g has an 
equivalent homogeneous structure which is graded. If this is not the case, it is 
nevertheless possible to re-index the subspaces Wx of the decomposition (1.3.2), 
replacing Ai, . . . , A„ with positive integers, in such a way that (1.3.3) continues 
to hold (see [Mil80], Proposition 1.1). This means that, if a (nilpotent) Lie al- 
gebra admits automorphic dilations, then it admits also a gradation. However, 
it should be noticed that this re-indexing may give an homogeneous structure 
not equivalent to the original one, and in general it does not preserve the ho- 
mogeneous decomposition of the universal enveloping algebra. 

A stratification of a Lie algebra g is a gradation g = Wi ® • • • © Wn such 
that Wi generates g as a Lie algebra, i.e., such that 

for i = l,...,n — 1. A stratified Lie algebra is a Lie algebra with a fixed 
stratification (i.e., it is a graded Lie algebra whose associated gradation is a 
stratification). There exist Lie algebras which have expanding automorphisms 
(and therefore admit a gradation), but which are not stratifiable, i.e., they do 
not admit a stratification (see, e.g., the group 6*6.23 in §4.4.4). 

A homogeneous (resp. graded, stratified) Lie group is a connected, simply 
connected Lie group G whose Lie algebra g is homogeneous (resp. graded, strat- 
ified). If G is a homogeneous Lie group, then the automorphic dilations 5t on 
g corresponds, via the exponential map, to automorphisms of G, which will be 
also denoted by 5t. The Haar measure /ig on G is homogeneous with respect to 
this family of dilations: 

ficiStiB)) = t'^'^aiB) for all Borcl B C G and t > 0. 
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A homogeneous norm on a homogeneous Lie group G with dilations St is a 
continuous function | • j^ : G — > [0, +oo[ such that, for all x Cz G: 

• |a:;|^ = if and only if x is the identity of G; 

• \x^^\5 = \x\5; 

• \Stix)\s = t\x\s for all t > 0. 

A homogeneous norm | • |,5 is quasi-subadditive: 

\xy\5 < c(\x\s + \y\s) for all a;, y e G, (1.3.4) 

for some constant c > 0; moreover, two homogeneous norms \ ■ \s, \ ■ \'g on the 
same homogeneous Lie group G are equivalent: 

C'^\x\s<\x\'s<C\x\s for all a; eG, 

for some constant G > 1 (sec [Goo77], §3, or [Goo76], §1.2). In particular, each 
homogeneous norm on G is equivalent to the following ones: 

k 

\x\s.i^y^\xj\y^\ \x\s,oo^ ^i^x \xj\y^', (1.3.5) 

^—^ ■' l<j<k ■' 

where x = xi + ■ ■ ■ + x^. is the decomposition of a; G g according to (1.3.2), and 
I • I j is a norm on W\ . . On the other hand, on every homogeneous group there 
exists a homogeneous norm which is subadditive (i.e., (1.3.4) holds with c = 1) 
and smooth off the origin (see [HS90] ) . 

Notice that, for every nilpotent Lie group G, the function | • | given by (1.3.1) 
can be considered as a homogeneous norm, if G is thought of as an abelian group 
(with the additive structure of g) with a suitable gradation (defined by the 
supplementaries Vj); the homogeneous dimension associated to this (abelian) 
gradation coincides with the degree Qg of polynomial growth of G (with respect 
to the original algebraic structure). If G is stratified, then (for a suitable choice 
of the Vj ) the function | • | is also a homogeneous norm with respect to the original 
(possibly non-abelian) structure of G, so that the degree of polynomial growth 
of G coincides with its homogeneous dimension; moreover, every subadditive 
homogeneous norm on G is also a connected modulus on G. For a general 
homogeneous Lie group, we have the following (cf. also [Jen79]): 

Proposition 1.3.3. Let G be a hom,ogeneous Lie group, with dilations St and 
homogeneous dimension Qs, and let \ ■ \s he a homogeneous norm on G. Let 
I • I : G — >■ [0, +oo[ he defined as in (1.3.1), and let Qq he the degree of polynomial 
growth ofG. 

(i) One has Qs > Qg, with equality if and only if G is stratified?'. 

(ii) There exist a,b,c> such that 

c"i|x|?<|x|<c|x|^ (1.3.6) 

for X G G large (i.e., off a compact neighborhood of the identity). The 
same inequality holds with \ ■ \ replaced by any connected modulus on G. 
Moreover, we can take a ^ b = 1 if and only if G is stratified. 



^We remark that "stratified" for a fiomogeneous group means not only tfiat tfie Lie algebra 
of the group admits a stratification (which is the meaning of "stratifiable" ) , but also that the 
fixed homogeneous structure on the Lie algebra yields a stratification. 
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Proof, (i) Decompose g as in (1.3.2). Notice that the subspaces gj^j composing 
the descending central series are characteristic ideals of g; since the dilations St 
are automorphisms, the gui are homogeneous. A homogeneous element of gui, 
being the sum of s-fold iterated commutators of homogeneous elements of g, has 
a homogeneity degree which must be the sum of n of the homogeneity degrees 
Ai < • • • < Aa; of the elements of g; since all these degrees are not less than 1, 
the sum is not less than n, therefore gj^j n Wx = {0} if A < s, so that 



flwC0T4^A. (1.3.7) 



X>s 

In particular, if G is n-step, 

n n k 

QG-^dimg[,] < ^ ^ dim VKa < ^[AjJ dimM^A, <Q5. (1.3.8) 

s=l s=l X>s j=l 

We already know that, if G is stratified, then Qq — Qs- Conversely, if 
Qq — Qs, then all the inequalities in (1.3.8) must be equalities; this means first 
of all that the degrees Ai , . . . , Afe are integers — i.e. , G is graded — and secondly 
that the inclusion (1.3.7) is an equality, so that Ws Q Q[s\, but then necessarily 
Wi generates g — i.e., G is stratified. 

(ii) By the explicit definition of | • | in Proposition 1.3.1 and the equivalence 
of I • li with one of the homogeneous norms in (1.3.5), the inequality (1.3.6) 
follows easily. Since moreover, by Proposition 1.3.1, | • | is equivalent in the 
large to any connected modulus on G, clearly a connected modulus can replace 
I- I in (1.3.6). 

If G is stratified, then | • j^ is (modulo equivalence of homogeneous norms) 
of the form (1.3.1), with a choice of the supplements Vj possibly different to 
the one defining | • |; by Proposition 1.3.1, | • |^ is equivalent in the large to any 
connected modulus, and then also to | • |. Conversely, since 

Mg({2: e G : |a;| < r}) ^ r««, ^iaiix G G : \x\s < r}) ^ r'^' 

for r large, if (1.3.6) holds with a = b = I, then necessarily Qg — Qs, and the 
conclusion follows by (i). D 

On a homogeneous Lie group G with a homogeneous norm | • j^, the Schwartz 
space S{G) can be characterized as follows: a function / e £{G) belongs to the 
Schwartz class if and only if, for some p e [1, oo], 

(1 + I • Urof e LP{G) 

for aU TO G N and D e S)(G). 

1.3.3 Rockland operators 

Let G be a homogeneous Lie group with dilations St. A Rockland operator on 
G is a (5t-homogeneous left-invariant differential operator D E 2)(G) such that, 
for every non-trivial unitary representation tt of G, dTr{D) is injective (as an 
operator on the smooth vectors of the representation) . 
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Notice that, in the abehan case (G = M"), left-invariant differential operators 

coincide with constant-coefficient differential operators, i.e., operators of the 

form 

. d . d 



dxi ' ' dxr, 

for some polynomial p with complex coefficients, which is called the symbol of 
the operator. In this case, a differential operator with symbol p is Rockland if 
and only if p is (5t-homogeneous and such that 

p{x) 7^ for X ^ 0. 

If the dilations are isotropic {St{x) — tx), the notion of Rockland operator then 
coincides with that of elliptic homogeneous operator with constant coefficients 
onR". 

It can be shown that the existence of a Rockland operator on a homoge- 
neous Lie group G implies that the degrees of homogeneity have a common 
rational multiple, so that we can suppose (modulo rescaling) that G is graded 
(see [Mil80] and [ER97]). This allows us to state in the context of homogeneous 
groups the HelfFer-Nourrigat theorem (see [IIN79], and also [IIN85]), which is a 
characterization of Rockland operators in terms of hypoellipticity. Recall that 
a differential operator i on G is said to be hypoelliptic if, for every u € I?'(G) 
and every open set i7 C G, 

{Lu)\ne£{n) =^ u\ne£{n). 

Theorem 1.3.4. Let G be a homogeneous Lie group, and let L G 25(G). 

• If L is hom^ogeneous, then L is Rockland if and only if it is hypoelliptic. 

• // the principal part of L (with respect to the homogeneous structure) is 
Rockland, then L is hypoelliptic. 

Several regularity results have been proved for this class of operators, e.g., 
heat kernel estimates (see [AER94]). We will consider these properties in the 
more general framework of weighted subcoercive operators. 

1.4 Weighted subcoercive operators 

As we have just seen, the class of Rockland operators contains, as a particular 
case, the constant-coefficient homogeneous elliptic operators on R". The no- 
tion of (strongly) elliptic operator can in fact be extended to manifolds, and 
most of the properties valid in ]R" can be obtained also in this wider setting, 
where M" plays the role of "local approximation", and constant-coefficient op- 
erators are somehow the model case. In particular, for connected Lie groups, 
a thorough analysis of left-invariant elliptic operators can be found in [Rob91], 
where "Gaussian" estimates are obtained for the heat kernel of a positive elliptic 
operator, in terms of an invariant Riemannian metric. 

On the other hand, on manifolds, and in particular on Lie groups, non- 
commutativity of vector fields naturally arises, and makes it possible to consider 
classes of differential operators which, although not elliptic, share nevertheless 
some of the good properties of elliptic operators. For instance, if one considers a 
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system Xi, . . . , X„ of vector fields which satisfy the Hormander condition (i.e., 
for some m G N, the span of Xi , . . . , X„ and their iterated commutators up 
to order m is the whole tangent space in each point of the manifold) , then the 
associated sublaplacian 

-(X2 + ... + X2) 

is hypoelliptic (see [H6r67]). Moreover, in the case of a left-invariant sublapla- 
cian on a connected Lie group, good estimates for the heat kernel can also be 
proved (see, e.g., [VSC92]), where now the Riemannian metric is replaced by a 
Carnot-Caratheodory (or subriemannian, or control) distance associated to the 
system Xi, . . . , X„ (see also [NSW85]). 

At some point (see [Fol77], [RS76], [Goo76]), it has been realized that the 
study of such differential operators could be performed by the use of a "local 
approximation" in terms of left-invariant homogeneous operators on a homoge- 
neous nilpotent Lie group, which may be a simpler setting than the original one, 
but at the same time allows to preserve some of the non-commutative structure 
(in contrast to the Euclidean local approximation used for elliptic operators). 

There are several approaches for defining such a local approximation. Here 
we will consider the procedure of contraction of a Lie algebra g, which produces 
a homogeneous Lie algebra g* with the same linear dimension as g; notice that 
a Lie algebra g admits several non-equivalent contractions, and one of them is 
Euclidean (i.e., abelian and isotropic). For the study of left-invariant differential 
operators on connected Lie groups, this technique has been exploited, among 
others (see [NRS90], [Heb92]), by ter Elst and Robinson [ER98], who have 
introduced the notion of weighted subcoercive operator. 

As we will see, a positive left-invariant differential operator on a connected 
Lie group G is weighted subcoercive if and only if it is "locally Rockland", i.e., 
it corresponds on a suitable contraction of the Lie algebra g to an operator 
whose principal part is Rockland. In particular, every elliptic positive left- 
invariant differential operator on G is weighted subcoercive (with respect to 
the Euclidean contraction), but also every left-invariant sublaplacian on G is 
weighted subcoercive (with respect to a different, possibly non-commutative 
contraction) . 

In this section, we summarize and slightly amplify some of the results of 
[ER98] on weighted subcoercive operators, in particular the Gaussian heat kernel 
estimates, which are crucial for our multiplier theorems. 

1.4.1 Weighted algebraic bases and contraction of a Lie 
algebra 

An algebraic basis of a Lie algebra g is a system Ai, . . . , Ad of linearly inde- 
pendent elements of g which generate g as a Lie algebra. A weighted algebraic 
basis is an algebraic basis Ai, . . . , Ad together with an assignment of a weight 
Wj G [1, +<X)[ to each Aj (j = 1, . . . , d). 

Fix a weighted algebraic basis on g. We introduce now a notation, which is 
analogous to the multi-index notation for partial derivatives on M", but which 
takes care of the non-commutative structure. Let J{d) be the set of finite 
sequences of elements of {1, . . . ,(i}, and J+{d) be the subset of non-empty se- 
quences. For every a — (ai, . . . ,afe) G J{d), let \a\ denote the length k of a. 
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and set 

k 

A" = AaiAa2 ■ ■ ■ ^a„ (as an element of U(g)), 

^H = [[••• [Aai,Aa2],---],AaJ if a G J+{d). 

The fixed weighted algebraic basis defines an (increasing) filtration on g: 
Fx = span{A[Q,] : a e J+(d), ||q:|| < A} for A G R; 
we have in fact 

We can then consider the associated homogeneous Lie algebra: in fact, such a 
filtration determines a finite set of weights Ai, . . . , At, with 

1 < Ai < ••• < Afe, 

defined by the condition F\^ ^ Uu<a . -P)i for j = 1, . . . , fc; if we put 

^a" - U ^^' ^^ = ^^/^a"' 

AJ<A 

then 



0, - VKa - W^Ai ® • • • ® W^A. 



AGE 

is a homogeneous Lie algebra, with weights Ai, . . . , A^. The homogeneous Lie 
algebra g*, which has the same dimension as g, is said to be the contraction of 
g with respect to the fixed weighted algebraic basis. 

The weighted algebraic basis is called a reduced basis of g if^ 

spanjylj : Wj = A} n F^ = {0} for aU A. (1-4.1) 

Given a weighted algebraic basis, it is always possible to remove some elements 
from it, in order to obtain a reduced basis of g which defines the same filtration. 
Notice that, if the Lie algebra g is homogeneous as in (1.3.2), every algebraic 
basis Ai, . . . , Ad of g made of homogeneous elements, with the weights equal to 
the respective homogeneity degrees, is a reduced basis; such a basis is said to 
be adapted to the homogeneous structure of g. In this case we have -Fa = 



®Our definition of reduced basis is more restrictive than the definition given in §2 of [ER98], 
where it is only required that Aj ^ F^. ; however, without our restriction, the fundamental 
Lemma 2.2 of [ER98], which allows to extend the reduced basis to a linear basis compatible 
with the associated filtration Fx, is false, as it is shown by the following example. On the free 
3-stcp nilpotent Lie algebra on two generators, defined by 

[Xi,X2] = Y, [Xi,y] = Ti, [X2,Y] = T2, 

the weighted algebraic basis Xi, X2, Y + Ti,Ti,T2, with weights 1, 1,3, 3, 3, is reduced accord- 
ing to [ER98], but it not compatible with the associated filtration, and cannot be extended 
since it is already a linear basis. 
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W\ ® F^ , so that in particular the corresponding homogeneous contraction g, 
is canonically isomorphic to g. 

Consider now a general Lie algebra g, with a fixed reduced basis. Then 
the weights wi, . . . ,Wd of the basis are among the weights Ai, . . . , Afc of the 
filtration; moreover, if Aj is the element of the quotient W^, ■ corresponding to 
Aj € Vw, then Ai, . . . ,Ak is an (adapted) reduced basis of g*, with the same 
weights wi, . . . ,Wk (cf. [ER98], Lemma 2.2 and Proposition 3.1). As we will see 
in the following, the correspondence between the two reduced bases Ai, . . . , Ak 
of g and Ai, . . . , Ak of g, determines in turn a correspondence between U(gc) 
and U((g,)c), i-e., between invariant differential operators on a Lie group and 
invariant differential operators on a contraction. 

1.4.2 Control distance 

Let G be a connected Lie group, with Lie algebra g. Fix a reduced basis 
Ai, . . . ,Ak of g, with weights wi, . . . ,Wk- For s e {0,oo,*} and e > 0, let 
Cs{e) be the set of absolutely continuous curves 7 : [0, 1] ^ G such that 

k 

7'(i) - J2 -^J- W ^jl7(*) for a.e. t e [0, 1], 

where 

{e"'^ ff s == 0, 

e ffs = oo, forte [0,1], j = l,...,fc; (1.4.2) 

min{e,£"'j} if s = *, 

for X, J/ e G, we define then 

ds{x,y) ^ inf{£ > : 37 e Cs{e) with 7(0) = x, 7(1) = y}. 

It is not difficult to show that do, doo ^nd d, are left-invariant distances on 
G, compatible with the topology of G. In fact, doo is the classical "unweighted" 
Carnot-Caratheodory distance associated to the Hormander system Ai,. . . ,Ak 
(cf. [VSC92], §111.4), whereas do is a "weighted" Carnot-Caratheodory distance 
(similar to the ones studied in [NSW85]). Moreover, for x,y G G, we have 

do{x,y)<l ^=^ doo{x,y)<l ^=^ d^{x,y)<l, 

and the same holds with strict inequalities. Finally, 

\dn{x,y) for d,(x,?y) < 1, 
d^,[x,y) = < 

\doo{x,y) for d,(x,y) > 1. 



We call d* the control distance associated to the fixed reduced basis 



6 



^Notice that the definition of the control distance by ter Elst and Robinson in §6 of [ER98] 
(see also [ER94]) is different from the one given here, and coincides with our distance do- 
Their definition has the advantage that, in the case of a homogeneous group with an adapted 
basis, the modulus | • |o induced by do is a homogeneous norm; on the other hand, this shows 
that in general | ■ |o is not a connected modulus (a homogeneous norm on a homogeneous 
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The control distance rf^ induces a control modulus | • |, on G, given by 

I5I* ^ d^{e,g), 

which is in fact a connected modulus (since (i* coincides with doc in the large). 
Moreover, if Br denotes the (i*-ball with radius r centered at the identity of G, 
then we have 

n{Br) ^ r^' for r < 1, 

where Q, is the homogeneous dimension of the contraction g* (see [ER98], 
Proposition 6.1). On the other hand, since | • |* is a connected modulus, the 
growth rate of fi{Br) for r large coincides with the (intrinsic) volume growth of 
the group G; in particular, if G has polynomial growth of degree Qg, then 

IJ.{Br) - r'^G for r > 1. 

1.4.3 Weighted subcoercive forms and operators 

Let G be a connected Lie group, and fix a reduced basis Ai, . . . , A^ of its Lie 
algebra g, with weights wi, . . . , Wd- In this context, a form is an element of the 
free (non-commutative associative unital) algebra over C on rf indeterminates 
Xi, . . . , Xd\ in other words, a form is a function G : J(d) — ?► C null off a finite 
subset of J{d)^ which can be thought of as the non-commutative polynomial 

E C{a)X'^. 

aeJ{d) 

The degree of the form G is the number 

maxilla 1 1 : a E J{d), C{a) 7^ 0}. 

If G is a form of degree to, its principal part is the form P : J{d) — > C which is 
given by the sum of the terms of G of degree m: 

p^^^^\c{a) ifll^ll^TO, 
I otherwise. 

A form is said to be homogeneous if it equals its principal part. The adjoint of 
a form G is the form G+ defined by 



C+{a) = (-l)l"lG(a,), 
where a, — [at, . . . , ai) if a = (ai, . . . , a^). 



group is a connected modulus if and only if the group is stratified, see Proposition 1.3.3). 
Nevertheless, in the whole papers [AER94], [ER94], [ER98] it is understood that | ■ |o is a 
connected modulus. 

By a careful examination of the proofs, one sees that the specific properties of do are used 
only for small distances, whereas in the large only connectedness is used. Therefore, our 
modified definition of the control distance d fixes the problem (as it has been confirmed to us 
by ter Elst in a private communication). As a side-effect, since rf* > do everywhere, the heat 
kernel estimates obtained with this modification (see Theorem 1.4.1(e)) are stronger than the 
ones claimed by ter Elst and Robinson (which are therefore true a posteriori). 
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To each form C, we associate the differential operator dRQ{C) E ©(G) 
defined by 

dRoiC) = Y^ C(a)A". 

ae.I{d) 

Notice that, by definition, we have clearly 

dRG{C+) = dRG{C)+. 
More generally, if tt is a representation of G, we define 

d7T{C) = dnidRaiC)) ^ ^ C{a)dTT{A)". 

aeJ(d) 

If TT is a representation of G on a Banach space V, we define seminorms and 
norms on (subspaces of) V by 

N^Jx) = max \\dU{X")x\\v, 

a£j{d) 
||a|| = s 

IIxIItts— max ||d[/(X").T||v, 

ae.J(d) 

\\a\\<s 

for s e M, s > 0. If TT is the right regular representation of G on LP(G), we use 
the alternative notation Np.^g, \\ ■ Wp-g. 

A form G of degree m is said to be weighted subcoercive on G if m/wi G 2N 
for i = l,...,d and if moreover the corresponding operator satisfies a local 
Gdrding inequality: there exist /i > 0, j^ G K. and an open neighborhood V of 
the identity e G G such that 

^{c^,dRG{C)4,) > ii{N^,rn,^{ci>)f - uUWl 

for all (j) G 2?(G) with suppt/) C V . In this case, the operator dRciC) is called 
a weighted subcoercive operator. 

Let g* be the homogeneous contraction of g, and G* be the connected, 
simply connected Lie group corresponding to g*. Since Ai,...,Ad induces a 
reduced weighted algebraic basis Ai, . . . , Ad on g* (with the same weights), we 
can associate to a form G both a differential operator dRciC) on G and a 
differential operator dRciC) on G*, which is a homogeneous group: in some 
sense, dRdC) is the "local counterpart" of the operator dRoiC). The next 
theorem, which is the fundamental result of ter Elst and Robinson [ER98], 
clarifies the relationship between the two operators, and substantiates the ideas 
previously described. 

Theorem 1.4.1. Let C be a form of degree m, whose principal part is P , such 
that m/wi G 2N for i — 1, . . . , d. The following are equivalent: 

(i) C is a weighted subcoercive form on G; 

(a) P is a weighted subcoercive form on G; 

(Hi) G is a weighted subcoercive form on G* ; 

(iv) dRQ^{P + P+) is a positive Rockland operator on G*; 
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(v) there are constants /i > 0, j^ € M such that, for every unitary representa- 
tion TT of G on a Hilbert space %, 



^{x,dn{C)x)>,i\\x\\l,^,^-v\\x\\l, 



for all X € T-L° 



(vi) there is a constant /i > such that, for every unitary representation tt of 
G* on a Hilbert space %, 

3i{x,dTT{P)x) >pi{N^,^,2{x)f 

for all xen^. 

Moreover, if these conditions are satisfied, for every representation tt of G on a 
Banach space V , we have: 

(a) the closure of d'K{C) generates a continuous semigroup {St\t>o on V ; 

(b) for t > 0, St{V) C V°°, and moreover 



v°° = Pi DidMcf' 



(c) if TT is unitary, then d7r(C) = d7r(C+)*; 

(d) there exists a representation-independent kernel kt G L^''°° n G^{G) (for 
t > 0) such that 

dTT{X°')Stx = TT{A°'kt)x = [ {A°'kt)ig)TT{g-^)xdg 

Jg 

for all a G J{d), t > 0, x eV; 

(e) the kernel satisfies the following "Gaussian" estimates: for all a G J{d) 
there exist b,c,LU > such that 

for all t > and g G G, where Q* is the homogeneous dimension of g* 
and I • I* is the control modulus; 

(I) for all p > 0, the map t i-^ kt is continuous ]0,oo[ — > i"'^'°°(G, e'''^'* dx) 
and, for all a G J{d), there exist c, cj > such that 

ll^"fct|lLi(G,eHxi.d.)<ci-^e"*; 

(g) the function 

k(tx) = l^ ■^"''-^' 

\kt{x) fort>0, 

onWxG satisfies 

^^+dRG{G))k = S 

in the sense of distributions, where S is the Dirac delta at the identity of 

RxG. 
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Proof. This theorem is a summary of resuhs of [ER98] . 

More specificany: the equivalence of (i), (ii), (iii) and (iv) follows from The- 
orem 10.1 of [ER98]; (v) implies (i) by choosing as n the regular representation 
on L?{G)\ vice versa, (iii) implies (v) by Theorem 9.2 of [ER98]; (vi) corre- 
sponds to (v) with C = P, i^ = 0, G = G,, so that (vi) implies that P is 
weighted subcoercive on G*, but then, by the previous equivalences, we get (i)- 
(iv); conversely, (vi) can be obtained from (v) with G = P, G = G* by the use 
of homogeneity and dilations, but in fact it is obtained directly from (iii) in the 
proof of Lemma 5.1 of [ER98]. 

The remaining statements are contained in Theorems 1.1, 7.2, 8.2 and Corol- 
lary 8.3 of [ER98], except for (f), since in Theorem 7.2 of [ER98] it is only stated 
that the map i i--> /ct is continuous ]0, oo[ — > L^{G, e'''^'' dx). However, by inte- 
gration of the Gaussian estimates (e), we for all a E J(d) we obtain 

P"fct||Li(G,epM.d.)<rf ^e"* / e-K-) e'^WQ'-Ur 

Jo 



ct-^e"* / e-'"-"''""'e'^*'""V«*-idr 



'0 

for some 6, c, cj, cr > 0; for t < 1, the last integral is less than 

o 

/o 
which is finite, whereas, for t > 1, the integral is less than 

^.,™. 1/(^-1) ^ , f(2a/br-H 

Jo J(2(T/6)™-ii 

< e''W^'-^dr+ e-^W^'-^drKc'e"'*, 

Jo Jo 

for some c',ct' > 0, and putting all together we obtain the required estimates. 
Moreover, by the semigroup property, we have 

A"{kt+s)^kt*iA"h) (1.4.3) 

and, since A^ks G _L^(G, e''!^'* dx) by the Gaussian estimates (e), the required 
continuity follows from the properties of convolution. D 

Corollary 1.4.2. With the notation of the previous theorem, if C is a weighted 
subcoercive form on G, then the function k{t, x) — kt{x) is smooth off the iden- 
tity ofM^xG and the operator dRciC) is hypoelliptic. 

Proof. From Theorem 1.4.1(g) we deduce that, for every r e N\ {0}, the distri- 
bution 

(9[ - (-dRG(G))'-)fc 

is supported in the origin of M x G. In particular, if G 2?(]0, +cx)[) and 
■0 e V{G), we get 

((9[-(-dRG(G))'-)fc,0®V)=O, 



30 



1.4. Weighted subcoercive operators 



which can be rewritten as 



(-l)-- / {ku^)c^i-\t)dt^ {{-dRG{C)Ykt,^P)cj){t)dt 



Since both 1 1-^ kt and t i-)- {—dRG{C)Ykt are continuous ]0, +oo[ -^ L^{G) by 
Theorem 1.4.1(f), this identity holds also for ah -0 G Cq{G). In other words, for 
aU ^ e Co(G), the r-th distributional derivative of the function 

t^ {kt,-)p) 

on ]0, +(X)[ is the map 

t^{{-dRG{C)ykt,^P); 

since all these derivatives are continuous, the function t h- > {kt,'>p) is smooth on 
]0, +(X)[, so that also the map t >—>■ kt is smooth ]0,+oo[ -^ L^{G). But then 
from (1.4.3) it follows easily that, for all a G J{d), the map t h^ A"kt is smooth 
]0, +oo[ -^ L^{G), i.e., that 1 1-^ fct is smooth ]0, +oo[ -^ L^''°°{G). By Sobolev's 
embedding, we then get that 1 1— )■ fct is smooth ]0, +oo[ — > £{G); this gives that 
k is smooth on ]0, +oo[ x G, and the Gaussian estimates of Theorem 1.4.1(e) 
show that k can be extended smoothly by zero to the whole R x G\ {(0, e)}. 

Notice that k^ is the kernel oidKoiG^), which is also a weighted subcoercive 
operator. If we put 

r. X fo ift>0, 

k(t,x) = < - ' 

^ ^ \k*_t if t <0, 

we then have that k is smooth on M x G \ {(0, e)} and satisfies 

i-dt + dRG{C+))~k ^ S 

in the sense of distributions. By arguing analogously as in the proof of Theo- 
rem 52.1 of [Tre67], we obtain that dt + dKoiG) is hypoelliptic on R x G, and 
the hypoellipticity of dKciG) on G follows immediately. D 

Corollary 1.4.3. With the notation of Theorem l.^.l, if C is a weighted sub- 
coercive form on G, then, for every D € S(G), /3 > and every neighborhood 
U of the identity e G G, 

\\xn t-^ \ \Dkt{x)\dx = Q. (1.4.4) 

*->o+ Jg\u 

Moreover, {kt)t>{) is an approximate identity on G for t — > 0^. 

Proof. If _R > is such that 

{x e G : |xU <R}<^U, 

then, by Theorem 1.4.1(e), for t < 1 we have 

t-l^ \Dkt{x)\dx<ct-^ e-''('''"/*)'''"""e'"''dr 

Jg\u Jr 

for some c, b,a,j> 0. On the other hand, for t < 1 and r > R, 
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where the first factor on the right-hand side is integrable on ]_R, +00 [ and does 
not depend on i, whereas the second factor is infinitesimal for t — >■ 0"*" and does 
not depend on r; the limit (1.4.4) then follows by dominated convergence. 
In particular, we have 



lim / |fct(a;)| dx — 0, 
t->o+ Ja\u 

and moreover, by Theorem 1.4.1(f), the norms ||fct||i are uniformly bounded for 
t small. Finally, if tt is the trivial representation of G on C and if 

c==d7r(C)l, 

then by Theorem 1.4.1(d) we have 

ht{x) dx ~ TT{ht)l ~ e^*'^. 



IG 

which tends to 1 as t —J- 0+ . D 

1.4.4 Examples 

Theorem 1.4.1, which contains the announced relationship between Rockland 
operators and weighted subcoercive operators, however does not imply immedi- 
ately that every positive Rockland operator is weighted subcoercive. Neverthe- 
less, this is true: 

Proposition 1.4.4. Suppose that G is a homogeneous Lie group. Then there 
exists an adapted basis Ai, . . . , Ad of q such that 

spanjAi, . . . , Ad} n [g, g] == 0. 

With respect to such a basis, for every positive Rockland operator L of degree m, 
there exists a homogeneous form of degree m such that dRciP) = L; moreover, 
such a form is weighted subcoercive. 

Proof See [ER97], Lemmata 2.2 and 2.4, and Theorem 2.5; see also [ER98], 
Example 4.4. D 

On the other hand, it is easy to check that, for every choice of an algebraic 
basis Ai,. . . ,Ad of a Lie algebra g, the assignment of weights all equal to 1 
always gives a reduced basis, and that the corresponding contraction g* is strat- 
ified. In particular, the sublaplacian L — —{Ai + • • • + A^) corresponds to a 
homogeneous sublaplacian on the stratified contraction, which is Rockland, and 
therefore L is weighted subcoercive. Moreover, if ^1, ... , Ad linearly generate 
g, then the contraction g* is Euclidean (abelian and isotropic), and it is not 
difficult to prove that positive elliptic operators are weighted subcoercive with 
respect to this contraction. 
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While the previous chapter was devoted to the "group side" — i.e., to the notions 
and results related to Lie groups and differential operators — the present chapter 
focuses on the "spectral side" — i.e., on the environment where the (joint) 
multiplier function is defined. Although one could consider the joint spectrum 
of a system of operators as an abstract space (namely, the Gelfand spectrum of 
some commutative C*-algebra), generally an embedding of the spectrum into 
some R" will be fixed, so that the multiplier will be thought of as a Borel 
function R" — > C. Consequently, in order to impose smoothness conditions 
on the multiplier, we can use all the machinery of classical real and harmonic 
analysis, particularly the Fourier transform 






-"•« dx. 



Smoothness conditions will be in fact expressed in terms of Besov spaces. 
This choice is certainly not new in the context of spectral multiplier theo- 
rems (see, e.g., [DM87] or [Ale94]). Besov spaces B^ „(M") allow us to consider 
smoothness conditions of fractional order s G R and of L^ fiavour for 1 < p < oo; 
in particular, for p ~ 2, they include the classical Sobolev (or Bessel potential) 
spaces, whereas for p ~ oo they include the Holder spaces. Moreover, they 
have a very good behaviour under (real and complex) interpolation, which is a 
particularly useful tool in lowering regularity thresholds of multiplier theorems. 

In order to formulate conditions of Marcinkicwicz type, we need a way of 
requiring different orders of smoothness independently on the different factors 
of a product 

M" =M"i X ••• X R"^. 

This is achieved by considering Besov spaces with dominating mixed smooth- 
ness^ Sp _B(M"), in which the order of smoothness is a vector s — (si, . . . , Sg) 
of real numbers (the idea is that, if si, . . . , Sg > 0, the maximum order of dif- 
ferentiability si -|- • • • -|- Sg is reached only by mixed derivatives). 

Whereas an enormous amount of literature exists about Besov spaces, their 
dominating-mixed-smoothness variant has not been treated to the same extent, 

^For spaces with dominating mixed smoothness, we prefer the notation S" B{K"), with 
an S prefixed, to the notation B" (R"), since the latter is used, in our main references, to 
denote a different class of spaces, the anisotropic spaces (see, e.g., [Tri83], §10.1, or [ST87], 
§2.2.2). 
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and usuahy not in the generahty which is required here; moreover, not every 
property of classical Besov spaces has a straightforward multi-parameter exten- 
sion (e.g., Besov spaces of dominating mixed smoothness are less flexible with 
respect to interpolation). For these reasons, in the following, a sketch of the 
proofs of the main properties of Besov spaces will be given, so that their (possi- 
ble) generalization to the dominating-mixed-smoothness case will be apparent. 
It is interesting to notice that some properties of Besov spaces (e.g., the lifting 
properties) follow from an elementary version of a Fourier multiplier theorem. 

Finally, conditions of Mihlin-Hormander and Marcinkiewicz type (i.e., local 
Besov conditions which are invariant with respect to some family of dilations) 
will be introduced, and their change-of-variable properties and mutual implica- 
tions will be studied. 

First of all, however, we need to recall some definitions and results about 
interpolation of Banach spaces, and some elementary properties of the classical 
Sobolev spaces. 

Notice that M" is a nilpotent Lie group, therefore the contents of the pre- 
vious chapter apply, particularly the notions about families of dilations and 
homogeneous norms. On the other hand, here we do not need the involved 
non-commutative version of the multi-index notation for translation-invariant 
derivatives described in §1.4.1, thus we adhere to the simpler traditional com- 
mutative notation. 



2.1 Interpolation 

This section is simply a collection of well-known results from interpolation the- 
ory. For a more extensive presentation see, e.g., [BL76], [Tri78a], [BK91]. 

2.1.1 Banach couples and interpolation functors 

A Banach couple is a pair X = (^o, -'^i) of Banach spaces, such that there exists 
a Hausdorff topological vector space V in which both Xq,Xi are continuously 
included; in this case, we can define 

A(X)=XonXi, ^(X)=Xo + Xi 

as subspaces of V, which are in fact Banach spaces with norms 

I|2^IIa(x) =max{||.x||xo,l|a;||xi}, l|a;|lsm = inf (lla^ollxo + lla^iUxi)- 

A morphism of Banach couples T : X — > y is a pair {To,Ti) of bounded 
linear maps Tj : Xj — > Yj, whose restrictions to A(X) coincide, and define then 
a bounded linear map Ta : A(X) — )■ A(F). In this case, the maps To,Ti can 
be pasted together to obtain a bounded linear map Ts : T,{X) — > ^{Y). 

An intermediate space for a Banach couple X is a Banach space X such that 

A(X) C X C E(X), 

with continuous inclusions. 

An interpolation functor is a functor F from the category of Banach couples 
to the category of Banach spaces such that: 
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• for all Banach couples X, F{X) is an intermediate space for X; 

• for all morphisnis T : X — > y of Banach couples, we have 

In other words, an interpolation functor i^ is a choice of an intermediate space 
F{X) for each Banach couple X, such that, for every morphism of Banach 
couples T : X ^Y, the restriction Tsl^/^-, is bounded F{X) -^ F{Y). 

For e [0, 1], an interpolation functor F is said to be exact of exponent 6 if, 
for every morphism T : X — > y of Banach couples, 

2.1.2 Retracts 

Suppose that T : X — > y and S : Y ^ X are morphisnis of Banach couples 
such that S o T = id^ (in this case, we say that X is a retract of Y via the 
maps T and S). Then, for every interpolation functor F and every intermediate 
space X of X, we have that F{X) = A (with equivalent norms) if and only if 
the maps 

Ts U : A ^ F(Y) and S^l^^y^ : F{Y) ^ A 

are continuous; in other words, F(X) is the (unique) retract of F{Y) via (re- 
strictions of) the maps T and S (cf. [BL76], Theorem 6.4.2, and [Tri78a], §1.2.4). 

2.1.3 Real interpolation 

The real interpolation method gives one of the most important examples of 
interpolation functors. Recall that, for a Banach couple X, the Feetre functional 
is defined by 

K{t,x-X)^ inf {\\x\\xo+t\\x\\x,). 

X — Xq-\-Xi 

K{t,-;X) is an equivalent norm on S(X) for every i > 0. We then set 



-e, 



+°° ^....dt 



ll^llx«„ = ^ {t-''Kit,x;X)yj 

forO<6'<l, 1 < q < oo, and also 

ll^llx«,^=s^pi-«X(t,a;;X) 

forO<6'<l,(j = oo. By defining 

Xe^, - {x e E(X) : \\x\\^^^^ < ^}, 

we get that Xg^q is an intermediate space for X, and moreover the correspon- 
dence 

X ^ Xg^q 

gives an exact interpolation functor of exponent 9 ([BL76], Theorem 3.1.2). 
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2.1.4 Complex interpolation 

The other important example of interpolation functors is given by the complex 
interpolation method. Set 

s = {e + itec : <e <i,teR} 

and, for a Banach couple X, let J^{X) be the set of the continuous and bounded 
functions / : 5* — > S(X) which are holomorphic in the interior of S and such 
that, for 9 = 0,1, the function t h^ f{d + it) is continuous M — > Xg and vanishes 
at infinity; in fact, J-'{X) is a Banach space, with norm 

ll/ll^m = max<^ sup \\f{it)\\xo, sup 11/(1 + «t)||xi \ ■ 

Then, for 9 E [0, 1], the space 

X[e] = {f{0) : / e T(X)}, 

with norm 

ll'^llx,,, =inf{||/!|^(X) : f{0)^a}, 

is a Banach space, which is an intermediate space for the couple X; moreover, 
the correspondence 

X^X^e] 

gives an exact interpolation functor of exponent 9 ([BL76], Theorem 4.1.2). 

2.1.5 Interpolation of Lebesgue spaces 

In the following, equalities between Banach spaces are meant in the sense of 
equivalence of norms. 

The basic result about interpolation of Lebesgue spaces is 

Theorem 2.1.1. // {U, n) is a measure space, 1 < p,po,pi < cx), < 9 < 1, 

and 

1 1-9 9 



P Pa Pi 
then 

(LP" (U, /i), LPi (U, M))fl,p = (LP" (U, m), £p^ (U, ii)\e] = L^iU, fi). 

Proof. Sec [BL76], Theorems 5.1.1 and 5.2.1. D 

For weighted Lebesgue spaces, we have the following extension of the Stein- 
Weiss interpolation theorem. 

Theorem 2.1.2. Let (U, fx) be a measure space and wq,wi : U ^>- <C be measur- 
able and non-negative. // 1 < p,po,pi < oo, < 9 < 1, and 

P Po Pi 

then 

iLP«iU,wofi),LP'iU,win))e,p = iLP'>iU,woti),LP^{U,wifi))[g] = LP{U,w^i). 
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Proof. See [BL76], Theorems 5.4.1, 5.5.1 and 5.5.3, or [Tri78a], §1.18.5. D 

More extensive results hold for vector-valued sequence spaces. For every 
Banach space ^, for 1 < p < oo, s e R, we set 

IP{A) = '?(N; A) = {(a„Om e AN : ||(2™^|la™|U)„|lp < oo}. 

Theorem 2.1.3. Let 1 < po,pi,p < oo, so,si eM., < 6 < 1. 

(i) For every Banach space A, if sq ^ si then we have 

(ii) For every Banach couple {Aq,Ai), ifpo,Pi < oo and 

1 _ 1-6* 
P Pa Pi ' 
then 

a?„"(Ao),?fK^i))e,P - lfi-e)s.+esAAo,A,)e,,). 

(Hi) For every Banach couple {Ao,Ai), if po < oo and 

1 1-6 



P Po Pi 
then 

Proof See [BL76], Theorems 5.6.1, 5.6.2 and 5.6.3, or [TriTSa], §§1.18.1 and 
1.18.2. D 

2.2 Sobolev spaces 
2.2.1 Basic properties 

For 1<p<oo,A:gN, the L^ Sobolev space of order k is defined by 

W'^'PiSJ') = {/ e LP(R") : 9"/ e LP(R") for |a| < k} 

(where derivatives 9"/ are meant in the sense of distributions). W'^'^{M.'^) is a 
Banach space, with norm 

\a\<k 

For p = 2, W'''P{M.'^) is (modulo equivalence of norms) an Hilbert space, 
which can be characterized in terms of the Fourier transform. In fact, if we set 

(x) = (1 + |.t|2)1/2^ 

where | • I2 is the Euclidean norm on R", and, for s G R, we introduce the 
Bessel-potential space 

H'iW) = {/ e 5'(R") : Tf e L^iR"", (O'' d^)}, 
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then iJ''(K") is a Hilbert space, with inner product 



and moreover, by the properties of the Fourier transform, it is easily seen that 

W''-^^{W) = H''{R'^) forfceN. 

That is why, for a general s e M, the space H''{K^) is also called L^ Sobolev 
space of fractional order s. 

Since the spaces if "(M") correspond, via the Fourier transform, to weighted 
L^ spaces, from Theorem 2.1.2 we get immediately 

Proposition 2.2.1. For so,si eR, < 6 < 1, we have 

(i7'"'(]R"),i?''i(]R"))[0] = {H''°iW),H''{W))e.2 = ii(i-^)"''+^"i(M"). 

Some elementary embedding results for Sobolev spaces are collected in the 
following 

Proposition 2.2.2. (i) If s > n/2, then 

\\J'f\\l<Cs\\.f\\Hs. 

(u) Ifken ands> k+n/2, then, for every f e ii*(M"), we have f e Co*^(M") 
and 

WfWc^ < Ck,s\\f\\H^- 

(m) The continuous embedding T4^"'i(R") C Cb{W') holds. 

Proof, (i) follows immediately from Holder's inequality. From the Riemann- 
Lebesgue lemma and (i), we get easily (ii). Finally, if / G I?(IR"), then 

■■■ j di-- ■ dnf{ti, . . . , t,i) dti... dtn, 

-OO J — OO 

SO that 

ll./llco<|l,/|k".i, 

and (iii) follows by a density argument (cf. Proposition 1.1.2). D 

2.2.2 Sobolev spaces with dominating mixed smoothness 

If n = (rii, . . . , Ug), for Z = 1, . . . , g, let di^i, . . . , 9/_„, denote the canonical basis 
of translation-invariant vector fields on the Z-th factor of 



Partial derivatives on M" will be denoted by a multi-multi-index notation: if 

a = (ai, . . . , ag) G N" = N"i x • • • x N"^ then we set 
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where in turn 






For l<p<oo,fcGN^,we then define the L^ Sobolev space with dominating 
mixed smoothness of order k as 

S'^-PWiR") = {f e LP(]R") : d"f e LP(]R") for |ai| < fci, . . . , \ag\ < kg}. 

Moreover, for sE R^, we introduce the notation 

(0^" = i^ir ■ ■ ■ iQ'^ for e = (a, • • • ,e,) e K", 

and then wc define the L^ Sobolev (or Bessel-potential) space with dominating 
mixed smoothness of fractional order s as 

S^H{R^) = {/ e 5'(M") : -F,/ G L2(R", (O^^d^)}. 

Analogously as before, the S''^'P(M") are Banach spaces, the S'''i/(M") are 
Hilbert spaces, and 

S'^'2j4/(M") = S''H{W') for k e N*?. 

Moreover, the space 5'''iJ(]R") can be characterized as a Hilbert tensor product 
of Bessel-potential spaces on the factors of M": 

S^H{R^) = H'' (W) ^-a ■ ■ ■ ^n H'<> (X'o). (2.2.1) 

2.3 Besov spaces 

We now introduce the class of Besov spaces, which contains and extends the 
previously considered scale of L^ Sobolev spaces with fractional order. 

Our main references for Besov spaces are the books by Peetre [Pee 76] , Bergh 
and Lofstrom [BL76], Triebel [Tri78a], [Tri78b], [Tri83], [TriOl], Edmunds and 
Triebel [ET96], Runst and Sickcl [RS96]. In fact, results about Besov spaces are 
somewhat scattered through the literature. Moreover, there are several equiva- 
lent definitions of Besov spaces, which use quite different techniques (Lipschitz- 
Holder conditions, atomic decompositions, wavelets...). 

Here we use the characterization of the Besov spaces B^ (M") by dyadic 
decompositions via the Fourier transform. Since we are only concerned with the 
ranges I < p < oo, 1 < q < oo, and since moreover we are not interested in 
the simultaneous introduction of Tricbcl-Lizorkin spaces, the exposition can be 
kept to quite an elementary level. 

About Besov spaces with dominating mixed smoothness, the standard (and 
almost unique) reference is the monograph by Schmeisser and Triebel [ST87]; a 
survey with recent developments can be found in [Sch07] . 

2.3.1 Basic definitions, interpolation and embeddings be- 
tween Besov spaces 

Let ((/)o,(/'i) e I?(M") be non-negative, and set 

MO = M^''''0 forCeK", fc>i. 
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The pair (0oi 4'i) is said to be admissible if supp (f>i C M" \ {0} and 

fe>0 

the system {4>k)kefi is said to be generated by the pair {(f>o,(j)i). 

If {(f>o, 01 ) is an admissible pair, then we define, for l<p, 9<oo,sgM, the 
Besov space Bt, „(R") as the set of tempered distributions / G 5'(K") such that 
the quantity 

||/||B=„-||(2'=1l(-F-Vfc)*/||p)fe|k. 

is finite. Using Proposition 2.2.2(i), partition-of-unity techniques and the fact 
that the quantity || J^^"'^'0||i is invariant by dilations of ip, it is not difficult to 
prove that, by replacing (0O:0i) with another admissible pair, we obtain an 
equivalent norm on Bt, „(K")- 

One way of obtaining an admissible pair is by starting from a non-negative 
(j) e X>(M") such that 

supp,^C{e : 2-1 < Id < 2}, 

(where | • | is some norm on R") and 

^0(2'^C) = 1 for every e^O, 

fcez 

and then setting 

<^fe(O = 0(2-'=O forfc>0, and ^o = l-Y,4>k- 

fe>0 

Thus, we have (j}k e V(W'), 

Q<(i)k<l for A: > 0, and ^ 0fe ee 1; 

fe>0 

, ^/U : iei<2} forA: = 0, 

suppfflfe C < [1.6.1) 

\U : 2'^-! < lel <2'=+i} for/c>0, ^ ' 

so that in particular {(f>o,(j)i) is admissible (a pair obtained in this way will be 
called a standard admissible pair with respect to the norm | • |). Moreover, if we 
set 

~ ^ Uo + 01 if fc = 0, 

|(/)fe_i +0fe + 0fe+i iik>0, 

then we have 



'Jk<Pk = (ffc 



for fc > 0, 



sup||J^ (/)fe||i<oo and sup||J^ <l)k\\i<oo. (2.3.2) 

fc>0 fe>0 

With this choice of an admissible pair, it is not too difficult to obtain the 
following properties: 
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1. for / e 5(R") (rcsp., / e 5'(M")), we have 

f = J2^kf and /-^(J-Vfe)*/, (2.3.3) 

*;>0 fe>0 

with convergence in 5(M") (resp., in 5'(]R")); 

2. ioi 1 < p, q < oo, s e M, the fohowing Holder-type inequahty holds: 

\{Lg)\<Cp,gM\\B;J\g\\Br, 

for /G5'(R"),.gG5(R"); 

3. for 1 < p, g < oo, s G M, we have the continuous inclusions 

5(M") C B;^g(M") C 5'(M"); 

4. S^,g(R") is a retract of /9(iP(M")) via the maps 

/ ^ ((-7^^ Vfe) * /)fc, (gfc)fc ^ ^(J'^^^fe) * .9fc, 

fe>0 

and in particular its completeness as a normed space follows from the 
completeness of ?«(LP(R")). 

Moreover, from Theorems 2.1.1 and 2.1.3, we obtain immediately the following 
fundamental interpolation properties (see also [BL76], Theorem 6.4.5): 

Proposition 2.3.1. Let 1 < p,po,Pi,q,qo,qi < oo, so,si &R, < 9 < 1. 

(i) If So 7^ si, then 

(i?^«,„(M"),i?^^,^(K")),,, = b(:-^)^«+^^hk")- 

This identity holds also if sq — si, provided that qo,qi < oo and 

11-6' 
q 90 qi' 

(ii) Ifqo,qi < oo and 

1-9 9 1 1-9 9 



po Pi p qo qi 

then 

(i?-,,„(R"),B-^,^(M")),,, = B^y>^'+'^^{R-). 

(Hi) If qo < oo and 

1 _l-9 9 11-9 9 

p Po Pi ' q qa gi ' 

then 
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There are several inclusions between Besov spaces. In order to give a more 
detailed formulation, we introduce now the little Besov space bp „(K"), which is 
the (closed) subspace of B^ „(M") made of the elements / such that 

lim 2™^||(J-Vm)*/||p = 0. 

Clearly 6^ (K") — Bf, (R") for q < oo, whereas, for q = oo, the difference 
between I3esov and little Besov corresponds to the one between l°° and cq. 

Proposition 2.3.2. Let 1 < p,pi,p2, q, qi, q2 < oo, si, S2 G R. 

(i) If si > S2, or otherwise if si ~ S2 andqi > q2, then we have the continuous 
inclusion 

(a) If pi < P2 and si — n/pi > S2 — n/p2, then we have the continuous 
inclusions 

b;i,{w^) c b;i^{w^), b;i^{w^) c h;i^{ir). 

Proof. It is an immediate consequence of inclusions between weighted P and co 
spaces. Young's inequality and the estimate 

for fc > 0, 1 < p < oo (cf. [BL76], Theorems 6.2.4 and 6.5.1). D 

In particular, Bt, „(R") and h^L „(M") increase in q and decrease in s. 

2.3.2 Fourier multipliers, lifting properties, comparison 
with other spaces 

Up to now, the properties which we have considered are almost entirely "in- 
ternal" to the scale of Besov spaces, so that they do not show particular con- 
nections between Besov and other known spaces; moreover, it is not clear how 
Besov spaces allow to measure smoothness. These questions will be faced by 
the use of Fourier multiplier results for Besov spaces. 

In order to state these results, we introduce, for A: e N U {oo} and cr G M, 
the "class of symbols" S^: 

S^^if e C'^iR'') : sup (x)l"l-'^|a"/(x)| < cx) for \a\ < k}. 

Clearly S^ is a vector subspace of C'^(R") containing 5(R"), and moreover it 
is increasing in a and decreasing in fc; apart from this, the main properties of 
these classes of symbols are summarized in the following lemma, which is easily 
proved by induction. 

Lemma 2.3.3. Letk,ki,k2 eN, a,ai,a2 eR, a e N". 

(t) Iff eS^, then d'^feS'^zlll- 

(it) Iffi e S^l and /2 e S^l, then /1/2 G 5, 



niin{fci ,^2} 

0-1+CT2 
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(in) The function {■)'' belongs to S^ ; moreover, if p is a polynomial of degree 
not greater than a , then p G S'^ . 

(iv) If f e S^ and \f\ > €{■)" for some c> 0, then 1// G S^^. 

Here is the announced Fourier multiplier result for Besov spaces: 

Proposition 2.3.4. If m <^ S^ for some /c e N with k > n/2, then the operator 

f ^ (T-'m) * / 

is continuous B^JW") -^ B^-'^{W') and fo*^g(K") -^ 6^7/ (K"). 

Proof. By Young's inequality, it will be sufficient to prove that 

\\J'-\m4>j)\\i <CV''. 

This can be obtained, for j > 1, thanks to Proposition 2.2.2(i), from the condi- 
tion m E S^ , hy estimating the C*^ norm of 

whose support is contained in a fixed annulus of M". D 

From this, we obtain the fundamental lifting properties of Besov spaces: 
Proposition 2.3.5. Let 1 < p,q < 00, s e M. 

(i) For every cr e K, the Bcssel potential operator 

J,:f^^-\{ri^f)) 
is an isomorphism Bt, „(M") -^ Bp'Z'^ {M.'"-) , with inverse J^a- 
(ii) For every fc G N, the three conditions 
(a) f e Bl^iW^), 
p.q 



(h) d^f e B^7,'^(M«) for \a\ < k, 

(c) f,dlf,...,difeB;;^\R-) 

are equivalent; moreover, the quantities 

n 

Y: l|a"/|U.-. and ll/llBr/+Ell^i/llBr/ 

\a\<k j=l 

are equivalent norms of f lE Bt, (R" ) . 

The same results hold also for little Besov spaces. 

Proof, (i) The conclusion follows immediately from Proposition 2.3.4 and the 
fact that the function (•)'^ belongs to S^. 

(ii) Since the polynomials ^", for \a\ < k, belong to S^, (b) follows from 
(a) and Proposition 2.3.4, whereas (b) trivially implies (c). In order to obtain 
(a) from (c), we claim that there exist functions pj E S^ such that 

n 
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for some c > 0; in fact, this inequahty gives l/rj G S°^^ by Lemma 2.3.3, 
and since, by (c) and Proposition 2.3.4, we have {F~^rj) * f G i?p~'^(R"), by 
Proposition 2.3.4 again we get f G B^ „(M"). From this argument we also obtain 
the equivalence of the norms. 

If k is even, we can simply take pj = 1. If instead k is odd, we put 

where /?, 7 G £(M) are weakly increasing smooth bounded functions, with /3 odd 
and such that P{t) = for |t| < (2n)"i/2, ^(i) = 1 for i > n^^/^^ whereas 
7(t) = for t < 1/2, 7(t) = 1 for i > 1. It is not difficult to show that these pj 
are in S^ and satisiy the required inequality. D 

The lifting properties show that in fact the index s in B* (M") expresses 
a level of differentiability. In order to complete the picture, we need a better 
understanding of the Besov spaces at level s = 0, and this will be achieved by 
showing some inclusions involving other known spaces. 

Proposition 2.3.6. The following are continuous inclusions: 

(i) BOi(R") C ii(M") C M{W) C B0^(M"), 
(n) 5° i(R") C LP{W) C 65;^^(M") for l<p<oo, 
(ill) i?Soa(R") C C„b(R") C feSo,oc(R"), 
(w) i?Soa(R") ^ C„b(R") C L'-'{W^) C BSo.oo(K"). 
Moreover, we have S^.aCM") = ^^(R"). 

Proof. The left-hand-side inclusions are due simply to (2.3.3), to the complete- 
ness of LP(R") and C„6(R"), and to the fact that 5 * i°° C Cub- The right- 
hand-side inclusions follow instead from Young's inequalities, from (2.3.2) and, 
for (ii) and (iii), by Proposition 1.1.2, since J^^{T~^(t>i){x) dx = 0. 
Finally, it is not difficult to see that 

m>0 

which gives the identity B22—L^- CH 

Notice that, by putting together these inclusions with those of Proposi- 
tion 2.3.2, we immediately obtain that, for s > 0, the elements of Bt, „(R") are 
L^ functions (and not simply distributions); moreover, for s > n/p, they are 
also uniformly continuous and bounded. 

By "lifting" the inclusions of Proposition 2.3.6, we then obtain further evi- 
dence for the interpretation of the index s in B* as an "order of differentiabil- 
ity" . 

Corollary 2.3.7. For every fc G N, the following are continuous inclusions: 

(i) Bp,i(K") ^ W^^P{W^) C 6^^oo(M") forl<p<oo, 
(11) i?^,i(R") C C„\(R") C &^,^(R"), 
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(lii) 5^,1 (K") C W'''°°{R") C B^^^{R"). 

Moreover, we have B|.2(K") == i7'^(R") for all s e M. 

These inclusions, together with the results of Proposition 2.3.1, lead to the 
characterization of Besov spaces as real interpolation spaces between Sobolev 
spaces W'^'P (or spaces C^ of bounded continuously differentiable functions) of 
different orders: 

Corollary 2.3.8. For 1 < p,q < oo, m eN\ {0}, < 6 <1, we have 

(LP(R"),W^"'P(K"))e,g = S^"(R"); 
for p — oo we have moreover 

(C,(M"),Cr(R"))e,, = (C„,(R"),Cr,(M"))e,, = Bf::^{R-). 

2.3.3 Approximation by smooth functions and little Besov 
spaces 

By the use of a suitable approximate identity (sec §1.1.10), one can hope to 
approximate the elements of B^ by smooth functions in the corresponding 
Besov norm. Unfortunately, some problems arise in the case (7 = 00, which 
force us to restrict to little Besov spaces. 

Proposition 2.3.9. Let 1 < p,q < 00, s e U, f E B^,j(M"). If u e S(W"), 
then f *u e W°°'P{M."). Moreover, if f e b^p^g{R"), arid if Uh G 5(M") is an 
approximate identity for h — > 00, then f * u^ — > / in B^ (M"). 

Proof Since a Schwartz function belongs to the symbol class S^ for every a G 
R, the first part of the conclusion follows immediately from Propositions 2.3.4, 
2.3.2 and Corollary 2.3.7. 

Suppose now that Uh G 5(R") is an approximate identity. We then have, by 
Proposition 1.1.2, 

II (J- Vfe) * (./ * Uh - f)\\p = ||((J-V/c) * ./) * «/. - (J"-Vfe) * .flip ^ 0, 

since (J""Vfe) * ./ e LP{W') for p<oo, and (J""Vfc) * ./ e C„b(R") for p = oo. 
The conclusion then follows by dominated convergence (which can be applied 
also in the case q = 00 due to the restriction to little Besov spaces). D 

The previous result in fact clarifies the role of little Besov spaces, and more- 
over leads to an alternative characterization of them: 

Corollary 2.3.10. Let 1 < p,q,qi < 00, s,Si G R. Then 



6;_,(R") = i3^^,,(R») -'^ forsi>s, 

and 

&;,,(K") = S^,,,(K")''^"'^"^ for qi < q. 
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2.3.4 Pointwise multiplication 

In the previous paragraphs, we have considered the convolution product in Besov 
spaces. Now we are interested in resuhs about pointwise muhiphcation (which 
are a particular case of the ones presented in Chapter 4 of [RS96] ) . 

First of all, one should notice that the pointwise product is not defined in 
general between tempered distributions. However, if f,g G 5'(]R"), and one 
decomposes 

h>0 fe>0 

where 

fh = (T-'M * f, gk - (-^^ Vfe) * g, (2.3.4) 

then fh,gk are smooth (in fact, analytic) functions which have polynomial 
growth together with all their derivatives (since their Fourier transforms are 
compactly supported) . The paraproduct of / and g is then defined as the limit 

\h=0 J \k=0 / 

whenever it exists. 

Notice that, when / e 5'(IR.") and g £ 5(M"), then the product fg is already 
defined. However, since the map 

5'(M")x5(IR")9(/,5)^/5e5'(M") 

is jointly sequentially continuous by the uniform boundedness principle, it is 
immediate to check that the definition of the paraproduct in fact extends the 
"classical" product. 

An important tool for proving inequalities involving paraproducts is the 
Fatou property of Besov spaces (cf. [Fra86] ) : 

Lemma 2.3.11. Suppose that {f^^')r is a sequence in B* (K"), converging in 
5'(M") to a tempered distribution f . If 



then f e B^_g(M"), and 



liminf||/M||B. < 

r— >-+oo P'^ 



||/||B|,<liminf||/W|| 



Proof. Let /^''^ = (J-^/.) * f''\ fh = {J'-'M * f- Since /('') ^ / in 5'(M") 
and T'-V/i e 5(M"), we have that /^"^^ -^ fh in £(M"), and in particular \fj:['>\ 
converges to \fh\ uniformly on compacta. But then, by Fatou's lemma, 

||M|p<liminf||/('^)||p, 

r— >-+oo 

SO that, again by Fatou's lemma, 



|(||M|p)/,||,, <liminf (||/rip)h 



which is the conclusion. D 
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We then have the following 

Lemma 2.3.12. Let f,g (z 5'(M"), and suppose that, for some p,q (z [l,oo] 
and s Cz^, 



^^||(J-Vm)*(/h5/c)||p 



.h>Ok>0 

where fhigk o,fR defined as in (2.3.4). Then the limit 



< oo, 



(2.3.5) 



N 



N 



/5=;vi^^ E^ E-9'= 



N^+oo 



exists m S'{W") (and also m S^_q(M") if q < oo), and belongs to S^,j(R"). 
Moreover 



\\I9\\ 
Proof. Let 

Then, for TV' > TV, 
— 1 



< 



^^||(^-V™)*(/h5/c)||p 



> h>Ofe>0 



AT 



P, 



N 



Ea 

\h=0 



^ N \ 

E-9fc 



\\{F-'4^^)*{Pn'-Pn)\\p< J2 ll(-^"Vm)*(/h5fc)llp- 

max{/i,fe}>7V 



By (2.3.5), the right-hand side is infinitesimal for TV — > +oo, and in fact, if 
g < oo, by dominated convergence in Ij we get that Pn is a Cauchy sequence 
in Bp ,j(]R") and therefore converges (to the paraproduct fg). If (7 = oo, by the 
previous argument one gets convergence of Pn in every B^ JW^) with s < s, 
and in particular in 5'(M"). Finally, the bound on the norm of the paraproduct 
follows by Lemma 2.3.11. D 

The result which we present here is a Holder-type inequality, in which one 
takes into account also the order of differentiability. The following inequalities 
giving upper bounds on a norm of a paraproduct are to be meant in the following 
sense: if the right-hand side of the inequality is finite, then the paraproduct 
exists and its norm satisfies the inequality. 

Proposition 2.3.13. Let 1 < p,pi,P2,q < 00, s G M, with 

1 _ 1 1 
P Pi P2' 
(i) For every a > \s\, we have 

(a) If s > 0, then we have also the more precise inequality 



I/5II 



<C.. 



pi,P2,q,s 



l/lls= .JIsIIbj 
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Proof. Define fh,gk as in (2.3.4), and notice that 

supp J"(/ft5fc) C supp (f)h + supp(/)fc- 
Therefore, if 

/„ = {{h, fc) e N^ : m - 2 < max{/i, fc} < m + 2 and |/i - A:| > 3} 

U {{h, k) eN^ : m - 2 < max{/i, k} and |/i - fc| < 2}, 

then by (2.3.1) it is easy to see that (J^~^0m) * {fhgk) — for {h,k) ^ /„ 
Consequently, by Lemma 2.3.12, Holder's inequality and (2.3.2), we have 



\\l9\\Bs_< I Y. llMlpill.9fellp. 
(i) The conclusion will follow from the inequality 



2J a/i^fe 

.(/l,fc)G/m 



< C'q,CT,s||(a/i)h||;°°||(&*;)A;||j« 



1% 



for sequences (a/i)heN, (fe*;)*;GN of non-negative real numbers. 
In fact 

Im C Im,l U Im,2 U /m,3, 

where 

/m,i = {(ft^, fc) : /i > m - 2 and < A: < /i}, 

Ini.2 ^ {{h,k) : m-2<fc<m + 2and0</i<fc-3}, 

/m,3 = {(/i, fc) : A: > m - 2 and A: - 2 < ft, < A: - 1}. 

Since cr > |s|, we may choose a such that 

max{0, — s} < (7 < min{cr, cr — s}, 

and we have 

h 

J2 ''i-^k< J2 2-'^(--*)2''-a^;^2-'=*6fe 

(/i,fe)e/™,i /i>(m-2)+ k=0 

<a,s2-"(--*)!|(a,),||,oc||(6,)fe||,^^, 
so that 



y^ ahbk 

Ah,k)ei^,i 



On the other hand, 



< C„.M(^h)h\\i^\\{bk)k\\ii^ (2-"(--*-^)), 

< Cq^a,s\\{a,h)h\\l'^\\(bk)k\\ll- 



y^ Ohfofc < ||(aft)ft||;i ^ 6„ 

{h,k)elm.,2 k=-2 
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(where 5_2 = ^-i =0), thus 



22 '^hbk 

,(/i,fe)e/„,2 



< WMhWi^ Yl ll(^™+fc) 



nilU' 



fc=-2 



Finally, by Holder's inequality and since cr + s > 0, 

fe-i 

{h,k)elm,3 fe>(m-2)+ h=k-2 



so that again, since cr > 0, 



,(h,*:)e/™,3 



< C'g.cr,s||(ah)/i||/?°||(fefe)||j«- 



By putting all together, we obtain the claimed inequality, 
(ii) The conclusion will follow from the inequality 



y^ ahbk 

K(h,k)el„t 



<C,.,|l(a;,),|l,,|l(6,),|l,, 



for sequences {ah)heN, (&*:)feeN of non-negative real numbers. Set 

lm,+ = /m n {{h, k) : h> k}, Ira,- =Im^ {{h, k) : h < k}. 

Since s > 0, we may choose t such that < t < s, therefore 

/i-i 

{h,k)elm,+ /i>max{m-2,l} 



fc=0 



1/9 



''*«,^9 



<C,,,2-"*||(6fe)fe||,i I J2 (2-a;, 

L /i > max{ rn — 2 , 1 } 



SO that, for q < oo, 



^2"^ Y cinbk 

"l>0 \ {h,k)elrr,,+ 



<C,.,||(6fe)fe||;'i^2«"(^-*) ^ (2'^*a;,r 



m>0 



/i>max{m — 2,1} 

<C,,.||(6fe)fe|i;',^2'^^X, 



/l>l 
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which imphes 

" <Cg,s\\{ah)hh\\{bk)k\\i^,. 




The case q = oo and the sum for {h, k) € Im.- are handled analogously. D 

Proposition 2.3.13 has as a consequence a sort of "continuous inclusion" 
between Besov spaces, different from the previously obtained ones, which holds 
under the hypothesis of compact support. 

Corollary 2.3.14. For every compact K C M", s G K, 1 < pi,p2,q < oo with 
Pi < P2, we have 

||/||s|^^ < C'k,pi,p2,<?,s||/I|s|^,, »/supp/ C K. 

Proof. Since pi < p2, we can find p^ e [l,oo] such that 1/pi = l/p2 + 1/P3- 
Therefore, it is sufficient to choose a function 77 S I?(R") such that vi\k = 1, and 
to apply Proposition 2.3.13 to the product rjf , noticing that it coincides with / 
when supp f Q K. D 

The aforementioned threshold n/p on the order s to ensure continuity of the 
elements of B^ can be shown to be optimal. 

Proposition 2.3.15. Let 1 < p,q < 00, s € R. Suppose that there exist a 
constant C > 0, a point x G R" and an open neighborhood U of x such that, for 
every f G 2?(R") with supp/ C U, we have 

|,/W|<C||/||b=„. 

Then either s > n/p and q = 1, or s > n/p, and in particular i?p„(R") is 
continuously embedded in Cuti^")- 

Proof. By choosing 77 G I?(R") with supp 77 C U and ri{x) = 1, we obtain that, 
for all / G 5(R"), 

|/(x)| - \{vf){x)\ < C||77./||b^„ < a,p,,,.||./||B=„, 

by Proposition 2.3.13. Since the Besov norms are invariant by translations, it 
follows easily that, by possibly enlarging the constant C, 

ll./l|co<qi.f||B=„ 

for all / G 5(R"). This proves in particular that the closure of 5(R") in B^.,(R") 
is contained in i°°(R"). The conclusion then follows by Theorem 1 in §2.6.2 of 
[Tri78b]. D 

2.3.5 Change of variables 

In the following, by the use of elementary Sobolev embeddings and interpolation, 
we will obtain change-of-variable properties for Besov spaces of positive order 
(see also [Tri83], §2.10). 
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Lemma 2.3.16. Let O C R"i he open, $ : fi ^ K"^ ^e smooth, s e N, 
(i) For every f £ C^iW^^), 

ll(/o^)V'llc,= (R"i) < C*,V:sll/llc|(R"2). 

(ii) Suppose that the differential of $ has constant rank r. Then, for every 

ll(/° *)''/'IIh'»'1(R"i) < C'$,-0,s||/||vi/»+"2-'-,i(R"2)- 

Proof. Let K — suppV'- Notice that, if / is modified outside the compact 
^{K), then (/ o $)^ does not change. Therefore, by density arguments (see 
Proposition 1.1.2), we may suppose that / e 2?(IR"2). 

Let $ = ($i,...,$„2) and, for I — 1,2, let 9;.i, . . . , 9/,n, be a basis of 
(invariant vector fields) of K"' . Then we have, for j = 1, . . . , ni, 



di,Af°'^)^T.iid2.kf)o<^)-di^,<^k 



k=l 

SO that, inductively, for every a E N"^, 

af((/o<D)^)= ^ ((^2^/) o $) . M/„,^, 

/3:|/3|<|a| 

where the ^l/a./j are linear combinations of products of derivatives of the functions 
$1 ,...,<&„, V') with supports contained in K = supp ip. Since X is compact, we 
then get 

\\d^(ifo<^)n\oo<C^,^,a. Y. 11^2 /Hoc, 

/9:|/9|<|a| 

which gives immediately (i), and also 

liar((/o$)^)lli<c*,v.,a E II((52/)°*)xkI1i- 

/3:|/3|<|a| 

Notice that, in the case $ is a diffeomorphism with its image, (ii) follows imme- 
diately from the last inequality by a change of variable in the integrals on the 
right-hand side, since detd^ is bounded on the compact K. 

Suppose now that the differential of $ has constant rank r G N. Then, by the 
rank theorem (see [Lee03], Theorem 7.8), for all a; e 17 we can find a coordinate 
chart (i>x '-Ux ^ R""^ of Vt centered at x and a coordinate chart Cx '-Vx ^ K"^ 
of M"'^ centered at ^{x) such that <^(Ux) C Vx and 

C.o$o0-i(ti,...,t„J = (ii,...,i„O,...,O) 

for all (ii,...,t„J e (j)x{Ux)- If a^; > is such that [-ax,ax]"^ C (pxiUx), then, 
by compactness of K, we can find a finite subset {xi, . . . , x^} of O such that 

if C0-/(]-a.,,a.,r)U...U </)-,! (]-a,,,a.,r). 

Choose moreover rjj e ViCxjiV)) such that '7j|[-ai„..a^.]'^x{o} = 1- 
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For every g E V{M."^), if gj = {g o (^^)rij, then, by Proposition 2.2.2(iii), 

\9jiy',0)\ < ll5j(2/'r)llM/"2-.i(R"2--) 
ioT j = 1, . . . ,k and y' E W, thus 



\gmx))\dx 

1) 



\\igo^)xK\\i<J2 I 

<C^,^J2 I |5(C/(tl,-.-,tr,0,...,0))|dti...dt„, 

= C$,^^(2a,J"^-'- I \g,{y'Mdy' 

j_l L a;^ , a;^ J 

<C$>E E j JdlgM\dy<C^,^ E ll^23lli' 

j — 1 |7|<n2— r |7|<n2— r 

where the last inequahty follows from (ii) applied to the difFeomorphism C,^^ 
and to the smooth function rjj. 
Putting all together, we get 

l|9?((/oa>)^)||2<c$,^,„ Y. 11^2/112, 

/3:|/3|<|a|+n2-r 

which gives (ii) in the general case. D 

Proposition 2.3.17. Let fi C M"i be open, $ : 1] ^ M"^ jg smooth, ip e X>(f^), 
s > Q, p,q E [1, 00]. // either p ^ 00 or the differential of $ has constant rank 
r e N, then, 

Proof. Thanks to the inclusions of Corollary 2.3.7, for p = 1 and for p = 00 the 
conclusion follows immediately from Lemma 2.3.16 by real interpolation (see 
Proposition 2.3.1(i)). For 1 < p < 00 and 1 < <Z < 00, we then use complex 
interpolation (see Proposition 2.3.1(iii)) with 

Pa = 1, Pi =00, qo = qi=q, = {p - l)/p, 

by choosing so, si > such that s = (1 — 6)sq + 9si. Finally, for the remaining 
cases with q = 00, we use real interpolation again. D 

2.3.6 Local conditions, spaces on manifolds 

By Proposition 2.3.13, if m £ Bp,,(K") and ^ e X>(R"), then rml) e S^,,(M"). 
This suggests a way of introducing a "local" version of Besov spaces: for every 
open i7 C R", s e R, 1 < p, q < 00, let B^ loc(^) t>e the set of distributions 
m G 'D'{Q) such that 

"iV' e B* ,j(M") for all V e P(f7) 
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(where mip, which in principle is in £'{fl), is extended by zero to an element of 
£'{M.")). Clearly, if s > 0, the elements of B^ ioc(^") ^'"^ functions. Moreover, 
via partition-of-unity techniques, it is not difficult to prove the following 

Proposition 2.3.18. Let s G K., 1 < p,q < oo, fl C M" be open, and let 
{'>Pa}aeA ^ 2?(r2) such that 

V'a > and IJlV'a ^Oj^n. 

For all m G Vl^l), we have that m G Bt, „ ioc(^") */ '^'^'^ '^^^V '/ 
mii)a e 5p,q(R") for all a e A. 

By Proposition 2.3.17, the local spaces B^ -^^^{M.") are invariant by difFeo- 
morphisms, at least for s > 0, so that one can define, via local coordinates and 
partitions of unity, Bp^^^^^{M) for every smooth manifold M. For p = q — 2, 
we have in particular the local L^ Sobolev space Hf^^{M), which can be clearly 
considered also for s = (since 7?" = L'^). 

In the case of a compact manifold M, we set H^{M) — H^^^{M). In fact, 
since M admits a finite atlas, we have that H^{M) is a Banach space, with 
norm 

II™I|h=(m) = max||(m77j)o-i/;7i||^,(jj,„-|^ 

where {{Uj, tpj)}j is a finite atlas for M and {rij}j is a partition of unity subor- 
dinated to the open cover {Uj}j. Moreover, if we choose non-negative functions 
fij e 'D{M) with supp?7j C Uj, such that fjjrjj = rjj, then the space H^{M) is a 
retract of i7'^(M") x ••• x i7"(R") via the maps 

TO ^ {(mrjj) o ipj^)^ and (/j)^ ^ ^(/^ o ^j)fij. 

3 

This immediately gives interpolation properties for H^{M): 

Proposition 2.3.19. For every compact manifold M, so,Si > 0, < 6 < 1, 
we have 

Among compact manifolds, we have the n-dimensional torus T". In this 
case, the Sobolev spaces _ff^(T") can be characterized in terms of Fourier series: 

Proposition 2.3.20. For every s > and Borel m : T" — > C, we have that 
TOG iJ''(T") if and only if 




s- \f{k)\\i + \k\y 




In fact, the left-hand side of the inequality gives an equivalent norm on i7''(T"). 
Proof. For s e N, by the properties of Fourier series it is easy to see that 

( E l/>)l'(l + l^l'n - max ||i?"/|U.(T"), 
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where Di , . . . , -D„ is a basis of translation- invariant vector fields on T" . From 
this and the previous results, the conclusion follows easily for s € N. 

For a general s > 0, it is then sufficient to use interpolation (see Proposi- 
tions 2.2.1 and 2.3.19). D 

2.3.7 Trace theorems 

Trace theorems are related to what happens to Sobolev or Besov spaces (and 
norms) when one considers the restriction (i.e., the trace) of a function to a 
subspace, or more generally to a submanifold. 

Notice that Proposition 2.3.17 contains a trace theorem: if M is a smooth 
/c-dimensional submanifold of M", 1 < p,q < oo, s > {n — k)/p, then 

/eSp,,(K") ^ /im e B;:,ir'^/^(M). 

The following is a much more refined result, which allows to consider traces 
on subsets of K." which are far from being submanifolds. 

Theorem 2.3.21. Let ^ be a positive regular Borel measure on M" with compact 
support, such that, for some d > 0, 

ti{B{x,r)) <Cr'^ 

for all X G R" and r > 0. If s > {n — d)/2, then the identity operator on 5(]R") 
extends to a hounded operator H'^iW^) — >■ L^(^). 

Proof. It is a particular case of [TriOl], Corollary 9.8(ii), since the Sobolev 
space iJ''(]R") coincides with the Triebel-Lizorkin space F|2(R") (cf. §1.2 of 
[TriOl]). D 

Let A C M" be open and d > 0. We say that a positive regular Borel measure 
fi on A is locally d-bounded if, for every compact K <Z A and e > 0, there exist 
C, f > such that 

lJi{B{x, r)) < Cr*^^^ ioi x e K and < r < f. 

Notice that local 0-boundedncss is an empty condition. 

Corollary 2.3.22. Let fi be a locally d-bounded positive regular Borel measure 
on an open A C K". If s > (n — d)/2, then, for every compact K <Z A, 

II/IIl2(^) < Ck,s||./||_h-=(r") 

for every f G I?(M") with supp / C K. 

Proof. Let K C A he compact and e > 0. Choose a compact neighborhood 
K' <Z Aoi K, and let C, f > such that 

^i.{B{x, r)) < Cr'^-'- for x e K' and < r < f. 

Let moreover f' = min{f, diA \ K' , K)}, C = max{C, /x(i^)/(f')''~'}. 
The identity 
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defines a positive regular Borcl measure ^k on M", which coincides with /i on 
_ftr, and with supp/x^ C K. Moreover 

Hk{B{x, r)) < C'r'^-^ for every r > and a; e R", 

by construction. By Theorem 2.3.21, we then have 

II./IIl2(p) = ||/||l2(^^) < Ck,s||/||h=(r") 

for s > {n- d)/2 + s/2 and / e X>(K") with supp/ C K. Since e > was 
arbitrary, the conclusion follows. D 

In the following, we will be particularly interested in measures which are 
homogeneous with respect to some family of dilations 6t on M". This property 
yields a sort of polar-coordinate decomposition of the measure. 

Proposition 2.3.23. Let a be a regular Borel measure on M" such that 

cj{5t(A))=tQa(A), 
for some Q > 0. Let \ ■ \s be a dt-homogeneous norm and set 

S' = {AeM" : |A|5 = 1}. 
Then S is compact and there exists a regular Borel measure t on S such that 

fdcT^ f f f{5t{Lo))t'^-^dtdT{Lo) 

Js J]0,+<x>[ 

for all measurable f : M" — > C which are nonnegative or L^{a). 

Proof. By the hypothesis on a, the measure a' on K" given by 

dcr'(A) = \\\g^ da{\) 

is dilation- invariant. 

Since | • |^ is a homogeneous norm, S' is a compact subset of K" \ {0} and 
the map 

M" \ {0} 9 A H^ ((5|^|-i (A), log2 |A|^) e 5* X M. (2.3.6) 

is a homeomorphism, whose inverse is 

S'xMb (w,t) H^(52*(a;) G K" \ {0}. 

Let a" be the push-forward of ct' on S* x R via this homeomorphism; then a" 
is a regular Borel measure on S" x ]R, which is invariant by translations in the 
second coordinate. 

Let now B C S a Borcl set and consider the measure cs (C) = CT(i3 x C) on R 
(it is the push-forward on R of the restriction of a" to B x R via the canonical 
projection). Since as is invariant by translations and finite on bounded sets 
(being S compact), it is a multiple of Lebesgue measure, i.e. there exists cb > 
such that dasit) ~ cb dt. 

In particular, a" {B x [0, 1]) = cr_B([0, 1]) — cb- This means that i? n- c^ is 
in fact a measure on S (it is the push-forward on S of the restriction of a" to 
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S X [0, 1] via the canonical projection), let us call it r. We have thus obtained 
that 

a"{B X C) = aeiC) ^ cb\C\ - t{B)\C\, 

which means that a" is the product measure of the regular Borel measure r on 
S and of Lebesgue measure on M. 

Putting all together, we easily obtain the conclusion. D 

Corollary 2.3.24. Under the hypotheses of Proposition 2.3.23, the measure a 
is locally 1-bounded on R" \ {0}. 

2.3.8 Spaces with dominating mixed smoothness 

We now introduce the Besov spaces Sp B{M.") with dominating mixed smooth- 
ness. Notice that the order s of differentiability is a vector, whereas on the 
contrary the parameters p, q are still scalar. 

Let (0Q ,(t>i) be an admissible pair on M"' , ioi I ~ 1, . . . , g, and extend it 
as before to a sequence {(j)). )k', moreover, set 

Then SlgB{R^) is defined as the set of the / e S'(R") such that the norm 

is finite; if moreover 

hm 2"-^l(J- Vm) * /lip = 0, 

I m I — >■ oo 

then we say that / e ^^^^(IR"). 

Most of the arguments used and the properties found for Besov spaces extend 
in a multi-variate fashion to these new spaces. In particular, ^^^(IR") is a 
Banach space, with continuous inclusions 

5(]R") C SlgB{R^) C 5'(]R"), 

and it is a retract of the multi-parameter L^-valued weighted sequence space 

;|(LP(M")) = ll(W-,LP{R^)) = llUli. . . (ll{Lr>(R^)m. (2.3.7) 

Here we find an important difference between the one-variate and the multi- 
variate cases: Besov spaces with dominating mixed smoothness have a less rich 
interpolation theory. By applying iteratively Theorem 2.1.3, and then Theo- 
rem 2.1.1, to the space (2.3.7), we obtain the following 

Proposition 2.3.25. Let 1 < p,po,pi < oo, 1 < q,qo,qi < oo, < 9 < 1, 

so,si eRB. 

(i) Ifqo,qi < oo and 

1 1-9 9 



q qo 91 

then 

(5;\i?(]R"),5;\i?(R"))e,, = Sl]-'^'«+''^B{R^). 
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(ii) Ifqo,qi < oo and 



1 



po Pi p qo qi 

then 

(in) If qo < oo and 

1 1-6 6 1 1-61 e 



p Po Pi q qa qi 

then 

{S;i,„B{R"),S;i^^B{R%e] = S(^]-''>'"+''^BiR''). 

This result is certainly less versatile than Proposition 2.3.1, but will be 
sufficient to our aims. See [SS04], §4.1 (and particularly Lemma 2), for an 
argument against the possibility of obtaining an interpolation result as flexible 
as in the one-variate case. 

The continuous embeddings between multi-variate Besov spaces, instead, are 
perfectly analogous to the one-variate case. 

Proposition 2.3.26. Let 1 < p,pi,p2,q,qi,q2 < oo, si,S2 G M^. 

(i) If Si > S2, or otherwise if si > S2 andqi > q2, then we have the continuous 
inclusion 

S;]^^BiW) C 5;;^,,&(]R"). 

(ii) Ifpi < p2, si — n/pi > S2 — n/p2 and qi > q2, then we have the continuous 
inclusions 

s;i,B{w^) c s;i^B{M.^), s;i^h{w^) c s;i^h{w^). 

The Fourier multiplier results obtained in the one-variate case can be cer- 
tainly extended to this context, at least for multipliers in factorized form (i.e., 
when the multiplier is the tensor product of symbols belonging to suitable classes 
on the factors M"' of R"). In particular, we obtain easily this multi-variate ver- 
sion of the lifting properties: 

Proposition 2.3.27. Let 1 < p, g < oo, s e M. 

(i) For every ct G M^, the multi-parameter Bessel potential operator 

Js:f^F-H{-Y(Ff)) 
is an isomorphism S'!, „B{W^) — > Sp'q'^ B{M."'), with inverse J-g. 
(ii) For every fc G N, the three conditions 

(a) f e 5|,,i?(R"), 

(b) a"/ e 5|;,^B(M") for |ai| < fci, . . . , \ag\ < kg, 
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are equivalent; moreover, the quantity 

|ai|<fcl \ag\<kg 

is an equivalent norm of f Cz S'^ i?(R"). 

The same results hold also for little Besov spaces. 

Consequently, it is not difBcult to obtain the inclusions corresponding to 
Corollary 2.3.7: 

Proposition 2.3.28. For every k G N^, the following are continuous inclusions: 
(i) S'^.iB(M") C S''^.PVF(R") C sl^^B{W') forl<p<oo, 

Moreover, we have 5|,2B(R") = S^H{W') for all sgR. 

The result on pointwise multiplication can also be generalized to this setting: 
Proposition 2.3.29. Let 1 < p,Pi,P2,q < oo, sG M.^, with 

11 1 

P Pi P2' 
(i) For every ct G R^ with ai > \si\ for I = 1, . . . , g, we have 

||/g||sf_,B < C'pi,P2,9,<?,dl/lls|^_^Bll3lls|^_,B- 

(ii) If s> 0, then we also have the more precise inequality 

Proof. Analogously as in the proof of Proposition 2.3.13, the problem is reduced 
to verifying some inequalities involving sequences (a^)^- j^^, (&j:)j:gpje '^^ non- 
negative reals: 



E ••• E Hh 

^{huki)elrr, (hg,kg)el^ 



< 



Cp,,p2.q.3,sWh)hh7\\^h)k\\l'i 



ll 



for (i), and 



E ••• E "/A 

^(/ii,fci)e/„ (hg,kg)eir^ 



< ^pi.P2.qA\i^Tdh\\i''M^}dk\\i'i 



ll 



for (ii). 

For Q = \, the inequalities are true by the proof of Proposition 2.3.13. It is 
then sufficient to plug these inequalities into themselves, by exploiting the fact 
that 

11^ iiM.i-- -in,) ■■■)). If ^iT,{m...{iTg) ■■■)). 

to obtain recursively the inequalities for a general g. D 
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Corollary 2.3.30. For every compact K C M", s G M, 1 < Pi,P2,q < oo with 
Pi l£ P2, we have 

Il/lls|^,,i3 < CK,p^,p2.qM\f\\s}^^^B J/supp/ C K. 

Proposition 2.3.9 about approximation by smooth functions is immediately 
extended to the multi-parameter context: 

Proposition 2.3.31. Let 1 < p,q < oo, s €W, f e S'|„B(]R"). If u G S{M.^), 
then f*uG VF°°^p(R"). Moreover, if f e S'|,j6(R"), and if u,, E 5(M") is an 
approximate identity for h ^ oo, then f * Uh ^ f in S'p^i?(R"). 

A comparison between Besov spaces with dominating mixed smoothness and 
classical Besov spaces on M" is given by the following 

Proposition 2.3.32. Let s>0, I <p,q < oo. Then 

5^1+-+"^ (R") C SlgB{R") C b;,";"""'(m") 

with continuous inclusions. 

Proof. For / — l,...,g, choose a standard admissible pair (i/iq , 0j^ ) on R"' 

with respect to the norm | • \oo, let i(f>l. )ki£N be the corresponding generated 
system, and set 

Moreover take an admissible pair (?7o, »7i) on M" such that 

{e e R" : leU < 2} C {r/o = 1}, {^ G R" : 1 < ICU < 4} C {r^, = 1}, 
and again extend it to a sequence {rim)meN- Then, for m = max/c, we have 

(j>i:rim ^ (t^k, 
thus also, by Young's inequality, 

||(J-Vfe)*/llp<C||(J-i77™)*/llp. 
Therefore, for q < oo, 

feeNe ™eN \fe:m=maxfe / 

and, since 

g m 
\ '' ^-sq ^ \ ^ 2™"''? T~r \ ' <2f^Sitq ^ fj^ 2™(«l^ ^'Sg)g 

fc : m— max fc ^~^ ^ ^l K—\) 

the inclusion B^'p^q "'"(R") C S'p ,ji?(R") follows; the case g = oo is analogous. 
For the second inclusion, without loss of generality (see Proposition 2.3.28) 
we may suppose s* = si = --- = Sg = mins. Notice now that, if we set 



V'm = X! 



k : r?i— max k 
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then (-00, "01) is an admissible pair on R", whose generated system is {ipm)mefi 
(the scahng properties may be seen by considering the sums 'ipQ + - ■ ■+il'm, which 
can be written as tensor products of corresponding sums on the factors of K"). 
For 1 < q < oo, since 

k : m— max k 



\k : m—may: k / \A; : r?i— max /c 

and 

g m 

k : m— max k ^~-^ '- r^^ fc— 

we get 

k : m— max h 

and the conclusion follows; the cases 9=1 and q = oo are analogous. D 

2.3.9 Characterization in terms of differences 

We need some notation. For I = 1, . . . , g, yi E M"' , m E N, set 



^rw/(^i'---'^e) = E^^-^)*"! k )/(2;i,---,a;;-i,x; + kyi,xi+i, . . . ,Xg); 



moreover, for J — {li, . . . , /^} C {1, . . . , gi}, y e Iljej "^"S set 

and, for t £ ]0, +oo[' , 

Lo%{t,f)= sup ••• sup ||AX,/||p. 

Then we have (cf. [ST87], §2.3.4) 

Proposition 2.3.33. Suppose that m E N^ , < s < m, p,q £ [l,oo]. Then 

1/9 






is an equivalent norm on Sp „B{W^). Moreover, a function f G _LP(M") such 
that the above quantity is finite belongs to Sp,jB{M"). 
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Proof. The proof of the equivalence of the norms is a (notationaUy involved) 
multi-variate analogue of the proof of Theorem 6.2.5 of [BL76]. The second 
assertion follows easily by approximation via the decomposition 

/ == E (-^^ Vm) * / 

and Fatou's property. D 

About finite differences, we also recall an elementary result which will be 
useful in the following. 

Lemma 2.3.34. Form e W, J C {I, . . . , g}, y e UieJ^"" ' I < P < oo, we 
have 

iiAviip<cj,A,pii/iis-^.M.niy'i- 

Proof. Let Ahf{x) ~ f{x) — f{x + h). If /i^ is the measure defined by 

4'dnh = / f(t){-th)dt, 
Jo 

then the fundamental theorem of calculus gives 

Aft/ = d^hl^h * f = |/i|oo M/i * 5-ft/|/i|oo/' 

where d^ denotes the derivative corresponding to the vector v. The conclusion 
follows by repeated applications of the previous identity (with different choices 
of the increment h) and by Young's inequality (since the Hh have mass 1). D 

2.4 Mihlin-Hormander conditions 

2.4.1 Pointwise conditions 

Fix a system of dilations {(5t}t>o on M". Let Qs be the associated homogeneous 
dimension, and | • |^ be a homogeneous norm. 

Choose a basis di, . . . ,dn of (translation- invariant vector fields on) R" di- 
agonalizing the dilations 6t. If Xj is the homogeneity degree of dj, then the 
basis di, . . . ,dn can be thought of as an adapted basis (with weights Ai, . . . , A„) 
of the homogeneous Lie algebra R" with dilations 6t', correspondingly, for a 
multi-index a = (ai, . . . , a„) G N", we have a notion of homogeneous degree 

||q;|| ~ aiXi + • • • + a„A„ 

analogous to the one introduced in §1.4.1 for non-commutative multi- indices. 

We then say that a function m : R" -> C satisfies a pointwise Mihlin- 
Hormander condition of order s G N (adapted to the fixed system of dilations) 
if m e C*(R" \ {0}) and, for all a e J{n) with |a| < s, 

|9"m(a;)| < C„|a;|7""" for x e M" \ {0}, 
for some Ca > 0. In fact, if we put, for m e ^(R" \ {0}), 
\\m\\MsC- ^ max sup\x\l°'"\d°'m{x)\, 
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then m satisfies a pointwise Mihhn-Hormander condition of order s if and only if 
ll"^IJMaC» < oo- We will also say that m satisfies a pointwise Mihlin-Horniander 
condition of infinite order if ?ti € C°°(R"\{0}) and ||?ti|| m^c^ < co for all s € N. 
It is not difficult to check that the previously defined conditions do not 
depend on the choice of the homogeneous norm, and also on the choice of the 
adapted basis of M", but only on the fixed system of dilations. We also have, 
for every s e N, 

\\-mo5t\\MsC- = WmWMsC for all t > 0, 

so that the pointwise Mihlin-Hormander conditions are dilation-invariant. 

In the case n = 1, there is a unique choice (up to parameter-rescaling) for a 
system of dilations, which therefore needs not be specified; in this case, we will 
use the notation || • \\m,c''- 

Clearly 

II • IIm^c^i < II • \\msC-2 for si < S2, 

so that a pointwise Mihlin-Hormander condition of order s implies conditions 
of all the orders smaller than s. We also have that || • ||MaCo coincides with 
the norm of the supremum over M" \ {0}, so that a function m satisfying a 
pointwise Mihlin-Hormander condition of any order is necessarily a bounded 
continuous function on M" \ {0}; on the other hand, its derivatives are allowed 
to diverge at 0, with a precise order depending on the order of the derivative, 
and correspondingly they have to vanish at infinity. In any case, the quantity 
II • II MaC= majorizes the C'-norm on every fixed compact subset of R" \ {0}. 

2.4.2 Besov conditions 

We introduce now a (possibly weaker) version of Mihlin-Hormander conditions, 
in which derivatives are controlled in terms of Besov norms; in fact, this allows 
us to be more precise, since we admit also conditions of fractional order. The 
Mihlin-Hormander conditions that we are going to introduce are local Besov 
conditions on K." \ {0}, with an added uniformity with respect to the fixed 
system of dilations. 

For 1 < p, q < oo, s e R, (j) e V{W" \ {0}), we set 

II'^IIm*s= =sup||(mo,5t)(/)||sa 
We will be interested in this quantity when (/) satisfies the following conditions: 

0>O, {J5,-^{{4>^Q})^W'\m. (2.4.1) 

t>o 

There is also a "discrete" version: for a > 0, we set 

II'™IIm*-"s= ==sup||(mo,52a,)(/)||_B= . 

s v,q jgz 

In this case, we will require a more restrictive condition on 0: 

</'>0, U(52-.({0 7^O}) = M"\{O}. (2.4.2) 
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Proposition 2.4.1. (i) If cf) e V{R" \ {0}) satisfies (2.4.1), then it satisfies 
(2.4.2) for sufficiently small a > 0. 

(a) Suppose that both 4>It(J)2 G I'(R" \ {0}) satisfy (2.4.1). Then, for every 
s > 0, the norms 

are equivalent. 

(Hi) Suppose that (f> G I?(]R" \ {0}) and a > satisfy (2.4.2). Then, for every 
s > 0, the norms 



and II • |1,,«, 



< "P., 



are equivalent. 

The proof will be given after some preliminary results. Let Ai, . . . , A„ be the 
weights of the elements of the adapted basis 9i , . . . , 9„ , so that Qs — J2j ^j ■ ^^ 
the following, we will use coordinates {xi, . . . , x„) on M" associated to the basis 
di,. . . ,dn, so that 

St{xi,...,Xn) = [t^^Xi,. .. ,t^"X„). 

In analogy with the isotropic case, it is immediate to prove that 

T(foSt)=t-Q'(Tf)oSt-,. (2.4.3) 

for all / e 5'(M") and t > 0. 
Lemma 2.4.2. Let s eW, I < p,q < oo. Then, for every T > 1, 

sup ||/o,5t||B. <CT,p,q,.s\\f\\B-^- 
T-^<t<T 

Proof. Let (0o, <j>i) be an admissible pair as in §2.3.1. Then it is not difficult to 
find another admissible pair (00; 0i) such that 

U supp(0j o ,5t-i) C {iPj = 1} 

T-^<t<T 

for j — 0, 1. Then, by (2.4.3), Young's inequality and the invariance of || J^^^ryHi 
by dilations of 77, it is not difficult to show that the Besov norm of / o 5t with 
respect to (0o,0i) is controlled (uniformly in f G \T^^,T]) by the Besov norm 
of / with respect to {(f)Q, (pi). D 

Lemma 2.4.3. Let rj e X>(R" \ {0}), ?? > 0, such that 

|J(5,^i({77^0})=M"\{0}. (2.4.4) 

t>o 

Then there exists a > such that 
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Proof. Let | • j^ be a (5t-honiogeneous norm, set S — {x : \x\s ~ 1}, and let 
$ : M" \ {0} ^ 5 X R be the homeomorphism defined by (2.3.6). From (2.4.4) 
it follows that, for all uj G S, there exists t e K such that ri{^^^{uj,t)) ^ 0. By 
continuity of j] and compactness of S*, we can find a finite open cover Ui, . . . ,Uk 
of S and open intervals Ii, . . . ,Ik of M such that 



'^-^({jiUixlA C{ry^O}. 



In order to conclude, it is then sufficient to take a > less than the minimum 
of the lengths of the intervals h, . . . ,Ik. D 

Lemma 2.4.4. Let rj e X>(M" \ {0}) and a > be as in Lemma 2.4-3. Let 
moreover -0 G 2?(R" \ {0}), and s G K. Then there is C > such that, for every 
measurable function m : R" — > C, 

sup||(TOO(5f)V'||i3e < Csup||(mo(52ai)77||_Bs (2.4.5) 

t>o ^'^ jei. 

Moreover, if the right-hand side in (2.4.5) is finite, then m ^ Bt, „ ioc(lI^" \ {0})- 

Proof. If the right-hand side of (2.4.5) is infinite, then there is nothing to prove. 
Let us suppose therefore that the right-hand side is finite. In particular 

\\ra{rjo 52-<^j)\\b'' < oo for all j/ G Z, 

so that, by Proposition 2.3.18, ra e B^ ^ i„^(M" \ {0}). 
Let X e ^(M" \ {0}) such that 

(J supp(-0o54) C {x = 1}. 
te[2-<',2»] 

Then, for t G [2^", 2"], we have (x o 5t)ilj — ip, so that 

sup \\{moSt)tp\\Bi,^^ sup ||((mx)o(5t)V'||B= < Cp,q,s>,a||TOxlli3= 

by Lemma 2.4.2 and Proposition 2.3.13. 

On the other hand, since supp x is compact, there is a finite / C Z such that 

suppxC |J{?7 0(52—3 7^0}. 
Let 



Then (p G V{W \ {0}) and x = V' Eje/ V ° ^2-^3 , so that, by Proposition 2.3.13, 



\mx\\B^_ <C, 



p,q 



my rj o (52-aj 

J6/ 



< C0,/^||(mo(52a,)r7||_B=_^. 



Putting all together, we get 



sup \\{mo5t)tp\\B' < C^suplKmo (52ai)?7| 
te[2-»,2-] "■' jez 



Bl 



v,q 



By replacing m with m o 52k for /c G Z in the last inequality, the right-hand side 
is not changed, and the conclusion follows. D 
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Proof of Proposition 2.4-1- (i) is simply Lemma 2.4.3. 

About (ii), if a > is such that both (pi, 02 satisfy (2.4.2) (the existence of 
this a foUows from (i)), then we get immediately from Lemma 2.4.4 that 

" ■ "<^s^_, ^ ^11 • IIm,*^-b^^,' II • IIm*^b^^, ^ ^11 • IIm^-b^^,' 



but obviously we have also 



Im/i-BI,, ^ II • IIm*iB|,,' II • IIm*2-S|_, ^ II • IIm,*2B|,,' 



and these inequalities together give the conclusion. 
Finally, for (iii), the inequality 



ljv^*B=_, ^ C-ll • IIm^'-b^ 



follows from Lemma 2.4.4, whereas the opposite inequality is trivial. D 



In the following, we will denote by || • Hm^b^ one of the equivalent quantities 
listed in Proposition 2.4.1. We then say that a function m : M" -^ C satisfies 
a i?p Mihlin-Hormander condition (adapted to the system of dilations 5t) if 
ll'^llMaS' < oo. Again, for n = 1, we will use the notation || • ||Af*B» • 

From the definition, it is clear that || • || m^b^ is dilation-invariant. More- 
over, from Lemma 2.4.4 it follows that, if m satisfies & Bt, Mihlin-Hormander 
condition, then m E -SpoiocC^" \ {0})- In the following, we will see that, for 
s sufficiently large, a function m £ Bp JM.") with compact support satisfies a 
Bp Mihlin-Hormander condition; the threshold on s is given in terms of the 
normalized homogeneous dimension 

Qs = Qs/ minjAi, . . . , A„}. 
Notice that Qs > n. 

Proposition 2.4.5. Let I <p,q < oo, s > Qs/p, and r] e X>(]R"). Then 
sup ||(/o(5t)?7||i3= <Cn^p^q^s\\f\\B^- 

0<t<l 

Proof- Without loss of generality, we may suppose that s is not an integer 
(the missing values can be recovered a posteriori by interpolation, see Proposi- 
tion 2.3.1), thus there exists m S N such that m — 1 < s < m. 
By Proposition 2.3.33, we have to estimate 

(in fact, the "missing" integral on ]1, +oo[ in the latter summand is easily con- 
trolled by the former). 

The former summand in (2.4.6) is immediately majorized by Holder's in- 
equality and embeddings (see Proposition 2.3.2), since rj is compactly supported 
and s > Qs/p> n/p: 

\\{f °5t)ri\\p < C'r,,p||/o<5t||oo =C,,,p||./||oo < Cr,,p,,,s||/|lB = _,- 
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For the latter sumniand, notice first that, by the Leibniz rule for finite 
differences, Holder's inequality. Lemma 2.3.34 and the fact that t] E 2?(]R"), 
we have 

m 
fc=0 

for any choice oi po, . . . ,pk > P', since 

liA^(/o<5,)||p, =t-'5./p.||A^^^^^/||^^ and \S,{y)\^ < & \y\^ 

for i < 1, where A.^ = min{Ai, . . . , A^}, we then get also 

m 

Choose now pm ~ p, and pk = ps/k for k < m. Then, for fc < p, we have 

n k f n\ n Qs X*k I Qs\ 
Pk > P, k = -s I < s , Kk = \ s > 0, 

Pk s \ pj p Pk s y p J 

so that, by Lemma 2.3.34 and the embeddings B?, C B^^ i C W'''^'' (see 
Proposition 2.3.2 and Corollary 2.3.7), 

thus 

r"-'^-kf-Qs/Pk^k^(^-f.\,^^j^ 



<C,,,,sr^-^\\fh 



For k ~ m, instead, 



Putting all together, the latter summand in (2.4.6) is majorized by 



c.,p,,,. I ii/iib,.„ ( / {r-'-r- 



P,Q 



drV^' , f f'' f^ir^DYdrV^' 



and the conclusion follows from Proposition 2.3.33. D 

Corollary 2.4.6. Let K C M" he compact; then, for I < p,q < oo, s > Qs, 

for all f e B^.q(R") with supp / C K. 

Proof. Choose cj) G ^(R" \ {0}) satisfying (2.4.1) and such that 

supp^n [JSt-iiK) = 0. 
t>i 

Then, if supp / C iC, for i > 1 we have (/ o dt)4' — 0, thus 

ll/llM*i3= = sup ||(/o(5t)0||i3= , 
■* "'" 0<t<l 

and the conclusion follows by Proposition 2.4.5. D 
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2.4.3 Comparison 

We now show sonic implications among the Mihlin-Hormander conditions pre- 
viously introduced. First of all, from Proposition 2.3.2 and Corollary 2.3.14, we 
get immediately 

Proposition 2.4.7. Let 1 < pi,p2,qi,q2 < oo, si,S2 G K. Then we have an 
inequality 

in each of the following cases: 

• Pi< P2, Si - n/pi > S2 - n/p2; 

• Pi < P2, si - n/pi = S2 - n/p2, qi > (72; 

• Pi >P2, Sl = S2, qi > 92- 

Moreover, a comparison between pointwise and Besov conditions is given by 
the following 

Proposition 2.4.8. Let s e N. Then 

II • \\MsBg^_^ < II • WmsC- < II • IIm^SJ^i- 

Proof For the first inequality, since || • Hm^c* is <5t-invariant, it is sufficient to 
prove that, for ry G X>(M" \ {0}), 

||n^??||sj^,^ < Cs,^||m||M,c=, 

but this follows easily from Corollary 2.3.7(ii). 

For the second inequality, choose 4> € I'(R" \ {0}) such that 

> and IJ <5t-i ({0 == 1}°) = M" \ {0}. 

t>o 

Let a e N" such that |q;| < s, and let a; G M" \ {0}. Then there is t > such 
that St{x) e {0 = 1}°, hence 

|a;|f "|9"m(a;)| = |<5t(x)|f"ll |9"(m o V0('5t(^))l < a,^||9"((m o 5,-O0)lloo, 

since (j){dt{x)) ~ 1, whereas d^(j){5t{x)) = for \(3\ > 0. Therefore, again by 
Corollary 2.3.7(ii), 

|a:;|||""|9"m(a:;)| < C,f,^s\\{mo St-i)(j)\\B-^^ < C,f,^s\\m\\M,B'^_^, 

and the conclusion follows since x G M" \ {0} and a with |q;| < s were arbitrary. 

D 

2.4.4 Change of variables 

We consider now two spaces R"^ and K"^, with systems of dilations {Si,t}t>o 
and {S2,t}t>o respectively. A map $ : ]R"i -^ R"^ will be said homogeneous 
(with respect to these systems of dilations) if 

$ o Si^t = <52,t o $ for aU t > 0. (2.4.7) 

Notice that, if $ : R"i \ {0} -^ R"" is continuous and satisfies (2.4.7), then 
it can be extended to a continuous homogeneous map M"i -^ M"^ by setting 
$(0) = 0. 
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Lemma 2.4.9. A continuous homogeneous map $ : M"i — > M"^ is proper (i.e., 
^~^{K) is compact for every compact K C IR"^ j if ^^^f Qj^iy jy 

<^{x) =0 =^ X = 

for every x G M"i . In this case, moreover, for every d2.t-homogeneous norm 
I • \s2 on ]R"2, we have that \^{-)\s2 ^s a Sn-homogeneous norm on ]R"i . 

Proof. Notice that, since $ is homogeneous, the preimage of {0} via $ must be 
dilation- invariant. This means that, if $^^({0}) contains elements other than 
0, then it is an unbounded subset of M"i . In particular, if $ is proper, then 
necessarily $"^({0}) C {0}. 

Vice versa, if $"^({0}) C {0}, we have in fact that $^^({0}) == {0}, since 
is the only dilation- invariant element in R"^. Therefore, if | • 1^2 is a <52,t- 
homogcneous norm on M"^ ^ j^y continuity of $ we have immediately that |$(-) l<52 
is a (5i_t-homogeneous norm on R""^, and the fact that $ is proper follows easily 
from the equivalence of homogeneous norms on R""^ . D 

Let dj^i, . . . , dj^n be an adapted basis of R"^ with dilations 5j,t for j = 1, 2. 

Proposition 2.4.10. Suppose that $ : R"i -^ R"^ is a continuous proper 
homogeneous map which is smooth off the origin. Then, for all s G N, 

||™o *||MijC= < Cs,-i>\\m\\Mf,2C- 

for all Borel m : R"^ ^ C. 

Proof. As in the proof of Lemma 2.3.16, we get 

9i"(to o $) = Y^ {(d^m) o $) • *„,^, (2.4.8) 

l3:\P\<\a\ 

where ^q.^ are linear combinations of products of derivatives of the components 
of $. Since $ is continuous, proper and homogeneous, if | • \s2 is a homogeneous 
norm on M"^^ then | • l^^ = |$(')l<52 is & homogeneous norm on IR"i; moreover, 
the set K — {x ^ R"^ : |$(a;)|,52 = 1} is compact. We then have, for every a 
with |a| < s and every x £ K, 

|9i"(™o$)(x)|<C„.$ max |$(x)||fll|(a2^™)($(x))| <C,,$||m||M,,c=, 

■ /9:|/3|<|a| 

by the equivalence of homogeneous norms. Thus, for every x G R"^ \ {0}, since 
^i.t-^{^) ^ K ioT t = \^{x)\s2, we have 

\xP^\dnmo<i>){x)\^\dnmo^oSi^t){St-^{x))\ 

= \di{mo52,t o $)((5t-i(x))| < Cs,$ II m o(52,t II Mi^c^ = Cs,<i,\\m\\Ms2C-, 

by the previous inequality applied to ?Ti o S2^t- Since x G R"^ \ {0} and a with 
|a| < s were arbitrary, we get the conclusion. D 

We look now for a similar result about the Besov conditions. 
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Proposition 2.4.11. Suppose that $ : K"i -^ M"^ is a continuous proper 
homogeneous map which is smooth off the origin, s > 0, p,q Cz [l,oo]. // either 
p = oo, or ci$ has constant rank r G N on M"^ \ {0}, then 

for all Borel m : W"^ -^ C. 

Proof. Let i] e V(W"^ \ {0}), r/ > 0, be sucli tliat 

U'52,t-i({^7^0})=K"n{0}. 
t>o 

Since $ is a continuous proper homogeneous map which is smooth off the origin, 
we have ry o $ e V{R"^ \ {0}), 77 o $ > and 



U5i,,-i({77ocO^O})=M"n{0}. 



If we choose ip € I?(R"i) such that (77 o $)-0 = 77 o $, then we have 

{{m o $) o (5i,t)(77 o $) = (((?7i o 62,1)1]) ° *)V' 
and the conclusion follows easily from Proposition 2.3.17. D 

Remark 2.4.1. If $ : M"i ^ M"^ is a homogeneous map which is smooth off the 
origin, then the rank of (i$ on R"i \ {0} is at least 1. Therefore, when n2 ~ 1, 
there is no loss of regularity in the comparison given by Proposition 2.4.11. 

We extend the definition of homogeneous map in order to include maps 
which are defined only on subsets of M"i ; namely, if S C R"i , we say that a 
map $ : S — > M"^ is homogeneous if E is (5i.t-invariant and $ satisfies (2.4.7). 
Moreover, we say that a map $ : S C ]R"i — > R"^ is smooth if there exists some 
open il C R"i containing E such that $ extends to a smooth map fl -^ R"^ (cf. 
Lemma 2.27 of [Lec03]). 

Proposition 2.4.12. Let S C M"i be closed, and let ^ : T, ^ R"^ be continu- 
ous, homogeneous and such that <I>~"'^(0) C {0}. Suppose moreover that either $ 
is not surjective, or n2 > ni. Then there exists an extension <I> : R"i — > R"^ of 
$ which is continuous, homogeneous and proper. If moreover ^ImtQj is smooth, 
then the extension <I> can be taken to be smooth off the origin. 

Proof. By the implicit function theorem, for j = 1,2 wc can find a smooth 
homogeneous norm | • j^. on R"^ such that 

{x e R"^- : \x\s^ = 1} = S''^-^ = {xe R"^ : \x\2 = 1}, 
and set I'jix) — 5- 12,1-1 (a:)- Let moreover, for a; e S n S^^^^ , 

'^r{x)^\'^{x)\s^, <^^{x)^V2{'^{x)). 

By the Tictze-Urysohn extension theorem (see [Bou98b], §IX.4.2), the map 
*r : S n S'"i"i -^ R+ can be extended to a continuous map f^ : S""'"^ -^ R+. 
On the other hand, a continuous extension "^^ : S'^^~^ -^ S"^^^ of the map 
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^^ : S n 5"!^^ -^ S"^^^ exists too: if $ is not surjective, then by homogene- 
ity also $(j is not, so that ^^ can be thought of as valued in IR"^-! modulo 
homeomorphisms, and the Tietze-Urysohn extension theorem can be applied 
componentwise; if n2 > ni, then the extension is given by Theorem 6-45 of 
[HY88]. Moreover, if $ is smooth off the origin, then the extensions ^^ and "^^i 
can be taken to be smooth by the Whitney approximation theorem (see [Lee03] , 
Theorem 10.21). 

Finally, if $ : M"i ^ M"^ is defined by 

$(x) = |' ^'" = °' 

\h,\x\si'i'Ayi(x))i'^u:{vi{^))) Otherwise. ' 

then it is easily checked that $ is the looked- for extension of $. D 



2.5 Marcinkiewicz conditions 

Marcinkiewicz conditions are the multi-variate analogue of Mihlin-Hormander 
conditions. 

We will need some notation. Fix g e N, n e N^. For / = 1, . . . , gi, let {5i^t]t>vi 
be a system of dilations on M"' , with homogeneous norm | • j^, and homogeneous 
dimension Qi. We introduce a multi-parameter system of dilations on R" as 
follows: 

~lj-(xi,...,Xg) = {6i^tt{xi),...,5g,t,{xg)), 

and, as a particular case, also a one-parameter system of dilations on M": 

5t{x) = '^(t,...,t){x). 

The latter system of dilations defines a homogeneous structure on M", with 
homogeneous dimension Q — ^^ Qi and homogeneous norm | • j^ defined by 

\{xi,...,Xg)\s = max{|xi|5i,...,|xp|5j. 

Moreover, if di^i, . . . , 9;^„, is an adapted basis of M"' for / = 1, . . . , g, then the 
concatenation 

9i4, . . . ,9i^„j, . . . , dg^i, . . . dg^Ug 

is an adapted basis of M". 

The pointwise Marcinkiewicz condition of order fc G N^ (adapted to the 
multi-parameter dilations "l^-) is defined by the finiteness of the "norm" 

IIHIm,5^-C = , ,,,^a^ ,,, sup |2:i|^"---|^.lt^"|ar--.5-m(a:)|. 

' \ai\<ki,...,\ag\<kgj:i^O,....XgTiO '^ 

It is not difficult to see that 

||mo~lj-||j^^^g£p = ll^lUnS^C for aUii,...,t„ > 0. 

Moreover, from the definition it is clear that the derivatives of a function satis- 
fying a uniform Marcinkiewicz condition are allowed to diverge not only at the 
origin of R", but also on the set 

{(xi,...,Xg) e R" : Ixil^i ---Ixgls, =0}. 
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In order to introduce the Besov version of the Marcinkicwicz condition, we 
need test functions 0; e X>(M"' \ {0}) satisfying (2.4.1) ior I = 1, . . . , g. We then 
set 



(p = (PlQ9 ■■■ 09 (Pg 

and define, for s e M^, 1 < p,q < oo, 

II'™IIm*s=b= ^^P \\{mol^)(l)\\g,g. 
^ "•" ti,...,t„>o '^•^ 

If moreover a/ > is such that (pi and ai satisfy (2.4.2) for Z = 1, . . . , £i, then we 
introduce also the discrete version 

W^M^-^S^ B= sup ||(mo~l(2»i:'i....,2<'e^e))'/'ll5f „i3- 

^ "'" ju....j„ei, 

As in the one-parameter case, for every s G M^, 1 < p,q < oo, all the pre- 
viously defined "norms" are equivalent and their finiteness define the St, „B 
Marcinkiewicz condition adapted to the multi-parameter dilations "If. 

When ni ~ ■ ■ ■ ~ Ug ~ 1, there is (essentially) one system of fp-parameter 
dilations, which therefore needs not be specified; in this case, we will use the 
notation || • H^^^gg^ ^^ II ' Wm.sI^b- 

For the comparison of pointwise and Besov Marcinkiewicz conditions, the 
following multi-variate versions of the comparison results for Mihlin-Hormander 
conditions are easy to prove. 

Proposition 2.5.1. Let 1 < pi , p2 , <Zi , 92 < oo, 51,52 G K^. Then we have an 
inequality 

in each of the following cases: 

• Pi <P2, si- n/pi > 5*2 - n/p2; 

• Pi < P2, si - n/pi = S2 - n/p2, qi > 92/ 

• Pi >P2, Si = 5*2, qi > 92- 

Proposition 2.5.2. LetseW. Then 

II ' II^tS'4,oo-B ^ II ' IIm-,5^C ^ II ■ \\m-,S^ jB- 

What is more interesting is a comparison between Mihlin-Hormander con- 
ditions adapted to the dilations 6t and Marcinkiewicz conditions adapted to 
the multi-parameter dilations ~\^. For the pointwise conditions, there is the 
following simple result. 

Proposition 2.5.3. For s E N^ , we have 

II'^IImtS^C < ll"^llM^C=i + ---+»e- 

Proof If \ai\ < si for I = 1, . . . , g, then |a| < si + • • • + Sg, and moreover 

kiii-"---Ki^"<Nr" 

for X G M". From this, the conclusion follows immediately. D 
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For the comparison of integral conditions, we need an extra hypothesis, 
involving the normalized homogeneous dimensions Qi of the factors M"' . 

Proposition 2.5.4. If 2 < p < oo and si > Qi/p for I ~ 1, . . . , g, then 

The proof will be given after some preliminary lemmata. The first is a result 
analogous to Proposition 2.4.5. 

Lemma 2.5.5. Let (pi e X>(M"' \{0}) /or / = 1,...,^, and let (f) = (pii^- ■ -i^cpg. 
Then, for p G [2, oo] and s G M^ such that si > Qi/p for I = I, . . . , g, 

sup ||(mo~Ij.)0||s|^B < C^^gJ\m\\ss^B- 

t>0, |tloo<l 

Proof. Let Tj- be the linear operator 

m n- {m o "!(-)(/); 

our aim is to obtain a uniform bound on the S^^B — )■ S^^B norms of the 
operators Tf for |i|oo < 1- Since the complex interpolation functors are exact, 
we need to consider only the cases p = 2 and p = oo, because the intermediate 
cases 2 < p < oo follow by interpolation (see Proposition 2.3.25(iii)). 
For p = 2, by (2.2.1) we have 

Sl^B{W^) = Bl]^{W^)®Yi • • • ^H Bl'^^iW^), 

and moreover the map T^- is the tensor product of the maps 

Ti^ti ■ m H^ {m o 5i^ti)'f>i 

for ^ = 1, . . . , gi, so that the norm of Tj- is the product of the norms of the Ti^ti ■, 
which are uniformly bounded for |tloo < 1 by Proposition 2.4.5. 
For p = oo, instead, we immediately get rid of (j), 

ll(/°»'^ll51,^B<C.-^ll/°>ll5l,^S 

by Proposition 2.3.29, and then we use the characterization of the S^^ ^B norm 
given by Proposition 2.3.33: 

11/ -til 11/ -III , Y^ ^j!oo(^/°» 

0#,7C{i,...,e}'~elo,+oo[-' iiieJ'i 

The first summand is simply ||/||oo- For the second one, since nt-(y)|oo < \y\oo 
for Itjoo < 1, we easily get ^'j'^{r,f o ~\^) < ui^^ir,f). The conclusion then 
follows again by Proposition 2.3.33. D 

Remark 2.5.1. Through a characterization of Sf iB{M.") as a tensor product 
(cf. [SU09]), one could extend the previous result (and consequently Proposi- 
tion 2.5.4) to the whole range 1 < p < oo. 
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Lemma 2.5.6. Letb> a> 0. For I =^ 1, . . . , g, let (f)i e X>(M"' \ {0}) be such 
that supp0; C {xi € M"' : a < \xi\oo < b}, and set (p = (pi (E) ■ ■ ■ <E) (pg- Let 
moreover rj G I?(R" \ {0}) be such that ?y|{2: :a<|a;|oo<fc} — 1- V P "= [2,oo] and 
si > Qi/p for I = 1, . . . , g, then 

sup \\{mo~\^)(j>\\gg B <C4>,v,s.A^v\\s- B- 



v,v 



?>0, 1*1 00=1 

Proof. Notice that, for i > 0, 

Q 

supp((^o~I-:^) C Y]{xi : tia< \xi\ < tib}. 
1=1 

If |f|oo = Ij then ti < 1 for all I and ti — 1 for at least one I, so that 

supp(0 o ~[^^) '^ {x : a < \x\ < b}. 

Therefore 

r,i^olZ^)^^olz\ 

that is, 

and the conclusion follows immediately by Lemma 2.5.5. D 

Proof of Proposition 2.5.4. Choose (pi e X>(M"' \ {0}) and r/ e X>(M" \ {0}) 
satisfying (2.4.1) and the hypotheses of Lemma 2.5.6. 
For i > 0, let r = |^oo, so that |r~^i|oo = 1- Since 

m o "Ij- = (m o Sr) o "Ir-if, 
then 

\\{mo~[f.)(P\\s,^B < C<p,v,sJ\{mo6r)T]\\s,^B < C0,^,5-,p||m||^^_^^=i+.-.+e„ 
by Lemma 2.5.6 and Proposition 2.3.32. Since i > is arbitrary, the conclusion 

follows. n 

Let et be a system of dilations on W^. Proposition 2.5.4, combined with 
Proposition 2.4.11, gives in particular the following implication between Mihlin- 
Hormander conditions on R"* and Marcinkicwicz conditions on M". 

Corollary 2.5.7. Let $ : M" — > M'^ be a continuous proper map which is smooth 
off the origin and such that 

$ o i5t = et o $ fort>0. 

If p € [2, oo], si > Qi/p for I = 1, . . . , g, and either p ^ oo or d<^ has constant 
rank r € N off the origin, then 



I'^o^IImtS' b <C^^pj\\m\ 



l + -"+se + (<i-r-)/p. 



A similar implication, but with a different homogeneity condition on the 
map $, is considered in the following 
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Proposition 2.5.8. Set 

and let $ : M" — > W^ be a continuous map which is smooth off X and such that 
4>-i(0)=X, 

$o~Ij.= et^...t^ o$ fort>Q. 

Ifp,q(z [1,00], s>0, and either p = 00 or d^ has constant rank r (L N outside 
X, then 

Proof. For / = 1, . . . , £», let </)/ G ^(M"' \ {0}) satisfying (2.4.1), and set 



Since suppt/) is compact and disjoint from {x G K." : \xi\s-^ ■ ■ ■ \xg\s — 0}, we 
can find a nonncgativc if) G ViW^ \ {0}) such that 

$(supp(/)) CjV'^l}; 

in particular ip satisfies (2.4.1) too (with respect to the dilations e^), and more- 
over 

(-(/lO $)(/) = (j>. 

Therefore, for t > 0, 

||((m o $) o »0|ls. 5 < Q,p,,||(((m o e,,...,jV) ° $)'/'lls=i+-+». 

< \\(m o eti...tjip\\ „s^+...+s^+(d-r)/p 

by Propositions 2.3.32 and 2.3.17, and the conclusion follows by taking the 
suprema. D 

For instance, if we take ni = ■ ■ ■ = Ug = d = 1, then the map 

(xi,...,Xg) H^ x^ H hx^ 

satisfies the hypotheses of Corollary 2.5.7, whereas 

(Xl,...,Xg) 1-^ Xl-- -Xg 

satisfies the hypotheses of Proposition 2.5.4. Notice that, by Proposition 2.4.12, 
the map 

(xi,...,Xg) i~> xi H hxg 

can be considered too, if one is only interested in its restriction to [0, +00 [^. 
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Chapter 3 

Commutative algebras of 
differential operators 



Here we come to the heart of our work, i.e., the study of the properties of a 
joint functional calculus for a finite system of pairwise commuting, left-invariant 
differential operators on a connected Lie group. This will be the subject also of 
the following two chapters. 

The present chapter is foundational and algebraic in character: on the one 
hand, we give — following Nelson and Stinespring [NS59] — sufficient con- 
ditions for the existence of the functional calculus (in terms of a joint spec- 
tral resolution), and we introduce the language which is systematically used 
in the following; on the other hand, we study the relationships between the 
joint functional calculus and the algebraic structure of the group (representa- 
tions, automorphisms...). It turns out that the choice of a particular family of 
pairwise commuting left-invariant differential operators extracts, from the gen- 
eral operator-valued non-commutative Fourier analysis of the Lie group, some 
scalar-valued commutative portion, which shares several features with the clas- 
sical Euclidean Fourier theory. 

Some of the results of this chapter are multi-variate analogues of results for 
a single operator, especially a Laplacian or a sublaplacian, which can be found 
in the literature; we refer mainly to the works of Hulanicki [Hul74], [Hul75], 
[Hul84], Christ [Chr91], Ludwig and Mailer [LMOO]. 

Another source of inspiration for this chapter is the theory of Gelfand pairs 
on Lie groups, where the commutative algebra of differential operators to be 
considered is determined by the action of a compact group of automorphisms. 
In fact, at the end of the chapter, we show how Gelfand pairs (at least, those in 
semidirect-product form) fit into our wider framework. 

Although the next chapters will focus on groups with polynomial growth, 
and especially homogeneous groups, here we try and not use hypotheses on the 
groups which are not really necessary, thus obtaining results which have quite 
a general character. 

3.1 Joint spectral resolution 

In the following, G will be a connected Lie group. 
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Lemma 3.1.1. Let D,L ^ "^{G) and suppose that L is weighted subcoercive 
and formally self-adjoint. Then, for some f G N, we have that, for all r > r, 
U" -\- D is weighted subcoercive. 

Proof. Fix a reduced weighted algebraic basis of g with respect to which the 
operator L is weighted subcoercive. Then there exists a weighted subcoercive 
form C such that dRciC) — L, and also a form B such that dRa{B) = D. In 
fact, since £+ ~ L, we can suppose that C+ = C. 

Let then P be the principal part of C, so that, by Theorem 1.4.1, dRa, (P) is 
Rockland. By definition, this implies that, for every r € N\ {0}, P*" is Rockland 
too. Notice now that, if r is sufficiently large so that P*" has degree greater 
than that of B, then the principal part oi C^ + B is P*" and this implies, by 
Theorem 1.4.1 again, that U~ + D = dRciC^ + B) is weighted subcoercive. D 

Proposition 3.1.2. Let A be a commutative unital subalgebra of'D{G) closed 
by formal adjunction and containing a weighted subcoercive operator. Then, for 
every unitary representation -k of G, we have 



dTT{D) = dn{D+y for all D G A; (3.1.1) 

moreover, the operators dT:{D) for D Cz A are normal and commute strongly 
pairwise. 

Proof. Let L (E A he weighted subcoercive. Since A is closed by formal ad- 
junction, by replacing L with (L + i+)/2, we can suppose that L is formally 
self-adjoint (see Theorem 1.4.1). 

Let D e A. By (1.1.5) and Lemma 2.3 of [NS59], in order to prove (3.1.1) 
it is sufficient to show that dir^D^D) is essentially self-adjoint. However, 
by Lemma 3.1.1, it is possible to find r e N sufficiently large so that both 
A = L^^ and C = L^*" -I- D~^D are weighted subcoercive, which implies by The- 
orem 1.4.1(c) that d'!T{A) and diriC) are essentially self-adjoint. The conclusion 
that dTT{D~^D) = dTT{C) — dTr{A) is essentially self- adjoint then follows as in the 
proof of Corollary 2.4 of [NS59]. 

From (3.1.1) it follows that, for every formally self-adjoint D E A, dTr{D) is 
essentially self-adjoint. Let now 

Q^{D^ : D = D+ e A}. 

For all A,B G Q, we have that A,B, (1 + ^)(1 + B) arc formally self-adjoint 
elements of A, so that d'K{A),dTT{B),dTr{{l + A){1 + B)) are essentially self- 
adjoint, and moreover d'K{A + B + AB) is positive (notice that AB e Q); 
this implies, as in the proof of Corollary 2.4 of [NS59], that d7r{A) and d7r{B) 
commute strongly. 

In order to conclude, it will be sufficient to show that every operator of the 
form dTr{D) for some _D € ^ is the joint function of some of the operators dn^A) 
for Ae Q. In fact, let D = Di + iD2, where 

Di = {D + D+)/2, D2 = {D-D+)/2i 

are both formally self-adjoint elements of A. Then 

Dl,{Di + ll2f,Dl,{D2 + ll2f 
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are all elements of Q, and we can consider the joint spectral resolution E on 
R'* of the corresponding operators in the representation tt (sec §A.4). We then 
have, for j = 1,2, 

dTr(Dj) = dTT{{Dj + 1/2)^ - D^ - 1/4) C / fj dE, 
where /j(Ai,i, Ai,2, A2a, A2,2) = Aj,2 - ^ja - 1/4, so that also 

dniD) C I (/i + z/2) dE, dTi{D+) C / (/i - if^) dE- 

by passing to the adjoints in the second inclusion and using (3.1.1), we then get 

'M^^ I {h+ih)dE, 

and we are done. D 

A system Li, . . . ,L„ e 2)(G) will be called a weighted subcoercive system if 
Li, . . . , Ln are formally self-adjoint and pairwise commuting, and if moreover 
the unital subalgebra of 2)(G) generated by ii, . . . , i„ contains a weighted sub- 
coercive operator (with respect to some reduced basis of q). From the previous 
proposition and the spectral theorem (see §A.4) we then have immediately 

Corollary 3.1.3. Let Li, . . . , L„ G ®(G') be a weighted subcoercive system. For 
every unitary representation tt of G, the operators d7r(Li), . . . , d'K{Ln) admit a 
joint spectral resolution E on M" and, for every polynomial p G C[Ari, . . . , Xn], 



d7r(p(Li,...,i„))= / pdE. (3.1.2) 

The sign of closure for operators of the form (3.1.2) will be generally omitted 
in the following. 

3.2 Kernel transform and Plancherel measure 

Let Li, . . . , Ln be a weighted subcoercive system on G. By applying Corol- 
lary 3.1.3 to the (right) regular representation on L^{G), we obtain a joint 
spectral resolution E oi Li, . . . ,Ln- In particular, for every / € L°°(W^, E), we 
can consider the operator 

f{L)^f{L,,...,L„)^ J JdE, 

which is a bounded left- invariant linear operator on L'^{G), so that by Theo- 
rem 1.1.3 it admits a kernel / G Cv'^(G): 

f{L)u ^u^f for all u G V{G). 

In place of /, we use also the notation /Cl/. The correspondence 

/Cl : / ^ /Cl/ 

will be called the kernel transform associated to the weighted subcoercive system 

Ll, ■ ■ ■ , Ln- 



11 



Chapter 3. Commutative algebras of differential operators 

Lemma 3.2.1. (a) JCl is an isometric embedding o/L°°(M",_E) into Cv'^{G); 
in particular, for all f e L°°{R''\E), 

WfWcv^ = II/IIl°°(R",_e), / = (/)*• 

(b) If J,g(^L°^{W,E) andgeL^{G), then 

if 97= fiL)g; 
in particular, if g G 'D{G), then 

{fgy=g*f- 

(c) If f,g e L^{W^,E) and g{\) = Xjf(X) for some j e {!,..., n}, then 

9 = Ljf 

in the sense of distributions. 

Proof, (a) The conclusion follows immediately from the properties of the spec- 
tral integral (see §A.3). 
(b) Let u e V{G)\ then 

u * {fgy= {f9){L)u = .f{L)g{L)u = f(L){u * g) = u * (f(L)g) 

since f{L) is left-invariant and g E L'^{G). 
(cj Let u e V{G); then 

u* g = g{L)u = Ljf{L)u = Lj{u * f) = u* (Ljf) 

by the properties of convolution. D 

The fact that the algebra generated by Li, . . . , L„ contains a weighted sub- 
coercive operator implies that the kernel transform JCl satisfies more refined 
properties, which resemble those of an (inverse) Fourier transform. 

In fact, by definition and formal self-adjointness, we can find a polynomial 
p* with real coefficients such that p*{L) is a weighted subcoercive operator. By 
replacing p.^ with p^'' for some large r G N, we may suppose that p* > on R" 
and that moreover, if we set 

n 

J=l 

Pfc(A) =po(A) + Afe for fc == l,...,n, 

then pq{L),pi{L), . . . ,pn{L) are all weighted subcoercive (see Lemma 3.1.1). 
Notice that the polynomials pQ,pi, . . . ,pn are all strictly positive on R" and 

lim Pfe(A) = +00 for k ~ 0, . . . ,n. 

A— >oo 

Lemma 3.2.2. The subalgebra o/Co(K") generated by the functions 
is a dense ^-subalgebra ofCo{W^). 



e'P'',e-P\ 
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Proof. Since the functions e^^", e^P'-, . . . , e^*'" are real valued, the algebra gen- 
erated by them is a *-subalgebra of Co(IR."). 

Notice that e^P° is nowhere null. Moreover, if A, A' e M" and A 7^ A', then 
we have two cases: either 

g-Po(A) / g-po(A') 

or e~P"''^'^ = e"P"(^'\ but in this case, if fc e {1, . . . ,n} is such that Afe 7^ A'j,, 

g-Pfc(A) _ g-po(A)g-Afc / g-po(A')g-A;, _ g-Pfc(A')^ 

The conclusion then follows immediately by the Stone- Weierstrass theorem. D 

Let now J7l be the subalgebra of Co(K") generated by the functions of the 
form e~^, where g is a non-negative polynomial on K" such that q{L) is a 
weighted subcoercive operator on G and liniA^oo li^) = +00. Set moreover 

Co(£) = Co(ii,..., £„) = {/ : /eCo(IR")}. 

Finally, let E be the joint spectrum of Li, . . . , i„, i.e., the support of E. 

Proposition 3.2.3. Co{L) is a sub-C* -algebra of Cv^{G), which is isometri- 
cally isomorphic to Co(S) via the kernel transform. Moreover 

ICl{Jl) = If : feJL} 

is a dense ^-subalgebra ofCo{L). 

Proof. For the first part, see §A.3.4. The second part follows immediately from 
Lemma 3.2.2. D 

The results on weighted subcoercive operators and their heat kernels then 
imply that the elements of ICl{Jl) are particularly well-behaved. The next 
proposition, which shows a sort of commutativity between joint functional cal- 
culus of Li, . . . , i„ and unitary representations of G, is a multi-variate analogue 
of Proposition 2.1 of [LMOO]. 

Proposition 3.2.4. For every f G Jl, we have f G L^'°°{G) D Cg=(G) and 
moreover, for every unitary representation n of G, 

7T{f)=f{d7TiL,),...,d7T{L^)). 

If G is amenable, the last identity holds for every f G Co(K") with f G L^{G). 

Proof. Suppose first that / is one of the generators e^* of J^. Then, by Corol- 
lary 3.1.3 and the properties of the spectral integral (see §A.3.6), 

Since q{L) is weighted subcoercive, we obtain from Theorem 1.4.1(d) that 
/CL(e-«) eLi;~nC^(G) ande-«(d7r(Li,...,L„)) = 7r(/CL(e-«)). The result is 
easily extended to every / G i7l by Lemma 3.2.1, the properties of convolution 
and those of the spectral integral. 
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Suppose now that G is amenable, / G Co(K") and / e L^{G). By Proposi- 
tion 3.2.3, we can find a sequence fj e JJi^ which converges uniformly to / on 
R". This implies in particular, by the properties of the spectral integral, that 

fj{d'!r{Li),...,d'!r{Ln)) -^ /(d7r(Li), . . . , d7r(L„)) 

in the operator norm, but also that fj -^fin Cv'^{G). Since G is amenable, the 
representation tt is weakly contained in the regular representation (see §1.2.3), 
so that also 

in the operator norm. But then the conclusion follows immediately from the 
first part of the proof. D 

We are now going to exploit the good properties of the kernels in 1Cl{Jl) 
to obtain a Plancherel formula for the kernel transform JCl- It should be no- 
ticed that, in the context of commutative Banach *-algebras, a general abstract 
argument yielding this kind of results is available (see [Loo53], §26J). However, 
we believe that additional insight is provided by the explicit construction pre- 
sented below, which follows essentially [Chr91], with some modifications due to 
our multi-variate and possibly non-unimodular setting. 

Proposition 3.2.5. If f E _L°°(]R",_E) is compactly supported, then 

feL^"^nC^{G). 

Proof Let ^t = e-^P' for t > 0, so that |t e L^'°°{G) n C^{G). 

Since / is compactly supported, f = g£,i with g — f/^i e L°°{R^,E), so 
that 

/ = g(i)6eL2(G) 

by Lemma 3.2.1. Analogously, being g compactly supported, also g G L'^(G), 
but then 

./ = UL)g - g * li e i''°° n C^{G), 

by Lemma 3.2.1 and properties of convolution. D 

Thus we have plenty of kernels / which are in _L^(G); as we are going see, 
the i^-norm can be interpreted as a certain operator norm of a convolution 
operator. Recall that || • Hg is the norm of the Lebesgue space L^(G, AgA*g) 
with respect to the left Haar measure; correspondingly, we denote by || • ||2_j.oo 
the operator norm from L'^{G, Ac/ic) to L°°{G). 

Lemma 3.2.6. For all f e L°°{E), we have f G L'^(G) if and only if 

\\f{L)h^^<^, 

and in this case ||/||2 = ll/(-^)ll2^oo- 

Proof If / e L2(G), then, by Young's inequality, \\f{L)\\^^^ < ||/||2 < oo. 
Vice versa, suppose that ||/(i)||2^co < °°- ^or (j) e 2?(G), if 
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then also (f> G 'D{G), so that 

f{L)4> ^4>*f 

is continuous on G, therefore 

\f{L)m\<\\f{m\oo<\\f{L)h^jm2. 

This means that the map 

ci>^f(L)^{e) 

extends to a bounded linear functional on L'^(G), thus there exists k G L'^iG) 
such that 

f{L)(j){e) = I (j){x)k{x) dx for all <p G X>(G), 
Jg 



I.e., 

(f) * /(e) = I (f>{x-^)k{x) dx for ah (f, G V{G), 
Jg 

but this, by the definition of convolution, means that the distribution / coincides 
with k G L^{G). Moreover, since the norm of the linear functional is ||fc||2, we 
have 

11/11.- sup ^^^ < ||/(L)||,_, 

and we are done. D 

We are now able to obtain a Plancherel formula for the kernel transform. 
Theorem 3.2.7. The identity 

a{A) = \\E{A)\\l_^^ for all Borel AC Re- 
defines a regular Borel measure on R" with support S, whose negligible sets 
coincide with those of E and such that, for all f G L°°{E), 

\f?da^\\f{L)\\l^^ = \\f\\l. 

Proof. Clearly a{%) = 0. Moreover, a is monotone: ii A C A' are Borel sub- 
sets of M" and cr(A') < oo, then, by Lemma 3.2.6, xa' G -^^(G), so that, by 
Lemma 3.2.1, also 

XA ^ E{A)xA' e L^G) and ||xa||2 < Hx^'lb, 

i.e., aiA) < a{A'). 

We now prove that a is finitely additive. Let then A,BC M" be disjoint 
Borel sets. If (j{A) = oo or cr(_B) = oo, then by monotonicity we also have 
a{AuB) = oo and we are done. Suppose instead that (t(A) < oo and cr(-B) < oo. 
Then, by Lemma 3.2.6, both xa,Xb G L'^(G), but 

E{AUB) = E{A) + E{B), 

so that clearly 

XAVJB = XA + XB, 
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which implies that xaub G L'^{G), and moreover, by Lemma 3.2.6, 

a{A UB) = WxaubWI - \\xa\\1 + \\xb\\1 = <^iA) + <j{B), 

since xa — E{A)xa -L E{B)xb = Xb in L^iG) by Lemma 3.2. f. 

Finite additivity implies that, if Aj (j G N) are pairwise disjoint Borel 
subsets of R" and A ~ IJ Aj, then 

Y,<j{A,)<a{A). 

3 

In particular, if the sum on the left-hand side diverges, then we have an equality. 
Suppose instead that the left-hand side sum converges. Then, by Lemmata 3.2.6 
and 3.2.1, we have that the XA- are pairwise orthogonal elements of L'^{G), and 
that their sum converges in L'^{G) to some k <E L'^{G) such that 

iifcii2-E'^(^^)- 

i 
But then, if u G 'D{G), we have that, on one hand, by Lemma 3.2.6, 

'^u^XA.^u^k u\Cb{G), 

3 

and, on the other hand, 

3 3 

which gives, by uniqueness of limits, E{A)u = u* k. Thus XA = k G L'^{G) and 

3 

It is immediate from the definition that a Borel subset of M" is cr-negligible 
if and only if it is _E-negligible; in particular supper — supp_E = S. 

By Proposition 3.2.5, a{A) = 11x^(^)11?^^ = \\xa\\1 is finite if A C M" is 
relatively compact. We can then conclude, by Theorem 2.18 of [Rud74], that a 
is regular. 

Notice now that, for all Borel A C R" with (j{A) < oo, <t coincides with the 
measure {E{-)xa,Xa) on the subsets of A: in fact, for all Borel B C R", 

{e{b)xa,xa) = WxahbWI = <y{An B) 

by Lemmata 3.2.6 and 3.2.1. In particular, for all / e L°°{E) with supp/ C A, 

|/pda= / \f{\)\HE{d\)U,XA) = \\f{L)U\l = \\f\\l = \\f{L)\\l^^ 

by the properties of the spectral integrals and Lemmata 3.2.6 and 3.2.1. 

Take now a countable partition of R" made of relatively compact Borel 
subsets Aj {j e N). Then, for every / e i°°(R",_E), analogously as before we 
obtain 

ii/wiiLoo = E ii^(^.)/wiiLoo = E \i>^L(fxAMl 

3 3 

and putting all together we get the conclusion. D 
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The measure a of the previous proposition is called the Plancherel measure 
associated to the system ii, . . . , i„. Notice that 

We show now that the estimates (for small times) on the heat kernel of 
weighted subcoercive operators give information on the behaviour at infinity of 
the Plancherel measure. Recall that | • I2 denotes the Euclidean norm. 

Proposition 3.2.8. The Plancherel measure a on R" associated to a weighted 
subcoercive system Li,. . . ,Ln has (at most) polynomial growth at infinity. 

Proof. If £,t{^) ~ e^*P'(^\ then, for every r > 0, 

ct({p < r}) = ||X{p<r}|li2(^) < e^||Cl/r|li2(^) = e^||Cl/r|li2(G)- 

Since ^t is the heat kernel of the operator p(Li, . . . ,i„), Theorem 1.4.1(e,f) 
gives, for large r, 

'T({p<r})<Cr'5-/™, 

where m is the degree of p(Li,...,L„) with respect to a suitable reduced 
weighted algebraic basis of g, and Q* is the homogeneous dimension of the 
corresponding contraction g*. In particular, if d is the degree of the polynomial 
p, we get, for large a > 0, 

a({A : |A|2 < a}) < a({p < C(l + af}) < C(l + a)^*^/", 

which is the conclusion. D 

The proof of Proposition 3.2.8 shows that the degree of growth at infinity 
of the Plancherel measure a is somehow related to the "local dimension" Q* of 
the group with respect to the control distance associated to the chosen weighted 
subcoercive operator (see §1.4.2). In §3.6 we will obtain more precise information 
on the behaviour of a under the hypothesis of homogeneity. 

By Theorem 3.2.7, ICL\L^nL°°((j) extends to an isometry from L'^{cr) onto a 
closed subspace of L'^{G). We give now an alternative characterization of this 
subspace. 

Lemma 3.2.9. J'l is dense in L'^{o-) for 1 < q < 00. 

Proof. Since a has polynomial growth at infinity (see Proposition 3.2.8), it is 
easily seen that the generators of Jl belong to L^ (1 L°°{a), and therefore also 
Jl is contained (modulo restriction to S) in L^ fl L°°{a). Since a is a positive 
regular Borel measure on R", in order to prove that the closure of Jl in i'^(cr) is 
the whole i'(c), it is sufficient to show that Cc(R") is contained in this closure 
(see [Rud74], Theorem 3.14). 

Let then m, S Cc(R"'). By Lemma 3.2.2, we can find a sequence nik G Jl 
converging uniformly to m, so that sup/, ||rTifc||oo — C < 00. Thus, for every 
t > 0, TTifce"*^'' converges uniformly to TTie"*^", dominated by Ce^*P° G i^(o'), 
and consequently mke~*P" -^ me^*P° also in L'^{(t); we then have that me^*P° 
is in the closure of J7l in L'^{<t) for alH > 0, and by monotone convergence also 
TO is in this closure. D 

Let r| be the closure of /Cl(Jl) in L'^(G). 
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Proposition 3.2.10. /CilLap^oo^g.) extends to an isometric isomorphism 

Proof. By Theorem 3.2.7 and Lemma 3.2.9, we have 

ICUJl) C JCl{L^ n L°°(a)) C MJl)^'*''^ = ^l 

and the conclusion follows. D 

We now prove a sort of Riemann-Lebesgue lemma for /C^ . 

Proposition 3.2.11. For every bounded Borel f : M" -^ C with f E L^{G), we 
have 

Wfh^ia) < ll/lll, 

and moreover 

lim ||/X{A:|A|2>r}IU-(a) ==0. 



r— >-+oo 



Proof. The inequality follows immediately from Lemma 3.2.1(a) and (1.2.1). 

Let ^t = e^*P". Then, by Corollary 1.4.3, S,t is an approximate identity for 
t -^ 0+. In particular, by Proposition 1.1.2, if / G L^{G), then 

/Cl(/6) = /*6^/ in L\G) 
for t — > 0^, which implies, by the first inequality, that 

lim 11/(1 ~^,)|Uoo(,)-0. 

Therefore, for every e > 0, there exists t > such that ||/(1 — ^t)\\L^{cr) ^ S'l 
since po{X) — ?■ +oo for A — t- oo, we may find r > such that 

ll6X{A:|A|2>r}l|oo < 1/2, 

but then necessarily ||/X{A: |A|2>r}l|oo < 2e. D 

An analogous (and neater) result for /C^ is obtained under the additional 
hypothesis of unimodularity. 

Proposition 3.2.12. Suppose that G is unimodular. If f E L^ O L°°{cr), then 
f eCo{G) and 

ll/lloo < \\.f\\LH.)- 

Proof Since f € L^ n L°°{cr), then / == 51.92 for some Borcl gi,g2 : M" ^ C 
such that 

\gi\' = \92\' = \f\; 

in particular, 51,32 G L"^ L°°((7). Therefore 51,52 G L'^(G) by Theorem 3.2.7, 
but then 

/ = .91 * .92 
by Lemma 3.2.1, which implies that / G Co{G) and 

II./II00 < ||.gi||2||.92||2 == ||/||l1(ct), 

which is the conclusion. D 
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3.3 Spectrum and eigenfunctions 

We keep the notation of the previous section. Proposition 3.2.4 shows that there 
exists some relationship between the L^ spectral theory of Li, . . . , i„ on G and 
the spectral theory of the corresponding operators in a unitary representation tt 
of G. On the other hand, a joint eigenvector of dir^Li), . . . , (i7r(i„) in a unitary 
representation tt yields (as we shall see) a joint eigenfunction of Li, . . . , L„ on G, 
which in general is smooth and bounded but (unless G is compact) not in L^{G). 
We are now going to study such generalized joint eigenfunctions of Li, . . . , L„ 
and the corresponding generalized joint point spectrum. 

Proposition 3.3.1. Let (f> E 2?'(G) be such that, for some (Ai, . . . , A„) e C", 

Lj(j) — Xj(f> for i ~ 1, . . . ,n 

in the sense of distributions. Then (p G £{G), and the previous equalities hold 
in the strong sense. 

Proof. If A = (Ai, . . . , A„), from the hypothesis we get immediately 

p*{L)4> ^ p^^{\)(j). 

Since p*(L)— p*(A) is hypoelliptic by Corollary 1.4.2, this implies that € £{G) 
and we are done. D 

Lemma 3.3.2. Let tt be a unitary representation of G on %. The following are 
equivalent for u G "H \ {0}.' 

(i) V e "H"" and v is a joint eigenvector of dTr{Li), . . . , dTr{Ln); 

(ii) V is a joint eigenvector of the operators Tr{m) for m G J^l- 

Proof. Suppose that v G H°° \ {0} is a joint eigenvector of the operators 
dTr{Li),...,dTr{Ln), i.e., 

dTr{Lj)v = CjV 

for some c — (ci,...,c„) G R", j = l,...,n. By Proposition 3.2.4 and the 
properties of the spectral integral (see §A.3.5), for every m G J^l we have 

T:{rh)v — m{dT:{Li), . . . , dT:{Ln))v — m{c)v, 

which means that v is an eigenvector of 7r(m). 

Vice versa, suppose that v G 'H\{0} is an eigenvector of 7r(m) for all m G Jl- 
Take m = e"^^ for j = 0, . . . ,n; by Proposition 3.2.4, we have 



7r(m) 



_ „-p,(d7r(L)) 



so that, by the properties of the spectral integral (see §A.3.6), ker 71(771) = {0}, 
therefore 

T:{rh)v = cv 

for some c > 0. This implies that 

V = c"V(to)u G "H"", 
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by Theorem 1.4.1(b), and moreover, again by the properties of the spectral 
integral, 

Pj{dTT{L))v = (logc)w, 

that is, V is an eigenvector of pj{dT:{L)) for j ^ 0, . . . ,n. Since 

^j^PjW-PaW for j = l,...,n, 
it follows that w is a joint eigenvector of d'K{Li), . . . , (i7r(i„). D 

Proposition 3.3.3. For a Junction oj positive type (p on G, the following are 
equivalent: 

(i) (j) is a joint eigenfunction o/Li, . . . , Ln and (j){e) ~ 1; 

(ii) (j) has the form 

(t>{x) — {tt{x)v, v) 

for some unitary representation it of G on % and cyclic vector v of norm 
1, where v G "H"" is a joint eigenvector of dTT{Li), . . . , dir^Ln); 

(Hi) (f) ^ and, for all m G JT^ and f G L^{G), 

{ffi * f,4>) = (/ *m,(f)) = (/, (/)) (to, (/)) ; 

(iv) (f) ^ and, for all m £ Jl, 

{rh * rh* , (j>) — \{m,(j))\ . 

In this case, moreover, the eigenvalue of Lj corresponding to (j) is a real number 
and coincides with the eigenvalue of dTT{Lj) corresponding to v. 

Proof (i) => (ii). Since (f> is of positive type and (f>(e) = 1, then (j) is of the form 

(/)(a;) — {Tr{x)v,v) 

for some unitary representation tt of G on "H and cyclic vector v of norm 1. 
From (i) we have 

Ljcj) — \j(j) 

for some A = (Ai, . . . , A„) G C". Being Li, . . . ,Ln left-invariant, if 

(l)y(x) = {Tr(y^^x)v,v) = {Tr(x)v,TT{y)v), 

then also 

Ljcjyy = Xj(j)y 

Since v is cyclic, for all w G "H we can find a sequence (w„)„ in 

span{7r(y)w : y G G} 
such that Wn — > w in "H; if 

Tpnix) = {TT{x)v,Wn), Xp{x) ^ {'k(x)v,w), 
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then the ipn are hnear combinations of the (l)y, so that 

and, passing to the hmit, we also have 

in the sense of distributions. But then t/j e £{G) by Proposition 3.3.1. Since 
w Cz H was arbitrary, we conclude that w G "H""; moreover 

(XjV^w) — Xj'ip{e) — LjXp(e) — {dTr{Lj)v,w), 

and again, from the arbitrariness of w, we get dTT{Lj)v ~ XjV for j = 1, . . . , n. 
Finally, since d7T{Lj) is self-adjoint, we deduce that Xj E M. 

(ii) ^ (i). Trivial. 

(ii) => (iii). If ?n G J7l, by Lemma 3.3.2, 7r(m)*w = 7r(m)w — cv for some 
c G C. Since ||u|| ~ 1, we have 

(/ * TO, (/)) — (7r(/ * m)v, v) — {t: {171)7: {f)v, v) ^ c(7r(/)u, v) 

= (7r(/)w,w)(7r(m)w,w) = {f,(p){rh,(p). 

The other identity is proved analogously, 
(iii) => (iv). Trivial, 
(iv) => (ii). Being of positive type, (j) has the form 

(j){x) — {■n{x)v, v) 

for some unitary representation tt of G on "H and cyclic vector v. Then (iv) can 
be equivalently rewritten as 

||7r(m)w|| = |(7r(m)u, w)| (3.3.1) 

for all TO, G Jl- In particular, by taking m = e^*''*, and passing to the limit for 
< — )■ 0+, we obtain 

\\v\\ = \\vr 
(see Corollary 1.4.3 and Proposition 1.1.2), so that ||w|| = 1 (since 7^ 0). Now, 
for an arbitrary to. G J7l, (3.3.1) implies that 'iT{rh)v cannot have a compo- 
nent orthogonal to v, thus v is an eigenvector of 7r(TO), and (ii) follows from 
Lemma 3.3.2. D 

Let Vl be the set of the joint eigenfunctions of Li, . . . , i„ of positive type 
with (j){e) = 1. For every (j) G Vl^ by Proposition 3.3.3 there exists a unique 
A = (Ai, . . . , A„) G M" such that 

Lj(f) = Xj(f>; 

we then define i^l-Vl^ K" by setting ^^(0) = A. 

Proposition 3.3.4. For every m E J'l and (p G Vl, we have 

(f)^rh — m{dL{(t>))(j) and {ffi,4>) ~ m('dL{(f>)). (3.3.2) 

If G is amenable, then the previous identities hold also for every m G Co(M") 
such that TO G L^{G). 
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Proof. Let (j){x) ~ {Tr{x)v,v) for some unitary representation tt of G on "H and 
cyclic vector v of norm 1. If 'dL{4') = (^^ij • • • j \i)i by Proposition 3.3.3 we have 

dTr{Lj)v — XjV, 

so that, by Proposition 3.2.4 and the properties of the spectral integral, 

Tr{m)v — m{dT:{Li), . . . ,d'K{Ln))v — m{'d l{(J)))v . 

We then have 

Jg 

which is the former identity of (3.3.2); by evaluating in a; = e we also get the 
latter. D 

Corollary 3.3.5. // Vl is endowed with the topology induced by the weak-* 
topology of L°°{G), then the map ^l '■ Vl — >■ R" is continuous. 

Proof. By Proposition 3.3.4, for j = 0, . . . , n, we have that 

which is continuous in 4> with respect to the weak-* topology of L°°{G). If 
t^i 1, . . . , i^i „ : Vl -^ K are the components of i^^, then 

This shows that the components of ^l are continuous Vl -^ K, so that also ^l 
is continuous. D 

Proposition 3.3.6. The topologies on Vl induced by the weak-* topology of 
L°°{G), the compact-open topology of C{G) and the topology of £{G) coincide. 
Moreover, the map "Sl '■ Vl — > K" is a continuous, proper and closed map. 
In particular, the image '!9l(7'l) is a closed subset o/R" and its topology as a 
subspace of M" coincides with the quotient topology induced by ^l ■ 

Proof. Since G is second-countable, the three aforementioned topologies on Vl 
are all metrizable (cf. [Meg98], Corollary 2.6.20). In particular, in order to prove 
that they coincide, it is sufficient to show that they induce the same notion of 
convergence of sequences. 

Let {4>k)k be a sequence in Vl- If {4>k)k converges in £{G), then a fortiori it 
converges in C{G). Moreover, since ||(?!)fc||oo — 1 for all fc, convergence in C{G) 
implies weak-* convergence in L°°{G) by dominated convergence. 

Suppose now that (/)fc — > (/i G Vl with respect to the weak-* topology of 
L°°{G). Take m = e'^* e Jl, so that to > 0. By Proposition 3.3.4, for ah 
D e S)(G), we then have 

_ (j)k *Drh _ (p^Drh 

'^'^'' ~ m{^Li<Pk))' ^"mi^Lm' 

in particular, for every x E G, since R^;!???! G L^{G), 

D^k[x) = — , , ,, -^ — , , ,, = D(l3{x) 
'm[dL[4>k)) m['dL[(t>)) 
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by Corollary 3.3.5. Moreover, again by Corollary 3.3.5, 

mi^LiM) >c>0 
for some c and all k, so that 

WDfPkWoo <c-^\\Dm\\i. 

This means that, for all D e 2)(G), the family {D(pk}k is equibounded; but 
then also, for all D e 2)(G), the family {D(j)k}k is equicontinuous, so that 
the previously proved pointwise convergence D(j)k — > D(j) is in fact uniform on 
compacta. By arbitrariness of D e 55(G), we have then proved that 0^ ^- ci in 
SiG). 

Let now K C M" be compact, and take a sequence {(j)k)k in Vl such that 
^l(0*;) G K for all fc. As before, the sequence {(f>k)k is equibounded and equicon- 
tinuous, so that, by the Ascoli-Arzela theorem (see [Bou98b], §X.2.5), we can 
find a subsequence (pk^ which converges uniformly on compacta to a function 
4> G C'{G), and such that moreover '&L{4'kh) converges to some X Cz K. It is now 
easy to show that (f> is of positive type and 0(e) = 1; moreover, for all t] E 2?(G), 

{Lj(j),r]) = lim{Lj(j)k^,T]) = \im-dL.ji(f>kJ{(l)k^,v) = ^j(0,?7), 

h h 

so that 

Ljcf) — Xjcj) 

in the sense of distributions, but then, by Proposition 3.3.1, (f> is smooth and 
is a joint eigenfunction of Li, . . . ,£«, so that (f) G Vl- Since Vl is metrizable, 
this shows that 'dJ^^{K) is compact in Vl- By the arbitrariness of the compact 
K C M", we conclude that ^l is proper and closed (see [Bou98a], Propositions 
I.lO.l and 1.10.7). D 

Proposition 3.3.7. For A G R", the set '(?£^(A) is a weakly-'^ compact and 
convex subset of L°°{G), whose extreme points are the ones associated with 
irreducible representations. 

Proof. It is immediate to show that i?^ (A) is convex, whereas compactness 
follows from Proposition 3.3.6. 

Let Vl be the set of functions (j) of positive type on G such that 0(e) — 1. 
Since iJ^ (A) C Vi, in order to conclude it will be suflficient to show that the 
extreme points of i?^^(A) are also extreme points of Vi (see §1.2.1). 

Suppose then that cf) € d2^{\) is not extreme in Vi, so that 

(^ ^ elcj)o + el^i 

for some 4'o,4'i € Vi different from (p and some 6*0, 6*1 > such that Oq+O^ = 1. 
For fc = 0, 1, 

(f)k{x) ^ {Trkix)vk,Vk) forfc = 0, 1, 

where tt^ is a unitary representation of G on Hk and Vk is a cyclic vector of 
norm 1. If 

u = {eoVa,9iVi) G-HoeHi, 



H = span{(7ro ® 7ri)(a;)i; : x e G}, 
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and TT is the restriction of ttq ® tti to "H, then it is easy to see that u is a cyclic 
vector for tt and that 

(p{x) = {tt{x)v,v), 

therefore by Proposition 3.3.3 it follows that v E H°° and that dTT{Lj)v = \jV 
for j = 1, . . . ,n. 

li Pk :'H ^ Hk is the restriction of the canonical projection "Ho© "Hi -^ Hk, 
it is immediate to check that Pk intertwines tt and tt^, and that PkV — OkVk] 
hence, for all w E Hk and x E G, 

{■Kk{x)vk,w) = 9,:'^{Trk{x)PkV,w) = e,:'^(Tr{x)v,P^w). 

This identity, together with the arbitrariness of w G Hk, shows that Vk E "H^. 
Moreover, since Pk intertwines 7r(x) and 7rfc(x) for all x G G, it is easy to check 
that it intertwines also d-K{D) and dTTk{D) for all D E S)(G), therefore 

dTT{Lj)vk = 9],^PkdTT{Lj)v = XjVk 

for j — 1, . . . , n. By Proposition 3.3.3, this shows that (/)o, (t>i E i?^ (A), thus 
is not even extreme in i?£ (A). D 

The main algebraic and topological properties of the joint cigcnfunctions 
of positive type of Li, . . . ,L„ have been established. Now we are interested 
in determining the relationships between the generalized joint point spectrum 
'&l{'Pl) — which is, by Propositions 3.3.3 and 3.3.7, the union of the joint point 
spectra of d7r(Li), . . . , (i7r(i„) for all (irreducible) unitary representations tt of 
G — and the joint L'^(G) spectrum S of ii, . . . , i„ — which is canonically iden- 
tified to the Gelfand spectrum ©(Go(i)) of the C*-algebra Co{L) (see §A.3.4). 
In fact, we will see that Vl contains information about the joint spectrum of 
(i7r(Li), . . . , d'K{L„) for every unitary representation tt of G. 

Lemma 3.3.8. Let zu be a unitary representation of G. Let moreover (j) he a 
function of positive type, of the form 

4>{x) — {t:{x)v,v) 

for some unitary representation -k of G on the Hilbert space % and cyclic vector 
V of unit norm. Then the following are equivalent: 

(i) TT is weakly contained in vj; 

ill) \{f,<^)\<\\w{f)\\forallfEL\G); 

(m) |(/,0)| < C||n7(/)|| for some C > and all f E L^G). 

Proof, (i) =^ (ii). Since 

(/,0) = (7r(/)«,i;) 

and V has unit norm, the conclusion follows immediately from the definition of 
weak containment. 

(ii) => (iii). Trivial. 

(iii) => (i). Let H be the Hilbert space on which w acts. The hypothesis (iii) 
implies that (f) defines a (positive) continuous functional on the sub-C*-algebra 
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oi B{T-L) which is the closure oi zu(L^(G)). By applying Proposition 2.1.5(ii) of 
[Dix82] to this functional, one obtains, for f,g E L^(G), 

MfMgM' - {9*.f*r*9*,4>) < lk(/*r)||(g*.g*,0) - \\w{f)\m7r{g)vf. 

Since v is cyclic and L^{G) contains an approximate identity, the set 

Mg)v : 9 e L\G)} 

is a dense subspace of %, therefore the previously proved inequality gives 

lk(/)ll<ll^(/)ll, 

and we are done. D 

For a unitary representation vj of G, we denote by Vl.zo the set of the 
functions 4> G Vl which satisfy the equivalent conditions of Lemma 3.3.8. 

Proposition 3.3.9. Let zu be a unitary representation of G. Then Vl.^ is a 
closed subset oJVl- Moreover, for every A G M", Vl.-w H ^^ (A) is compact 
and convex, and its extreme points are the ones corresponding to irreducible 
representations. 

Proof. Condition (ii) of Lemma 3.3.8 is a convex and closed condition (with 
respect to the weak-* topology of L°°{G)) for every / G L^{G). Therefore Vl.tu 
is closed in Vl, and moreover, for A G M", since ■d^^{\) is compact and convex 
(see Proposition 3.3.7), Vl,^ H ^^^^^(A) is compact and convex too. 

In order to conclude, again by Proposition 3.3.7, it is sufficient to show that 
an extreme point (f> of Vl.vj H d]^ (A) is also extreme in i9^ (A). Suppose then 
that (/) = (l-e) (1)0 + 6 (1)1 for some 0o, (t)i e '&l\X) and < 6i < 1. For / G L^{G), 
we have 

ii-o)\{f,M\'+mAi)\' = {f*f\<f')<\\^if)r 

by Lemma 3.3.8 and positivity, therefore 

|(/>0>| < (1 -e)-l/2||n7(/)||, \{f,(j),)\ < 0-V2||^(/)||, 

and again by Lemma 3.3.8 we obtain 0o, 4>i G "Pi.ro H ??^^(A). D 

Theorem 3.3.10. Let ir be a unitary representation of G on a Hilbert space %. 
Then '&l{T-'l.tt) is the joint spectrum of d7:{Li), . . . , (i7r(i„) on %. 

Proof. Let i^^ be the joint spectral resolution of dTr{Li), . . . , (i7r(L„). The joint 
spectrum of dTr{Li), . . . , (i7r(L„), i.e., the support of Ey^, can be identified with 
the Gelfand spectrum of the C*-algebra Et,[Go{W)] (see §A.3.4), i.e., with the 
closure in B{H) of 

{7r(m) : m G Jl} 

(see Lemma 3.2.2 and Proposition 3.2.4). 

In particular, if G 'Pl,tt, then, by Lemma 3.3.8, 

\{rh,(j))\ < \\TT{m)\\ 
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for all m G ^Tl, therefore (p defines a continuous functional on the C*-algebra 
ii'7r[Co(K")], which is multiplicative by Proposition 3.3.3, and thus belongs to 
the Gelfand spectrum of -Et[Co(K")]. Since 

(to, 0) = ■m{'d l{(J))) 

for all m G Jl (see Proposition 3.3.4), the element of suppiJ^r corresponding to 
this functional is 19^(0). 

Conversely, if A G supp E^^ , then we can extend the corresponding character 
of i?^[Co(M")] to a positive functional u; of norm 1 on the whole B{T-C) (see 
[Dix82], §2.10). Since w o tt : L^{G) ^ C is linear and continuous, there exists 
(/)€ L°°{G) such that 

(/,0)=c.«f)) 

for all / G L^ (G) ; in fact, since oj is positive, must be a function of positive type 
on G (sec [Fol95], §3.3). Moreover, since w extends a character of i?7r[Co(K")], 
it must be 

(mi *m2,cj)) = (mi,(/))(m2,0) 

for all TOi,?Ti2 G iTl. Therefore, by Proposition 3.3.3, cj) G Vl, and in fact 
G Vl.tc since \{f ,(}))] < ||7r(/)|| (see Lemma 3.3.8). Finally 

m{{)L{(t>)) — {m, 4>) — a;(7r(m)) ~ m{\) 

for all m G i7l, by Proposition 3.3.4, since w extends the character corresponding 
to A, and consequently '&L{<t>) ~ ^- D 

Corollary 3.3.11. We have 

with equality when G is amenable. 

Proof. From Theorem 3.3.10, we have S — ^LiVL.n), where R denotes the 
regular representation of G on L^(G), from which we get the inclusion E C 
^l{Vl)- When G is amenable, every representation is weakly contained in the 
regular representation (see §1.2.3), so that Vl = Vl.r, and we are done. D 

Let r^ be the closure of JCl{Jl) in L^(G). r\ is a commutative Banach 
*-subalgebra of L^{G) — and also, by Proposition 3.2.3, a dense *-subalgebra of 
the C*-algebra Co(i) — which is somehow related to the joint L^{G) spectral 
theory of the operators ii, . . . ,i„ (cf. [Hul74], [Hul75] for the case of a single 
operator). We are then interested in comparing the Gelfand spectrum ©(F]^) of 
F^ with the other two spectra '!?l(7^l) and S previously considered. 

Proposition 3.3.12. For (p G Vl, denote by A{(f>) the linear functional 

ri9./^(,/,</>)eC. 

Then A is a continuous map Vl -^ ^(^l) '^^'^ *^ induces on Vl the same 
equivalence relation as ^l • In particular, A induces a continuous injective map 

dL{VL)^<&{Tl). 
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Proof. From Proposition 3.3.3, it follows immediately that, if </) e Vl, then the 
functional A(0) on T\ is multiplicative, and from Proposition 3.3.4 it is easy to 
see that A{(p) is non-null; therefore A G (&(r\). 

Since the topology of Vl is the weak-* topology of L°°{G), whereas the 
topology of &(r\) is the weak-* topology of the dual of F^, and the map A 
is simply the restriction map from the dual of L^{G) to the dual of T\, its 
continuity is trivial. 

Finally, from Proposition 3.3.4, it is clear that, at least on the dense set 
{m : m G Jh\ of F)^, the (continuous) functional A((/)) is determined by i9l((/)), 
so that 

^l(0)-^l(0') =^ A(^) = A(0'). 
On the other hand, if A((/)) = A((/)'), then, again by Proposition 3.3.4, 

m(z9L(0)) = to(i?l('/'')) foraUmejL, 

and '!9l((/)) = "i^iC^') follows since the elements of Jl separate the points of R" 
(see Proposition 3.2.3). D 

Proposition 3.3.13. Suppose that G is hermitian. Then every character ofV]^ 
extends to a character of Co{L), so that the Gelfand spectra of the two Banach 
^-algebras coincide (also as topological spaces). 

Proof. Since G is connected and hermitian, then it is also amenable, so that 



ll/llc.^ - VRTT) for all /eLi(G), 

where p{f) denotes the spectral radius of / in L^{G). Notice that, since F^ is 
a closed subalgebra of L^{G), for every / G F^, the spectral radius of / in r\ 
coincides with its spectral radius in L^{G) (see §A.1.2). Moreover, since L^{G) 
is symmetric by hypothesis, also T\ is symmetric, so that, for every character 

^ e ®(ri), 

V'(/*) = V'(/) for aU / e Fi; 
since ip{f) belongs to the spectrum of / for every / G F^, we have 

iV'(/)i' = V'(r/)<p(r/) = ii.fiic.- 

This shows that every character ip € ©(F^) is continuous with respect to the 
norm of Ca{L), so that it extends by density to a unique character of Go{L). 

Notice that, since F^ is dense in Gq{L) and the elements of ®{Cq{L)), as 
functionals on Cq{L), have norms bounded by 1, it is easy to check that the 
topologies of ©(Co(i)) and &{T\) coincide. D 

Corollary 3.3.14. If G is hermitian, then the map 

K:Vl^ ©(ri) 

is surjective. In particular, every multiplicative linear functional on V\ extends 
to a hounded linear functional rj on L^{G) such that 

Vif * 9) = viDvig) for all f G L\G) and 5 G F[. 
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Proof. Let -(/i e 0(r^). By Proposition 3.3. f3, i/i extends to acharacter of Co(i), 
which corresponds to some A € S. Now, by Corollary 3.3.11, there exists (f) E Vl 
such that iSl{4') — '^i therefore, for every m € Jl-, by Proposition 3.3.4, 

A(0)(to) — (m, 0) = m{'dL{(f))) — m(A) — ip(m), 

from which by density we deduce A((/)) = il). 

In particular, if rj denotes the linear functional / h- > (/, (j)) on L^(G), then rj 
extends -0 and, by Proposition 3.3.3, for all m G J7l, 

ri{f *m) ~ rj{f) rj{rh) for all / G L'^iG), 

from which we get the conclusion. D 

The results obtained so far about the comparison of spectra are summarized 
in the following diagram, where dashed arrows denote inclusions subject to the 
condition indicated in the label: 

amenable 

a" 

herniitian I 

O hcrmitian 

®(ri) c:---^ g(Co(L)) 

The three objects do coincide when G is hermitian, and in particular when G 
has polynomial growth. 

It has been proved that, to every element A of the joint L^ spectrum S 
of Li, . . . , Ln, there corresponds a joint eigenvector of d7r(_Li), . . . , dTr{Ln) of 
eigenvalue A in some irreducible unitary representation tt of G. We see now 
that, for a certain class of groups, in (almost) every irreducible representation 
TT an orthonormal basis of joint eigenvectors can be found. 

Lemma 3.3.15. Let tt be a unitary representation of G and let q be a non- 
negative polynomial on M" such that the operator q{L) is weighted subcoer- 
cive. Set h ~ /CL(e~') and suppose that TT{h) is a compact operator on %. 
Then there exists a complete orthonormal system of % made of joint eigen- 
vectors of dTT^Li), . . . ,dTT{Ln), and moreover each joint eigenvalue A G M" of 
d7r(Li), . . . , dTT{Ln) has finite multiplicity. 

Proof. If "H is finite-dimensional, then the conclusion follows immediately, since 
rf7r(Li), . . . ,dTT{Ln) arc pairwise commuting and self-adjoint. 

Suppose instead that dimH is infinite. By the properties of the spectral 
integral, the operator 

TT{h) = e-*^(^(^ 

is injcctive, positive and self-adjoint, and moreover it is compact by hypothesis. 
Therefore, from the spectral theorem for compact operators (see §A.4.2), it 
follows that there exists a complete orthonormal system {vk)kGfi of "H made of 
eigenvectors of 7r(/i), and moreover the corresponding eigenvalues Ck are positive 
and tend to for k -^ +oo. 
In particular, if 

Vc = {v eH : TT{h)v = cv} = spanjufc : Ck = c}, 
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then Ji = ^^ Vc and the Y^ are finite-dimensional. Moreover, 

by Theorem 1.4.1(b), so that Vc Q "H"". Since the dTT{Lj) commute with 7r(ft,), 
the eigenspaces Vc of 7r(/i) are invariant subspaces for dTT{Li), . . . ,(i7r(i„), so 
that, as before, we can find an orthonormal basis of the finite-dimensional space 
Vc made of joint eigenvectors of the diT{Lj). By putting all these bases to- 
gether, we get a complete orthonormal system for % made of joint eigenvectors 
of (i7r(Li),...,d7r(i„). 

Let now A e M" such that 

dTr{Lj)v = XjV 

for some v E H\ {0}. By the properties of the spectral integral, we then have 

Tr{h)v = e-'?(^)w, 

therefore v £ Vc with c = e^''^^'. This shows that the joint eigenspace of 
dTr{Li), . . . , dTT{Ln) associated to A is contained in Vc and consequently is finite- 
dimensional, n 

Proposition 3.3.16. Suppose that G is unimodular and type I, and let G he 

the set of (equivalence classes of) irreducible representations of G. Then we can 
find a generic subset Ggcn of G (with respect to the group Plancherel measure) 
such that, for every ir G Ggcn 7 having denoted by % the Hilbert space on which 
TT acts, there exists an orthonormal basis of % made of joint eigenvectors of 
(i7r(Li), . . . , d'K{Ln), and moreover each joint eigenvalue of d7r(Li), . . . , (i7r(i„) 
has finite multiplicity. If G is CCR, then one can take Ggcn ~ G. 

Proof. Let h be as in Lemma 3.3.15. Then we know that h E L^ L^iG) 
by Theorem 1.4.1(e,f). Therefore, if G is CCR, then 7r(/) is compact for every 
irreducible representation tt of G, and the conclusion follows from Lemma 3.3.15. 
If G is unimodular and type I, then by the group Plancherel formula (see §1.2.2) 
we have 

LMh)\\l^d^ ^ \\h\\l < CO- 
Jg 

in particular ||7r(/i)||HS is finite for almost every irreducible unitary representa- 
tion IT of G, so that 7r(ft,) is Hilbert- Schmidt (and consequently compact) for tt 
in a generic subset of G, and the conclusion follows again by Lemma 3.3.15. D 

3.4 Direct products 

For / = 1, . . . , g, let G/ be a connected Lie group, and set 

G>< = Gi X • • • X Gg. 
We then have the identification 



95 



Chapter 3. Commutative algebras of differential operators 



Lemma 3.4.1. For I = I, . . . , g, suppose that Aii, . . . , Aij^^ is a reduced basis 
of Qi, with weights wi^i, ... ,Wi,di- Then 

Ai^i,...,Ai^d,,.-.,Ag^i,...,Ag^d, (3.4.1) 

is a reduced basis of q^ , with weights 

wi,i, . . . ,wi,d^, . . . ,We,i,. . . ,Wg^dg- 

Moreover, if {Vi^\)\ is the filtration on Qi corresponding to the chosen reduced 
basis for I = 1, . . . , g, then 

v^ = yi,A © • • • ® Vg^x 

gives the filtration on g^ corresponding to the algebraic basis (3.4.1); therefore, 
by passing to the quotients, we obtain for the contractions 

(S"")* = (fli)*©---® (fle)*. 

Proof. An iterated commutator At^i of the elements of (3.4.1) is not null only 
if it coincides with an iterated commutator {Ai)!^/] of Ai^i, . . . ,Ai^ni for some 
I £ {I, . . . , g}. This can be easily checked by induction on the length |q;| of the 
commutator. The identities involving the filtrations then follow immediately, 
from which we get easily the conclusion. D 

Proposition 3.4.2. Suppose that Di G 2)(G;) is a self-adjoint weighted subco- 
ercive operator on Gi, for I ~ 1, . . . , g, and let D^ G S>(G'^) be the differential 
operator on G^ along the l-th factor corresponding to Di. Then 

is a positive weighted subcoercive operator on G^ . 

Proof. For I = 1, . . . , g, let A;.i, . . . , Ai^di be a reduced basis of g;, with weights 
wi^i, . . . jWi^dn such that, for some self-adjoint weighted subcoercive form Ci of 
degree mi, we have Di = dRQ^{Ci); let moreover Pi be the principal part of C;. 
Clearly, we can find real numbers C^i, . . . ,Qg > 1 such that 

CiTOi = • • • = Cgfng. 

Therefore, by rescaling the weights of the algebraic basis of Qi by Q, we may 
suppose that the forms Gi,. . . ,Cg have the same degree m. 

By Lemma 3.4.1, the concatenation of the bases of gi, . . . , g; gives a reduced 
weighted algebraic basis of g^. We can then consider, for / — l,...,g, the 
forms C;^, Pj^ corresponding to Gi,Pi but re-indexed on the basis (3.4.1). In 
particular, if 

C = (Cf )2 + . . . + {C^f, p = (p^X)2 + . . . + (p^X)2^ 

then P = P+ is the principal part of C, and moreover 

dRax (C) = (dRaACir)^ + ■■■ + {dRG^{Gg)''f = D. 
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On the other hand, again by Lemma 3.4.1, we have the identification 

(G^), = (Gi), x...x(Ge)*, 
so that 

dR^G.)AP) = {dRiG,)APirf + ■ ■ ■ + {dRiG,)APsrr- 

By Theorem 1.4.1, we have that (iR(gj)^(P;) is Rockland on (Gj)* for I = 
1, . . . , g. We now prove that d_R(Gx)^(P) is Rockland on (G^)*. 

If TT is a non-trivial irreducible unitary representation of G^ on a Hilbert 
space H, then (see [Fol95], Theorem 7.25) we may suppose modulo equivalence 
that TT = TTi (g) • • • (g) TTg, where tt; is an irreducible unitary representation of G/ 
on a Hilbert space Hi for I = I, . . . , g, so that 

H^Hi(E)---(E)ng, 

and at least one of tti , . . . , tt^ is non-trivial. Let (w/^^, )^, be a complete orthonor- 
mal system for "H;, for / = 1, . . . , £i, so that (wi,,^! (g • • • (g Wg^^^)p is a complete 
orthonormal system for H. Then, for every element 



y^ ai.i,...,i.^wi,i.i (g) •• • (g) Wg,^g 



i/i,...,i^g 
of "H , we have 

(d^(rfR(Gx).(P))i;,i;)„ 

Q 

1=1 I^i,...,I^,_i,I/; + i,I/g 



dTri{dR(^G,)APi)) '^ai^u-,'^. 



Wl,^i 



Hi 



since at least one of the diTi{dRi^Q^)^ {Pi)) is injective (being dR((3j)^ (P/) Rockland 
and TT/ non-trivial), this formula gives easily that 

v^Q => d7r(dR(Gx )^ {P))v ^ 0, 

i.e., d-K{dRiQx\ (P)) is injective. From the arbitrariness of tt, we conclude that 
dR{G^),{P) is Rockland. 

But then, again by Theorem 1.4.1, we get that D ~ rfRgx (G) is weighted 
subcoercive. D 

For I = 1, . . . , g, let L/_i, . . . , L;_„, G 2)(G;) be a weighted subcoercive sys- 
tem. Let moreover Lf- be the differential operator on G^ along the l-th factor 
corresponding to Lij. Then, by the previous proposition, 

-^1,1' • • -i-^i.m' • • • '-^e.i' • • • '-^e.ng (3.4.2) 

is a weighted subcoercive system on G^. 

Proposition 3.4.3. Suppose, for I ~ I, . . . , g, that mi is a bounded Borel func- 
tion on K"' , and set 

m = mi g) • • • g) rUg. 

Then 

m{L^) = mi(Li) g) • • • g) mg{Lg), 

and in particular 

m = rhi g) • • • g) rhg. 
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Proof. Since the operators (3.4.2) commute strongly, by the properties of the 
spectral integral it is immediate to see that 

On the other hand, from the identity 

L^j (/i <»•••<» /e) = /i «)•••<» /;-i <» (Llj/i) ^ fi+i (E) ■ ■ ■ ® f„ 
it follows that also 

m{Lf){fi ®---®fe)^h®---®fi-i® {m{Li)fi) /;+i ® • • • ® /„, 
from which clearly 

mi(L^) • • • mg{L'^) = toi(£i) (g) • • • mg{Lg). 
In particular, for every /i e 2?(Gi), . . . ,fg e T>{Gg), 

m(i^)(/i ® • • • ® /g) = (mi(ii)/i) • • • (g {mg{Lg)fg) 

== (/i * "T-i) (g) • • • (g) (/e * rhg) = (/i (g • • • (g) /g) * (mi (g) • • • (g) rhg), 

from which rh — ifii g) • • • g) rfig. D 

Let now c; be the Plancherel measure on M"' associated to the system 
L/ 1, . . . , L;.„j , for ^ = l,...,g. Let moreover ct^ be the Plancherel measure 
on R" associated to the system (3.4.2). 

Proposition 3.4.4. cr^ = ai x ■ ■ ■ x (7g. 

Proof. If Ai C M"' is a relatively compact Borel set for ? = 1 , . . . , gi, we have 

so that, by Theorem 3.2.7 and Proposition 3.4.3, 

a{Ai X ■■■ X Ag) = ||xaix---xaJ|l2(gx) = ||xai g) • • • g) xaJ|l2(gx) 

= IIxaiI1l2(Gi)---||xaJ1l2(g,) =cri(Ai)-- -(75(^45), 
and we are done. D 



3.5 Change of generators 

Let Li, . . . , Ln be a weighted subcoercive system on a connected Lie group G. 
Let a be the associated Plancherel measure on R", and E — supper. For given 
polynomials pi , . . . , pn' : R" —J- R, consider the operators 

i'l =pi(ii, . . . ,i„), ..., L'„, ^ pk{Li,. . . ,L„), 

and suppose that they still form a weighted subcoercive system. Let a' be 
the Plancherel measure on R" associated to the system L'l, . . . , L'^, , and S' 
its support. We may ask if there is a relationship between the transforms JCl 
and JCl', and between the Plancherel measures a and a' associated to the two 
systems. 

Let p : R" — > R" denote the polynomial map whose j-th component is the 
polynomial pj . 
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Lemma 3.5.1. The map p\y: : S — > R" is a proper continuous map. 

Proof. Since L[, . . . , L'^, is a weighted subcoercive system, we can find a non- 
negative polynomial q : M" -^ M. such that q{L') = q(p(L)) is a weighted 
subcoercive operator. By Theorem f.4.f(v), for sufficiently large C > and 
A; G N, we have that 

max \\Lj(j)\\2 < C||(f + q{p{L))'')cb\\2 for e 2?(G), 
j 

which means, by the spectral theorem, that 

max|Aj| <C(l + g(p(A))'=) for A G S, 
j 

since S is the joint i^(G')-spectruni of ii, . . . , L„. 

Now, a K C R" is compact, then by continuity there exists M > such 
that q\K < M, but then 

max|Aj| < C(f + M'=) ior X eT^np^^K), 

3 

thus p^^{K)r\I] is bounded in K" , and also closed (by continuity of p) , therefore 
p^^(K) is compact. D 

Proposition 3.5.2. For every bounded Borel m : K" — > C, we have: 

m{L') = {m,o p)(L), ICl'Tti — K-Lim o p). 

Moreover 

Proof. The first part of the conclusion follows immediately from the spectral 
theorem and uniqueness of the convolution kernel. From this, the identity cr' = 
p{<j) is easily inferred by Theorem 3.2.7. In particular, 

cr(M" \p-i(S')) = a'(M"' \ E') = 0, 

i.e., by continuity of p, p{T,) C E'. 

In order to prove the opposite inclusion, we use the fact that p\y: is proper 
(see Lemma 3.5.1). Take A' e S', and let Bk be a decreasing sequence of 
compact neighborhoods of p in R" such that Hfc ^fc — {p}- By definition of 
support, we then have a{p^^{Bk)) = cr'iBk) ^ 0, therefore p~^{Bk) n S 7^ 
for all k. Since p|s is proper, we have a decreasing sequence p~^{Bk) n S of 
non-empty compacts of R", which therefore has a non-empty intersection. If A 
belongs to this intersection, then clearly A e S and moreover p{\) E Bk for all 
fc, that it, p{X) = A'. n 

A particularly interesting case is when L[, . . . , L'^, generate the same subal- 
gebra of 23(0) as Li, . . . , L„. In this case, there exists also a polynomial map 
q={qi,...,q„) -.W' -)■ R" such that 

Li=qiiL'), ..., Ln = qniL'). 
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Notice that in general p and q are not the inverse one of the other: from the 
spectral theorem, we only deduce that {qop)\Y: ~ ids, (j'°'z)|e' == ids' (in fact, 
these identities extend to the Zariski-closures of E and S'). In particular, 

are homeomorphisms. 

Such polynomial changes of variables may be induced by particular auto- 
morphisms of the Lie group G. Namely, let O be the unital subalgebra of £i(G) 
generated by ii, . . . ,£„. If fc G Aut(G'), then its derivative fc' is an automor- 
phism of g, therefore it extends to a unique filtered *-algebra automorphism 
of ©(G) = 11(0) (which will be still denoted by fc'); we then say that O is k- 
invariant if fc(C') C O, or equivalently, if &(©) = O (the equivalence is due to 
the fact that fc' is an injective linear map and the filtration of 'ii(G) is made of 
finitely dimensional subspaces). 

Let Aut(G;C') denote the (closed) subgroup of Aut(G) made of the auto- 
morphisms k such that O is fc-invariant. If fc G Aut(G;0), then 

fc'(ii),...,fc'(L„) 

must be a system of generators of O; therefore, we can choose a polynomial 
map pk = {Vk,\, ■ ■ ■ ,Pk,n) ■ R" -^ R" such that fc'(Lj) = Pk,j{L). 

Notice that, for every fc e Aut(G), the push-forward via k of the right Haar 
measure /i on G is a multiple of /x, and in fact there is a Lie group homomorphism 

c : Aut(G) -^ M+ such that 

k{^) — c{k)^. 

In particular, if we set 

Tfe/^/ofc-i 

for fc G Aut(G), then we have immediately 

Proposition 3.5.3. For fc e Aut(G), Tk is a multiple of an isometry of L^{G); 
more precisely 



\\Tkf\\l = c{k)-^\\f\\l 




Moreover, for all D e1){G), 




k'{D)^TkDT^\ 




In particular, for every hounded Borel m : M" ^ C, 




m{k\L^),...,k\L^))=Tkm{L^,... 


■,L„)T-' 


and consequently 





l^k'{L)'m = c{k)TklCLm. 

Proof. The first equality follows from the change-of- variable formula for a push- 
forward measure. The second one can be easily proved for vector fields D G Q 
and then extended to general D E 1){G). The third identity follows from the 
second one and uniqueness of the joint spectral resolution (Tk is a multiple 
of an isometry, so that conjugation by Tk preserves orthogonal projections). 
Consequently, we have, for (p G 2)(G), 

m(fc'(i))(/. = Tfe((T- V) * ICLm) = c(fc)0 * Tfe/Cim 

by the properties of convolution, and the fourth identity follows. D 
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Corollary 3.5.4. // fc G Aut{G;0), then, for every bounded Borel function 

m : M" ^ C, 

(mopk){Li,...,Ln) = Tkm{Li,...,Ln)T,:^, 

and moreover 

/Cl (to o pfe) = c{k)TklCLm. 

The previous results, together with the characterization of Plancherel mea- 
sure given in Theorem 3.2.7, give finally 

Corollary 3.5.5. //fc G Aut(G; O), then 

Pk{<y) == c(fc)cr, Pfc(S) = s. 

We then have that the restrictions Pfe|s (which arc uniquely determined by k) 
define an action of the group Aut(G; O) on the spectrum S by homeomorphisms; 
more precisely 

Proposition 3.5.6. The map 

Aut(G; O) X S 9 (fc, A) ^ p^-i (A) e S (3.5.1) 

is continuous, and defines a continuous (left) action of Aut{G;0) on S. 

Proof. Recall that E may be identified, as a topological space, with the Gelfand 
spectrum of the sub-C*-algebra Co{L) of Cv'^{G), where A e S corresponds to 
the multiplicative linear functional ^\ defined by 

ip\{m) ~ to(A). 

By Corollary 3.5.4 we then deduce 

V'pfc(A) = c(fc)V'A0'7fc, 

which clarifies that (3.5.1) defines a left action on E. 

Moreover, since Cq{V)C\L}{G) is dense in Go(i) (see Proposition 3.2.3), and 
since c{k)Tk is an isometry of Cv^{G), wc obtain easily that 

k I— > c(k)TkU 

is continuous for every u e Cv'^(G). Therefore, since the topology of the Gelfand 
spectrum is induced by the weak* topology, we immediately obtain that (3.5.1) 
is separately continuous, and also jointly continuous since the ipx have uniformly 
bounded norms. D 

The richer the group Aut(G; O) — or rather, its quotient by the subgroup 
of automorphisms which fix each of the generators Li, . . . , L„ — is, the more 
we may deduce about the structure of the spectrum S and of the Plancherel 
measure a. An example of this fact is illustrated in the next section. 
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3.6 Homogeneity 

Let G be a homogeneous Lie group, with automorphic dilations 6t and homo- 
geneous dimension Qs- A weighted subcoercive system ii, . . . , L„ e 2)(G) will 
be called homogeneous if each Lj is Jt-homogeneous. 

In the following, Li,...,L„ will be a homogeneous weighted subcoercive 
system, with associated Plancherel measure a, and rj will denote the degree of 
homogeneity of Lj, i.e.. 

The unital subalgebra of £'(G) generated by Li, . . . , L„ is (5t-invariant for every 
t > 0. Therefore, if we set 

and if we denote by et the dilations on R" given by 

et(A)-(t'-iAi,...,t'-"A„). (3.6.1) 

(which will be said associated to the system Li,...,L„), then from Corollar- 
ies 3.5.4 and 3.5.5 we immediately deduce 

Proposition 3.6.1. For every bounded Borel m : M" — > C, we have 
(mo et){L) = Dtm{L)Dt-i, (mo etj— t^'^^mo St-i- 

Moreover, the support T. of a is et-invariant, and 

for all Borel A C K". In particular, cr({0}) = 0. 

Since the Plancherel measure a is homogeneous, it admits the decomposition 
given by Proposition 2.3.23, and in particular from Corollary 2.3.24 we get 

Corollary 3.6.2. The Plancherel measure a associated to a homogeneous sys- 
tem Li, . . . , Ln is locally 1-hounded on M" \ {0}. 

The homogeneous system Li, . . . ,Ln G 2D(G) will be called a Rockland sys- 
tem if the unital subalgebra of S)(G) generated by ii, . . . , L„ contains a Rock- 
land operator. We now prove that every homogeneous weighted subcoercive 
system is also a Rockland system, with respect to a possibly different family of 
automorphic dilations of G; in doing so, we obtain a characterization of homo- 
geneous weighted subcoercive systems which is more representation-theoretic in 
character. 

Proposition 3.6.3. Let Li,...,i„ G ®(G') be pairwise commuting and for- 
mally self-adjoint. 

(i) If Li, . . . , Ln is a weighted subcoercive system, then, for every non-trivial 
irreducible unitary representation tt of G on a Hilbert space H, the oper- 
ators dTr{Li), . . . , dTT{Ln) are jointly injective on li^ , i.e., 

dTr{Li)v — ■ ■ ■ — dTT{Ln)v = =^ v = 

for alive n°°. 
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(ii) If, conversely, for every non-trivial irreducible unitary representation tt of 
G on a Hilbert space %, the operators dT:{Li), . . . ,(i7r(L„) are jointly in- 
jective on T-U^ , then Li, . . . , L„ is a Rockland system with respect to every 
system of dilations on G such that the homogeneity degrees of Li, . . . , Ln 
have a common multiple; in fact, such systems of dilations on G do exist, 
and in particular Li, . . . , L„ is a homogeneous weighted subcoercive system 
with respect to the original dilations on G. 

Proof, (i) Let p be a real polynomial such that p{L) — p{Li, . . . , Ln) is a 
weighted subcoercive operator. Choose moreover a system Xi, . . . , Xd of gen- 
erators of made of Jt -homogeneous elements, so that St{Xk) = t'^''Xk for 
some i>k > 0. From Theorem 1.4.1(v) we deduce that, possibly by replacing p 
with some power p™, there exist a constant C > such that, for every unitary 
representation tt of G on a Hilbert space "H, 

\\d7T{Xk)vf < Gi\\vf + \\d7T{p{L))vf) (3.6.2) 

for V e-H°°, k = l,...,d. 

Fix now a non-trivial irreducible unitary representation tt of G on a Hilbert 
space H, and let v G H°° he such that 

d'K{Ll)v — ■ ■ ■ — dTT{Ln)v — 0. 

For i > 0, since 5t € Aut(G), itt = tt o St is also a unitary representation of G; 
moreover, it is easily checked that smooth vectors for TTt coincide with smooth 
vectors for tt, and that 

dntiD) ^ dniStiD)) for every I? e D(G). 

In particular, 

dTTt{p{L))v = dTr{{po et){L))v =p{0)v, 

thus from (3.6.2) applied to the representation tt^ we get 

\\d7T{Xk)vr<t-^'^^G{i + \pm')\\vr, 

and, for t — > +oo, wc obtain 

dn{Xi)v = • • • = dTT{Xd)v = 0. 

Since Xi, . . . , Xd generate g, this means that the function x h- > 7r(x)w is constant, 
i.e., 

7r(x)u — V for all x e G, 

but TT is irreducible and non-trivial, thus v — 0. 

(ii) By the results of [Mil80] (see in particular Proposition 1.1 and its proof), 
we can find a gradation on G with respect to which the operators Li, . . . , L„ 
are still homogeneous; since in this case the degrees of homogeneity are integers, 
they must have a common multiple. 

Suppose therefore that St is a system of automorphic dilations of G such 
that the degrees ri, . . . , r„ of Li, . . . , L„ have a common multiple M. Then 



A = if '/'■^ + • • • + Lf ^Z'-" 



103 



Chapter 3. Commutative algebras of differential operators 

is (5t-homogeneous of degree 2M and belongs to the unital subalgebra of 'I){G) 
generated by Li, . . . , L„. Moreover, for every irreducible unitary representation 
TT of G on H, and for every v G H°° , we have 

(d^(A)«, v) = |ld^(Li)^/'-i«||2, + . . . \\d^{L^)'^/--v\\l^, 

so that, if dTT{/S)v = 0, then also dTr(Lj)v ~ ioi j ~ 1, . . . ,n, therefore v ~ 0. 
This proves that A is a Rockland operator. 

Notice now that, by Proposition 1.4.4, A is a weighted subcoercive operator 
on G. Since ii, . . . , i„ are (5t-homogeneous, the conclusion follows. D 

We now show that a Rockland operator in the unital algebra generated by 
Li, . . . ,Ln plays the role of "homogeneous norm" on the spectral side. 

Proposition 3.6.4. Let \ ■ \^ be a et-homogeneous norm on K". Suppose that, 
for some polynomial p, the operator p{L) is Rockland of degree r. Then there 
exists a constant C > 1 such that 

G-i|A|e<|p(A)r/'-<C|A|, /or-AeS. 

Proof. If M is a common multiple of 

7", ri, . . . , r„, 

it follows from Theorem 1.4.1(vi) applied to the positive Rockland operator 
|p|2M/r(^) that there exists C > such that 

\\Lf/'''uh < C\\piL)^/^uh 

for all u E 2?(G'), j = l,...,n; therefore, by the properties of the spectral 
integral, we deduce that 

lAjf/"^^ <Ci/^|p(A)|i/'- forAeS. 

Since 

n 
j = l 

the first inequality of the conclusion follows easily. 
Finally, notice that 

{poet)iL)^Dtp{L)D,-i^t-piL) 

since p{L) has degree r, so that 

po et ^ t^p on S 

and the second inequality also follows. D 
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3.7 Gelfand pairs 

Let G be a connected Lie group. In this paragraph, we describe a particular 
way of obtaining weighted subcoercive systems on G, which has been extensively 
studied in the literature. 

Let X be a compact subgroup of Aut(G). Notice that the homomorphism 
c : Aut(G) -^ M+ defined in §3.5 must be identically 1 on iiT by compactness, so 
that the elements of K preserve the Haar measure of G. A continuous function 
/ : G — )■ C is said to be K -invariant if 

Tkf = / for all keK; 

this definition is naturally extended to other spaces of functions on G, and also 
to distributions. We add a subscript K to the symbol representing a particular 
space of functions or distributions in order to denote the corresponding (closed) 
subspace of iiT-invariant elements; for instance, i^(G) denotes the Banach space 
of iiT-invariant L^ functions on G. Since 

Tkif * g) = (Tkf) * {Tug), mn = {Tkfr, 

it is immediately proved that L]^{G) is a Banach *-subalgebra of L^{G). 
We also define the projection 



PK-.f^ / Tkfdk, 
J K 

where the integration is with respect to the Haar measure on K with mass 1; 
by a suitable notion of integral, this projection is defined on various spaces of 
functions and distributions on G, and on most spaces it is a continuous operator 
(with unit norm) , which maps the whole space onto the subspace of iiT-invariant 
elements. Moreover 

PkU * {Pk9)) - PkUPkI) * g) = {PkI) * {Pk9), PkU*) = {PkIT. 

Among the left-invariant differential operators on G, we can consider those 
which are iiT- invariant, i.e., which commute with T^ for all k d K. The set 
®i<r(G) of left-invariant iiT-invariant differential operators on G is a *-subalgebra 
of 2)(G), which is finitely generated since K is compact (cf. [Hel62], Corol- 
lary X.2.8 and Theorem X.5.6). Moreover, TtxiG) contains an elliptic operator 
(e.g., the Laplace-Beltrami operator associated to a left- invariant iiT-invariant 
metric on G, cf. [Hel84], proof of Proposition IV. 2. 2). Therefore, if one chooses 
a finite system of formally self-adjoint generators of Tik{G), the only property 
which is missing in order to have a weighted subcoercive system is commutativ- 
ity of £»k(G). 

In fact, under these hypotheses, the following properties are equivalent (cf. 
[Tho84], or [Wol07], §8.3): 

• £>k(G) is a commutative *-subalgebra of 2)(G); 

• L\f{G) is a commutative Banach *-subalgebra of L^{G). 
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The latter condition corresponds to the fact that (G xi K, K) is a Gelfand pair^. 
We now summarize in our context some of the main notions and results from 
the general theory of Gelfand pairs, for which we refer mainly to the expositions 
of Faraut [Far82] and Wolf [Wol07], but also to the books of Hclgason [Hcl62], 
[Hel78], [Hel84]. In the following, wc always suppose that L]^(G) is commuta- 
tive; consequently, G must be unimodular (cf. [Hcl84], Theorem IV. 3.1). 

The /iT-invariant joint eigenfunctions (f> of the operators in Sif(G) with 
0(e) — 1 are called K -spherical functions. These functions can be equivalently 
characterized as the continuous and non-null functions <j) on G such that 

(j){x)(j){y) — I (f){x k{y)) dk for all x,y £ K. 

J K 

The set ©^ of bounded ii'-spherical functions, with the topology induced by the 
weak-* topology of L°°{G), is identified with the Gelfand spectrum &{L]^{G)) 
of the commutative Banach *-algebra L^(G), via the correspondence which 
associates to a bounded ii'-spherical function (p the (multiplicative) linear func- 
tional 

on L^{G). According to this identification, the Gelfand transform — which is 
also called the K -spherical Fourier transform — of an element / G L]^{G) is 
the function 

GKf : ©K 9 <^ ^ (/, 0) e C. 
The ii'-spherical Fourier transform Qk is a continuous homomorphism of Banach 
algebras L]^{G) -^ Co{&k), with unit norm. 

If is a function of positive type on G, then its projection PKfp is of positive 
type and X-invariant. Let Vk denote the set of X-invariant functions (j) of 
positive type on G with (j){e) = 1. Then Vk is a closed and convex subset of 
Pi (see §1.2.1), whose extreme points are the elements of ©^ = (8k H Vk, i-e., 
the iiT-spherical functions of positive type; in particular, by the Krein-Milman 
theorem, the convex hull of ©^ is weakly-* dense in Vk- 

By restricting iiT-spherical transforms to ©J^, one obtains that 



(aK(.r))le+ =(ax/)le+, 

therefore the map / h- > (Gk f)\0+ is a *-homomorphism L]^{G) — > Go(©J^) with 
unit norm and dense image. Moreover, there exists a unique positive regular 
Borel measure ctk on ©j^, which is called the Plancherel measure of the Gelfand 
pair (G x K, K), such that 

f{x)\^dx^ f IGKfm^daKicI)) 



^The general notion of Gelfand pair is the following: if S is a locally compact group, and 
K a compact subgroup of S, then (S, K) is said to be a Gelfand pair if the (convolution) 
algebra L^{K;S;K) of bi- if -invariant integrable functions on 5" is commutative. The study 
of a Gelfand pair (5, K) involves the if -homogeneous space S/K: for instance, bi- if -invariant 
functions on S correspond to if -invariant functions on S/K. In the case S = G x if, the 
homogeneous space S/K can be identified with G; moreover, the convolution in L^ (if; S; if) 
corresponds to the convolution in L^(G), and most of the notions and results about Gelfand 
pairs can be rephrased, in this particular case, in terms of the algebraic structure of G (see, 
e.g., [Car87] or [BJR90]). This has to be kept in mind when comparing the results mentioned 
here with the ones presented in the literature. 
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for all / G L]^ L'j^{G); further, the map / i-^ {0x1)10+ extends to an isomor- 

Choose now a finite system Li, . . . , L„ of formally self-adjoint generators of 
2)/f (G). As we have seen before, the system Li, . . . , L„ is a weighted subcoercive 
system on G. If the map d^ of §3.3 is extended to all the joint eigenfunctions 
of Li, . . . , L„, then it is known (see [Fer07]) that 

is a homeomorphism with its image i?i(0/i-), which is a closed subset of C". 
Notice that 

(i.e., the X-spherical functions of positive type are joint eigenfunctions of posi- 
tive type of Li, . . . , Ln) and that 

^L(e5+) - ^UVl) 

(since the iiT-invariant projection of a joint eigenfunction is still a joint eigen- 
function); consequently, for every A € '&l{'Pl), there exists a unique element of 
■d^^{\) n Vl which is a X-sphcrical fimction (cf. [Hcl84], Proposition IV.2.4). 

The embedding d^ allows us to compare the notions of X-spherical trans- 
form Qk and Plancherel measure ax of the Gelfand pair (G xi X, K) with the 
notions of kernel transform /C^ and Plancherel measure a associated to the 
weighted subcoercive system Li, . . . , L„. As a preliminary remark, notice that 
from Proposition 3.5.3 it follows that, for every bounded Borel m : K" — > C, 
the corresponding kernel /C^m is X-invariant. 

Proposition 3.7.1. Let f E L]^{G). Then there exists m E Go(]R.") such that 

QKl{c^)^m{dLm for4>e(3+. 

For any of such m, and for every unitary representation n of G, we have 

7r(/) = m((i7r(Li), . . . , d7r(L„)), 

and in particular 

f ^ K-Lm. 

Proof. Since GKf\0+ G C'o(25J-), and since '&l\0+ is a homeomorphism with 
its image, which is a closed subset of M", then by the Tietze-Urysohn extension 
theorem we can find m <£ Go(IR.") extending (GKf) o {'&l\0+ )"^- 

By Proposition 3.2.4, for every u G J7l and every unitary representation ir 
of G, we have 

7r(u) = u{dn{Li), . . . , dn{Ln))] 

therefore the map 

jL3u^ueL\G) 

extends by density (see Proposition 3.2.3) to a *-homomorphism 

$:Go(M")^G*(G), 
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and we have 

7r($(u)) =u(rf7r(Li,...,L„)) 

for all u € Co(R") and all unitary representations tt of G. The conclusion will 
then follow if wc prove that 

/ = *M 

as elements of C*{G). 

Recall that every </> G Pi defines a positive continuous functional w^ on 
C*{G) with unit norm, which extends 

L^{G)3h^ {h,(f)) eC; 

in fact, the norm of any g G G*{G) is given by 

||g||, =: sup cj^{g*g*) 

(cf. §1.2.1). Therefore, in order to conclude, it will be sufficient to show that 
the set A of the (j> E Vi such that 

c.4(/-<i>(m))*(/-$(m))*) = 

coincides with the whole Vi- 

Notice that both / and $(m) belong to the closure C*^{G) of L]^{G) in 
C*{G), and it is easily checked that, for cf) G Vi and g E C*j^{G), 

u}^{g) =u}p^4g); 

consequently, we are reduced to prove that Vk C A. In fact, since A is a closed 
convex subset of Vi, it is sufficient to prove the inclusion ©^ C A. 

On the other hand, the functionals w^ for (p G ©J^ are multiplicative on 
L]^(G), thus they are also multiplicative on ^^{G) by continuity, therefore 

w^((/ - ^(m)) * (/ - $(m))*) - \oj^{f - <5(m))|2 = |g^/(0) - m(^i(0))|2 = 

for every (f) G ©^ (cf. Propositions 3.3.3 and 3.3.4), and we are done. D 

Thus, by applying first Qk and then /Cl, we are back at the beginning. 
The composition of the transforms in reverse order is considered in the follow- 
ing statement, which gives also an improvement of Proposition 3.2.11 in this 
particular context. 

Corollary 3.7.2. Let m : M" — > C &e a hounded Borel function such that 
rh G L^{G). Then rh G L]^{G) and 

gK{JCLm){4>) = m{dL{(t>)) for all <j) E e^ with i^lI-/-) e S. 

In particular to|s G Co(S). 

Proof. We already know that rh is X- invariant, so that rh E L\{G). Therefore, 
by Proposition 3.7.1, we can find u E Co(R") such that 
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for all (/) G 0^, and we have 



I.e., 

m(Li, . . . , Ln) = u{Li, ..., L„), 

which means, by the properties of the spectral integral, that m and u must 
coincide on the joint spectrum E of ii, . . . , i„, and we are done. D 

Finally, we compare the Plancherel measures a and aK- 

Corollary 3.7.3. We have 

'^^^L\ig+{crK), CTK ^ {^L\@+y^{<y)■ 

Proof. Recall that 'dL\0+ is a homeomorphism with its image, which is a closed 
subset of R" containing the support E of a, thus the two equalities to be proved 
are equivalent. 

Set a — (^l|0+)^^(o')- Then ct is a positive regular Borel measure on 25^. 
Moreover, if f e L]^ n L\{G), then by Proposition 3.7.1 there is m G Co(IR") 
such that 

gKl{4>)^rn{dLm for all ,/.€©+ 

and 

/ = rh. 

Since / G L'^{G), by Theorem 3.2.7 we also have m e L'^icr), and 

j\f{x)\^dx^[ \mfda^ f IGKffda 
Jg Jr" J0+ 

by the change-of-variable formula for push-forward measures. By arbitrariness 
of / € L^ n L'j^{G) and uniqueness of the Plancherel measure of a Gelfand pair, 
we obtain that ax = ct, and we are done. D 

We have thus shown that the study of the algebra £>k(G) of differential 
operators associated to a Gelfand pair (G xi K, K) fits into the more general 
setting of weighted subcoercive systems, where in general there is no compact 
group K of automorphisms which determines the algebra of operators. 

In fact, in the context of Gelfand pairs, there are additional tools (e.g., the 
projection P^) which permit clearer formulations of results, and simplify several 
proofs. On the other hand, it should be noticed that the hypothesis of Gelfand 
pair is quite restrictive. Namely, if L\^(G) is commutative, then G must be 
unimodular. Moreover, the algebra 1)k{G) contains an elliptic operator, so 
that its eigenfunctions are analytic (cf. §X.2 of [Hel84]), and this is an essential 
tool in proving some properties of iiT-spherical functions; however in general a 
weighted subcoercive operator is not analytic hypoelliptic (see, e.g., [Hel82]). 
Further, if G is solvable, then G must have polynomial growth, and, if G is 
nilpotent, then G is at most 2-step (see [BJR90]). 

In this last case, which we will refer to as of nilpotent Gelfand pairs, notice 
that it is always possible to find a family of automorphic dilations 5t on G 
which commute with the elements of K (in fact, one obtains a iiT-invariant 
stratification g = Vi® V2 by taking V2 ~ [fl, g] and Vi ~ V^ with respect to some 
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iiT- invariant inner product on g). With respect to such dilations, the algebra 
1)k{G) is a homogeneous *-subalgebra of 1){G), so that it is possible to choose 
a system Li, . . . , i„ of formally self-adjoint generators of "SKiG) which are also 
(5i-homogeneous, and we fall into the case of homogeneous weighted subcoercive 
systems which are considered in the multiplier theorems of Chapter 5. 

On the other hand, our results can be applied also to homogeneous groups 
which are 3-step or more, and which therefore do not belong to the realm of 
Gelfand pairs. For instance, in §4.4.4 we show that, on the free 3-step nilpotent 
group A'2,3 with 2 generators, endowed with an action of 5*02 by automor- 
phisms, although the whole algebra of 502-invariant operators on N2,3 cannot 
be commutative, yet there exists a non-trivial commutative subalgebra to which 
our results can be applied. 
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Chapter 4 

Weighted inequalities for 
kernels 



Having established, in the previous chapter, the main properties of the kernel 
transform K,l associated to a weighted subcoercive system Li, . . . , L„ on a con- 
nected Lie group, here we investigate the problem of integrability of the kernel 
/Cltti in terms of smoothness conditions on the multiplier m. The results of this 
chapter can thus be thought of as weak multiplier theorems, which are prelimi- 
nary to the more refined results of Chapter 5, where singular integral operators 
are considered. 

In the context of Euclidean Fourier multipliers, the above problem is reduced, 
by Holder's inequality, to controlling a weighted L^ norm of the kernel, which 
corresponds, by the properties of the Fourier transform, to an L^ Sobolev norm 
of the multiplier. A similar route is followed here: a multi-variate analogue of 
a long- used Fourier-series-decomposition technique (see, e.g., §6.B of [FS82]), 
combined with heat kernel estimates, allows to control a weighted L^ norm of 
the kernel in terms of a Sobolev (or Besov) norm of the multiplier, provided 
that the latter is supported in a fixed compactum; in the case of a group with 
polynomial growth, this yields also control on the integrability of the kernel. 
Interpolation plays here a fundamental role, as in [MM90], in order to reduce 
the smoothness requirements on the multiplier. 

For non-compactly supported multipliers, we describe a general result, hold- 
ing in any group with polynomial growth, which is due to Hulanicki [Hul84] in 
the case of a single operator: if the multiplier ?Ti is a Schwartz function, then 
the corresponding kernel /CiW is also Schwartz (and in particular is intcgrable). 

Going back to the compactly supported case, further improvements on the 
smoothness requirements are achieved through a technique due to Hebisch and 
Zienkiewicz [HZ95] , which exploits algebraic properties of the group in a non- 
trivial way, highlighting a phenomenon which is specific to the non-commutative 
realm. 

Finally, some examples of weighted subcoercive systems on specific groups 
are presented, with explicit computations of the Plancherel measure, and the 
possibility of giving a "coordinate- free" formulation of the so- far obtained results 
is discussed. 
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4.1 Weighted estimates 

Let Li, . . . , Ln be a weighted subcoercive system on a connected Lie group G, 
with joint spectral resolution E, joint spectrum S C M", Plancherel measure a, 
and define the polynomials p^,po,pi, . . . ,p„ as in §3.2. 

Let p : K" -^ R^+" be the map whose components are the polynomials 
Po, ■ ■ -^Pn- For / e Zi+", set 

E (A) = e*''''"''*^' - 1 = gi('oe"™<^'+iie"''i<^'+---+i,ie-''"(^') _ y 

Then £;, e Co(M"), and in fact 

^^^ ^ (!W!:L:_(!U!:,-/c„po...,-fe„p„ 



/cn ! • • • fcr? ! 



-e "'^" • • • e 



with uniform convergence on M". This means that, if h^^t is the heat kernel of 
Pu{L) for i^ = 0, . . . , ri (with h^xi denoting the Dirac delta at the identity of G), 
then 

Ei= 2_^ - — '— '—Y — ha^ka *■■■* hn,k„ (4-1-1) 

in Cv^{G). 

Lemma 4.1.1. There exists C > such that 

||£^;||2 <C'|?| for all I e Z^+'^ . 
Proof. We have 

n 

\Ei{X)\ < \l ■ e-P(^)| < J2 Ihle'"'^^^ < (1 + n)\l\e-P'^^\ 

so that in particular, if 

f^eP'Ei and k^{e-P'y, 
then, by Lemma 3.2.1, Ei = f(L)k and 

||^H|2<||/||oo||fc||2<(l+n)|lfc|l2|?|, 

which is the conclusion. D 

Let I • |g be a connected modulus on G. We introduce the notation 

{x)g = 1 + |a;|G- 
Notice that, since | • |g is subadditive, {■)g is submultiphcative. 
Lemma 4.1.2. There exist c, a; > such that 

ll^dlL^(G,e^i^iod.)<ce"l'l foraUleZ'+". 
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Proof. Since all the connected right-invariant distances on G are equivalent in 
the large, by interpolating the estimates (d) and (e) of Theorem 1.4.1, we have 
that there exist c > 1 and w > such that 

\\hi,.te^'^'^\\q < ce"* for i > 1, z^ = 0, . . . ,n and q G [l,oo]. 

Let k E N^+" \ {0} and notice that, in the convolution product 

ho^ko * • • • * ^n,fe„, 

the factors /i,y.fe,^ with k^ ~ can be simply omitted; since the weight e'''^ is 
submultiplicative, by applying Young's inequality to the so reduced product we 
obtain 

\\{ho,ko *■■■* hn,kJe^-^^\\, < ci+"e"(fco+-+'=™) 

for g G [1, oo]. 

This means in particular that the series in (4.1.1) converges absolutely in 
L2(G,e2|^lGda;), with 



E 



{ll^f" ■ ■ ■ [ilnf- 



/cq! ■■ -knl 



ho,ko * • • • * hn,k„ 



<ci+«ge-|;| 



L2((3 e2|="lG dx) 



Therefore, by uniqueness of limits, we also have Ei e L^{G, e^l^l^ dx) and 



\Ei\ 



L2(G,e2|'"lG dx) 



l+n^e'^\l\ 



< e^"e 



which is the conclusion. 

Lemma 4.1.3. For all a>Q, we have 

\\El\\L^(G,{x)^^dx) < Ca\l\°'^ 



u 



forleZ 



l+n 



Proof. First, notice that, by Lemma 4.1.2, it is sufficient to check the estimate 
for 1^1 large. But then, for \l\ large, we have 



\Ei{x)\^x)l? dx < 



|2;|g<i^|'| •'\x\g>'.^\1 



<{l+C.\l\)'"\ml+{ sup e-2'-(l+0'" PHli.(G.e^MG,.) 



,r>ij\l\ 



<c„|?p("+i) 



by Lemmata 4.1.1 and 4.1.2. 



D 



Lemma 4.1 A. Let K C M" he compact. For every f E I?(]R") supported in K, 
there exists g G 2?(T"'^+") (depending linearly on f ) such that 



f{X)=g{e--'''')^g{ 



e'" , ■ • ■ , e 



g(l,...,l)-0, 
l5llff»(Ti+") < C'k,s||./||h=(R") for all s > 0. 
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In particular, if g{e'^^) ~ X];ezi+" 5(0^*' * ^^ ^^^ Fourier series development of 
g, then we have 

f^ Y. 9{l)Ei, 

with uniform convergence on K." . 

Proof. Since K C M" is compact and the polynomials po,...,Pn are strictly 
positive, p{K) is a compact subset of $7 = ]0, +oo[ ". Therefore we can choose 
TpK G 'D{fl) such that 'iPk\p(k) = 1- If we put 

Kv) = f{yi-yo,---,yn- vo)i'K{y) for y e ]R^+", 
we then have that / e 2?(il), f = f o p and 

II/IIh=(ri+'') < C'k,s||/||h=(R") for all s > 0, 

by Proposition 2.3.17, since the change of variables has maximal rank. 
Notice now that the map 

<P:n3y^ e'"'" = {e""'"" , . . . , e*"""" ) G T1+" 

is a smooth diffconiorphisni with its image, which is an open subset of 1"^+" 
not containing (1, . . . , 1). The function g = f o ^^^ g 2?(<i>(ri)) can be then 
extended by zero to a smooth function on f'^+"^ and wc have clearly 

I|5'I!h=(ti+") < C'K,s||/||ffa(Ri+») for all s > 0. 

The construction shows that g depends linearly on / and that 

f^go^op, 5(1,...,1) = 0, 

II.9||h-(ti+") < CK,s\\.f\\H-{R") for aU s > 0. 
In particular, we have 

E 5(0 = 0, 

so that the Fourier decomposition of g can be rewritten as 
(with uniform convergence since g is smooth), which implies that 

with uniform convergence on K". D 

Proposition 4.1.5. Let K QW he compact, a > 0. For all f G X>(M") with 
supp / C K , we have 

ll/llL2(G,{x>2,°da;) < G K,a,fi\\f\\ Hf {WL^) 

for 13 > a+{n + 3)/2. 
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Proof. Let g E I)(T^+") be given by Lemma 4.1.4. Then 

/= Yl aim 

in Cv'^{G). However, the series in the right-hand side converges absolutely in 
L'^{G, (x)^ dx), since 

E m)\m\\LHG,i^)i^d.)<Cc. Y. i5(oii^r+' 

by Lemma 4.1.3, Holder's inequality. Proposition 2.3.20 and the fact that 

2(;3 - a - 1) > 1 + n. 
Therefore, by uniqueness of limits, also / G L^{G, {x)"^ dx) and 

\\f\\L^({x)^^dx) < C'-ff,a,/3||/ll_H"/3(R"): 

which is the conclusion. D 

Theorem 4.1.6. (i) Let K QW^ be compact, D e S(G), a>0 and 

P > a. 
For all f e B^,oo(lR") -with supp/ C K, we have 

\\Df\\L-^G.{x)l?'dx) < CK,D,a,;3||./||Bg^_^(R„)- 

(ii) Suppose that, for some open A C K" and < d < n, the Plancherel 
measure a is locally d-bounded on A. Let K <Z A be compact, D e ©(G), 
^l!iiP,<ll!iiOo,a>Q and 

n r1 

/3 > aH 



p niax{2,p} 
For all f e B^qlR"^) with supp/ C K, we have 

\\Df\\L^(G,{x)'^^dx) < CK,D,a,l3,p,q\\f\\Q!l>^(jg,n.y 

Proof (i) Consider first the case D = 1. Let ^ e ^(R") be such that Ck = 1, 
and let K' C R" be compact with supp^ C K'. By Proposition 4.1.5 and 
Corollary 2.3.14 we then have clearly, for / G I?(R") with supp/ C K' , 

\\.f\\L^{G,{x)%''dx) < C!K,a,f3\\f\\Hf>(R'-) < Gx,q,;3|| /|| ^^ _^(r„) 

ioT (3 > a + {n + 3)/2. By Proposition 2.3.9, every / € B^ 2(^") with support 
contained in supp^ can be approximated in B^ 2(^") ^Y smooth functions with 
supports contained in K , so that the inequality 

\\.f\\L^(G,{x)ji'dx) < GK,a,/3||/|lB/^ ^(R„), 
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for l3 > a+ {n + 3)/2, extends to all / e B^^^{W) with supp/ C supp^. In 
particular, if we consider the linear map 

then, by Proposition 2.3.13, we have that 

M is bounded sf^ 2(K") ^ L^{G, {xf^ dx) for /3 > a + (n + 3)/2. 

On the other hand, in the case a = 0, by Theorem 3.2.7 and Propositions 2.3.6, 
2.3.13, we have, for / e BSo,i(R"), 

Il(/012 - ll/elU^M < CKWfiWoo < CK||/ellB^,,(K") < Ck||/||b1.,(K"), 

that is, 

M is bounded Sl^ ^(R") ^ L^{G). 

By interpolation (see Proposition 2.3.1 and Theorem 2.1.2), we then get that 

M is bounded B'!^^^{W) -^ L^{G, (x)^^" dx) for ep>9a + e{n + 3)/2 

for all e e ]0, 1[, that is, 

M is bounded B^^^iW) -^ L^{G, (x)^" dx) for (3 > a. 

Finally, if / € B^ oo(^") fo^' some (3 > a and supp/ C K, then / = fS, and 
moreover / G i?^ 2^^") ^^^ some (3' e ]a,/3[, so that 

\\f\\L2iG,{x)l''dx) = P^/llL2(G,(a:)2,°dx) < ^K ,a,^ || /|| ^£^' ^^jj„^ 

by Proposition 2.3.2. 

Take now an arbitrary D e £>(G). For / e B^^(R") with supp/ C K, set 

Then, by Lemma 3.2.1, 

and moreover, by Proposition 2.3.13, /o G -B^ oo(^") ^n.^ supp/o C ii', so that 

ll^./llL2(G,(2;>2,°da;) < II /o || L2 (G,(x)g» dx) II ^Cll Li (G,(2;)g di) 

< C'K,D,Q,,3||/o|ls/3^_^(Ji,„) < C'/f,D,Q,,3||/|ls/3^_^(R„) 

by Young's inequality. Theorem 1.4.1(f) and Proposition 2.3.13. 

(ii) By proceeding as in part (i), but with K' C A, and noticing that, by 
Proposition 2.3.2 and Corollary 2.3.14, 

||/||h=(K") < CK,s,s'\\f\\B-J,^{M") 

if supp/ C K' and s' > s + n/2, we easily obtain that 

M is bounded S'^al*") ^ L^{G, {x)^g dx) for /3 > a + (2n + 3)/2. 
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If wc prove that, for some g G [1, oo], 

M is bounded B^^JW) -^ L^{G) for /3 > j -, (4.1.2) 

' ^^ p max{2,p} 

then the conclusion fohows analogously as in part (i). However, for p = oo, 
(4.1.2) is proved as in part (i), whereas, forp = 2, it follows from Corollary 2.3.22 
and Proposition 2.3.2; therefore, for 2 < p < oo, we get (4.1.2) by interpolating 
the cases p ~ 2 and p ~ oo (see Proposition 2.3.1), whereas, for 1 < p < 2, we 
use the embeddings from Proposition 2.3.2. D 

By Sobolev's embedding, it is not difficult to obtain also pointwise estimates: 
Corollary 4.1.7. Let /C C M" be compact, D e S)(G), a > and 

13 > a. 
For all f G B^ oo(I'^") ™^^ supp/ C K, we have 

SVLp{x)'^\Df{x)\ < CK,D,».M\f\\B^ (K-)- 

If moreover the Plancherel measure a is locally d-bounded on some open A C M", 
1 l£ PiQ l£ oo, and we have K Q A, 

n d 

13 > a+ - 



p max{2,p}' 
then, for all f e B^,,(M") with supp/ C K, 

SUp(x)g|L»/(x)| < CK,D,aJ3,p,q\\f\\B^^^(R^)- 

Proof If C G I'(K") is nonnegative and ^(e) > 0, and if we set 

Wa = (-)S*C 

for a > 0, then Wq. is smooth and nonnegative, 
and moreover 

DWa{x) < CD,a{x)G 

for all DeTi{G). 

Wc then have, ior /3 > a and D e 2)(G), 

sup{x)2;\Dfix)\ < C^snpWo,{x)\Df{x)\ 

x£G xeG 

<a ^ ||A^(z«„Af)l|2<a J2 \\i^'''wo,){A''"Df)h 

h\<k l7'l + l7"l<fe 

< Cq 2^ \\A''Df\\i^2(^G.{x)%" dx) < CK,D,a.,fS,p,q\\f\\B^_^ 
h\<k 

by Sobolev's embedding and Theorem 4.1.6. D 
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Finally, in the case of polynomial growth, by Holder's inequality we obtain 
immediately weighted L^ estimates. 

Corollary 4.1.8. Suppose that G has polynomial growth of degree Qg, cind let 
K C K" be compact, D eT){G), a > and 

For all f e B^^(R") with supp/ C K, we have f e L^-°°{G) and 

\\Df\\L\G,{x)'^dx) < Ck.Co,/? 11/11 B^^(K„)- 

If moreover the Plancherel measure a is locally d-bounded on some open A C M", 
1 !i Pi 9 ^ oo, and we have K <Z A, 

a ^ , Qg n rl 

P > ctA — - — \ 



2 p max{2,p}' 
then, for all f e S^,g(K") with supp/ C K, 

\\Df\\L^G,{x)'^dx) < CK,D,a,l3,p,q\\f\\B^^(Mr.y 

4.2 Schwartz functions 

As before, let Li, . . . , L„ be a weighted subcoercive system on a connected Lie 
group G, with joint spectrum E. 

By Lemma 3.2.1(c) and Proposition 3.2.8, it follows easily that, if a bounded 
Borel function / : M" -^ C decays at infinity faster than the reciprocal of any 
polynomial, then /Cl/ G L'^''°°{G). In the case G has polynomial growth, this 
statement can be amplified in terms of the Schwartz class (see §1.2.6). 

Proposition 4.2.1. Suppose that G has polynomial growth. If f E S{M."), then 
IClI G S{G), and the map 

5(R") 9 / H^ /Cl/ e S{G) 

is continuous. 

Proof. Consider first the case n = 1, L = Li positive and weighted subcoercive. 
By Theorem 1.4.1(e), the heat kernel kt = /CL(e^*) belongs to S{G) for all 
t > 0. The conclusion then follows by a result of Hulanicki [Hul84]. 

Suppose next that n G N is arbitrary, but all the Lj are positive and weighted 
subcoercive. Then we can proceed as in the proof of [ADR09], Theorem 5.2. 
Namely, if / = /i (8) • • • ® /n, then 

ICUfl ® • • • ^ /n) = IClAIi) ■ --I^LAfn) 

by definition of joint spectral resolution, and the conclusion follows by the case 
n — 1 since 

5(M") = 5(R) ®^ • • • ®^ S{R). 
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Finally, in the general case, let pQ,pi, . . . ,pn be the polynomials defined in 
§3.2. Then the operators 

Zo=Po(i), Li=pi{L), ..., Ln=Pn{L) 

are all positive and weighted subcoercive, so that in particular they are a 
weighted subcoercive system. Moreover 

where 

^(^Oj Ai, . . . , A„) = (Ai — Aq, . . . , A„ — Aq), 

77(Ao, Ai, . . . , A„) = V'(Ao -po(Ai - Aq,. . . , A„ - Aq)), 

and i/) G 2?(M) is such that V'(O) = 1- The conclusion then follows by the 
previous case and by the fact that the map 

/ H^ (/ o <^)ri 

is continuous 5(R") ^5(Ri+"). D 

Remark 4.2.1. The proof of the mentioned result of Hulanicki [Hul84] uses 
(in the one-variable case) a Fourier series decomposition analogous to the one 
exploited in §4.1 in order to obtain weighted L^ estimates. However, since 
Schwartz functions in general are not compactly supported, the exponential 
change of variable of Lemma 4.1.4 does no longer apply. Hulanicki uses instead 
a polynomial change of variable, and correspondingly he requires, in place of 
heat kernel estimates, some estimate on the resolvent kernel. 

Remark 4.2.2. The inverse problem — i.e., determining if, for each / : S — > C 
such that JClI G S{G), f is the restriction to E of some / G 5(]R") — is much 
more difficult. In the context of nilpotent Gelfand pairs, some positive results 
in this direction are known (see [ADR07], [ADR09], [FR09], [FRYIO]). 

4.3 Improved weighted estimates 

In the weighted L^ estimates obtained in Corollary 4.1.8, the regularity thresh- 
old is half of the degree Qg of polynomial growth of the Lie group G. In the case 
G ~ R", the degree Qg coincides with the topological dimension dim G — n. For 
more general nilpotent Lie groups, however, Qg > dimG. Nevertheless, for a 
particular class of 2-step homogeneous groups — namely, Heisenberg and related 
groups — multiplier theorems have been proved with (dimG)/2 as the regular- 
ity threshold. Here we present a technique, due to Hebisch and Zienkiewicz 
[HZ95], which allows (in some cases, including those just mentioned) to lower 
the threshold in the weighted L^ estimates, and whose generality is particularly 
suited to our context. 

Let G be a nilpotent Lie group, with Lie algebra q. Let 3 be the center of g, 
and set 

t) = {«e0 : [«,0]C3}; (4.3.1) 

X) is an ideal of g, which contains 3 and is characteristic, i.e., t) is invariant by 
automorphisms of q. Let moreover P : g — >■ g/3 be the canonical projection. 
The bilinear map 

[•,•] :0X g^g 
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induces, by restriction, passage to the quotient and transposition, another bi- 
hnear map 

which we will call the capacity map of g, and is uniquely determined by 

J(P(x),T)(y)=T([x,y]) 

for X G 0, y G 1), r G 3*. The group G is said to be a Heisenberg-type group (or 
H-type group for short) if there exists an inner product on g such that, for every 
T G 3* of norm 1, the map 

Ji-^-r) :g/3^t)* 

is an isometric embedding (this implies that g = f), so that G is 2-step). If G is 
a H-type group, then in particular we have 

|J(x,t)|>|x||t| 

for suitable norms on g/3, 3* and t)*; the validity of such an inequality defines 
the class of Metivier groups, which has been introduced in the study of analytic 
hypoellipticity of Rockland operators (see [MetSO], or [Hel82]); this class is 
strictly larger than that of H-type groups (see [MS04] for an example), but is 
still contained in the class of 2-step groups. 

In the following, we consider a more general inequality of the form 

\J{x,t)\>w{x)C{t) 

for some non-negative functions w : g/3 ^ M, C : 3* ^ K, which can be also 
rewritten as 

w{xf < \J{x,T)fC{ry^ 

for some /3 > 0. The idea is to interpret this inequality via the spectral the- 
orem, in order to control a multiplication operator (corresponding to w{x)^) 
with a function of the central derivatives (corresponding to C(t)^'^); in this in- 
terpretation, it turns out that |J(x,r)p corresponds to a sum of products of 
left-invariant and right-invariant differential operators on G, therefore the term 
I J{x, r) p can be dominated by a clever use of an a priori estimate for a weighted 
subcoercive operator on the direct product G x G. 

In order to fill in the details, it is convenient to introduce some notation. 

For every smooth differential operator D on G, the identity 

(Df)* = D°f* 

defines another differential operator D° on G. It is immediate to check that 

{XiDi+X2D2)° = X^DI + X;D°, {DiD2)°=DlDl D°° = D, 

i.e., the map D h- > D° is a conjugate- linear involutive automorphism of the 
unital algebra of all smooth differential operators on G; moreover, since 

(i./)*-i?x(.r) forahxeG, 

this correspondence maps left-invariant operators to right-invariant ones, and 
vice versa. 
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The Lie algebra g of the direct product G = G x G is canonically isomorphic 
to © 0, where the action of {X, Y) G g © g on the smooth functions on G is 
determined by 

{X,Y){f®g)^{Xf)®{Yg). 

We define the correspondence D h^ D* on S)(G) as the unique conjugate-hnear 
automorphism of the unital algebra J)(G) = U(g © g) which extends the Lie 
algebra automorphism 

{X,Y)^{Y,X) 

of g © g. 

Let £, be the unitary representation of G on L^ (G) given by 

£.{x,y)f = RxLyJ. 

Then, for every D G 2)(G), d^(D) is a smooth differential operator on G, which 
in general is neither left- nor right-invariant. In fact, if Z) g 2)(G) is an operator 
along the first factor of G x G, then d£^{D) is left-invariant, whereas, if D is along 
the second factor, then d£,{D) is right-invariant. 

Lemma 4.3.1. For every D G S(G), 

di{D') = d^Dr. 

Proof. Since both sides of the equality to be proved, as functions oi D E S(G), 
are conjugate-linear homomorphisms of unital algebras, it is sufficient to check 
the identity for vector fields. Let then D = (X, Y) E g Q) Q- We have 



daD')r - i 



e(exp(ty),exp(tX))/ 

d 
~ It 



(e(exp(tX),exp(tr))/)* = {daD)fy 



which gives the conclusion. D 

For D g 2)(G), let D e 2D(G) be the differential operator along the first 
factor of G X G which corresponds to D, i.e., 

D{J®9)^{Df)®g, 

so that in particular d(^{D) = D. 

Lemma 4.3.2. Let L = _L+ G ^CG) be weighted subcoercive, and set A = L^. 
Then A + A* is positive weighted subcoercive on G. 

Proof. For D E 2)(G), let D^ E 2)(G) be the differential operator uniquely 
determined by the identity 

UJ = D^J. 

Clearly the correspondence D h- > D^ defines a conjugate-linear involutive au- 
tomorphism of the unital algebra 2)(G). From this, it is not difficult to prove 
that, for every D eT){G), 

D'{f®g)^f®{D-g). 
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In particular, we have that A + A* is the sum of two left-invariant differential 
operators on G, of which the first is along the first factor of G x G, and corre- 
sponds to L^ , whereas the second is along the second factor, and corresponds 
to {L^Y . We know from the hypothesis that L is self-adjoint and weighted sub- 
coercive; by Proposition 3.4.2, in order to conclude it will be sufficient to show 
that V is weighted subcoercive too. 

Fix a reduced weighted algebraic basis ^i , . . . , A^ of g and a weighted subco- 
ercive form C such that dRaiC) = L. If G is the form defined by C(a) = C{a), 
then it is easy to see that 



dRGiC)f^dRG{C)f, 
so that, by definition, i* — dRoiC). On the other hand, 

n{(l),dRG(C)(p) = ^(4>,dRG{C)4>), 

so that, from the definition of weighted subcoercive form, it follows immediately 
that G is weighted subcoercive. D 

As in the previous sections, let Li, . . . , i„ € 53(G) be a weighted subcoercive 
system on the nilpotent Lie group G, and let A — p{L)'^, where p is a real 
polynomial such that p{L) is weighted subcoercive. 

We define 

i=(A + A')/2, A = d^{A) = {A + A°)/2. 

By Lemma 4.3.2, A is a (left-invariant) positive weighted subcoercive operator 
on G, whereas A is a differential operator on G which in general is neither 
left- nor right-invariant. Since ^, A, A* commute pairwise, the corresponding 
operators A, A, A° in the representation ^ admit a joint spectral resolution by 
Corollary 3.1.3. 

Let ht [t > 0) be the convolution kernel of e^*^. 

Lemma 4.3.3. Suppose that u G L'^{G) commutes with all the ht (t > 0). For 
all Borel m : ^ ^ C, u is in the dom,ain of to(A) if and only if it is in the 
dom,ain of m{A), and in this case 

m{A)u = m{A)u. 

Proof Notice that, for aU / e V(G), 

A/* = (A°/)* 

Since / i— > /* is an isometric automorphism of Lp'{G), it intertwines also the 
spectral resolutions of A and A°, so that in particular, 

e-*^°/ = (e-*^r)* - (.r * M* = /^* * / 

and then 

e /=e I e ' f ^ nt/2* f * rit/2, 

so that, since u commutes with ht/2, 

e-'^u = e-'^u. 
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Let Ct(^) = e^*^, and set Jq — spanj^t : t > 0}. By the previous identity, 
it is immediate to show that, if m G ^Toi then m(A)u — m{A)u. 

If m e Co (K) , then by the Stone- Weierstrass theorem we can find a sequence 
fTT-k G iTo such that mk — > m uniformly on [0, +oo[. Therefore, since A and A 
are positive operators, by passing to the limit for k — > +oo in the identity 
mk{A)u = mk{A.)u, we obtain m{A)u = m{A)u. 

It is not difficult to extend the previous identity to all Borel m : M ^ C by 
the spectral theorem and dominated convergence. D 

Lemma 4.3.4. Let X E g. Then, for all v E g, 

(X + X°)|e,p(,)=dexp,([«,X]). 

Proof. Notice that the semigroup on G associated to X + X' is 

t^ {cxp{tX),exp{tX)). 
This means that, for all / G 2?(G), v E q, 

/(exp(-tX) exp(w) exp(iX)). 



(X+X°)|exp(„)/ - — 



t=0 



dt 
On the other hand, 

exp(— tX) exp(u) exp(iX) = exp(Ad(exp(— tX))(w)), 
so that 



d_ 
di 



(exp(— tX)exp(u)exp(iX)) — dcxp^{a.d{—X){v)) — dexp^{[v,X]), 
t=o 



which is the conclusion. D 

In the following, since G is nilpotent, we will identify G with g via the 
exponential map. Choose a basis vi^.-.^Vr of (fl/j)* and a basis Ti, . . . ,Td 
of 3, and set Pj — Vj o P. The functions Pj : G ^ M. can be thought of 
as multiplication operators on L'^{G), and it is not difficult to show that the 
operators 

Pi, . . . ,Pr,-iTi,. . .,-iTd 

are (essentially) self-adjoint on L'^{G) and commute strongly pairwise, so that 
they admit a joint spectral resolution. 

Via the chosen bases, J can be identified with a bilinear map M*" x M'' — >■ t)*. 
Therefore, for every F € t), we have a bilinear form J(-, ■){Y) : R'' x R'' — > R, 
which in fact is a polynomial; we can then evaluate this particular polynomial 
in the operators Pi, . . . , P^, — iPi, . . . , —iTd, and denote by 

J{P,-iT){Y) 

the resulting operator on L'^{G). 

Finally, choose an inner product on t) — which induces an inner product on 
xf — and an orthonormal basis {Yi]i of t). Then also the map 



|J(.,.)P:R'-X 
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is a polynomial, thus as before we can consider the operator |J(P, — iT)p on 
i^(G), and clearly 



|J(p,-^^)p = ^(J(p,-^T)(yor. 

I 

Lemma 4.3.5. For all Y ^ \), J{P,—iT){Y) is a differential operator on G; 
more precisely, 

J{P,-iT){Y) = -i{Y + Y°). 

In particular 

Proof. Let Ti, . . . , T^ G 3* be the dual basis of Ti, . . . , Td, and i>i, ... ,i>r G 0/3 
be the dual basis of i^i, . . . , i^r- Then, by bilinearity, for every Y G Y), 

j{p,-iT){Y) ^ -iY,j{v„n){Y)p,n. 

This shows that J{P,—iT){Y) is a differential operator on G. In fact, for all 
X e G = g, we have 

3 
therefore 

JiP,-iT){Y)U = -*5] J(P(x),ffe)(y)Tfe 

k 

= -^^^fe([x,y])Tfe - -^[x,y] = -i(y + y°)U 

k 

by Lemma 4.3.4 (notice that, since Ti,...,Td are central, they are constant 
vector fields in exponential coordinates). D 

Since Ti , . . . , T^ are central, the left-invariant differential operators 

Li,...,Ln,-iTi,...,-iTd (4.3.2) 

on G are a weighted subcoercive system. We can thus consider the Plancherel 
measure a' on R" x 3* associated to this system, which can be shown not to 
depend on the choice of the basis of 3. 

The core of the technique under discussion is contained in the following 

Proposition 4.3.6. Let us suppose that, for some nonnegative Borel functions 

w : g/3 — > K and ^ : 3* — > K, we have 

\J{x,t)\ > w{x)C{t) for allxe 0/3, re 3*. 

If K C M" is compact, then for all m G I?(M") with supp?Ti C K and for all 
/3 > we have 

II \w o pfrhWl < Ck.p f |m(A)p C{r)-'^ da'{X, r). 
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Proof. From the hypothesis we deduce 

W{xf < \J{x,T)\^CiT)-^ 

and then also, by the spectral theorem, 

||koP|^/||2<C^|||J(P,-*T)|^CHT)-^/|l2 



for / e L^{G). 

By Lemma 4.3.5, we have 

Since A is weighted subcoercive on G and —^i(Yi + Y*)'^ G S(G), by Theo- 
rem 1.4.1(v), for some polynomial g^ we have, in the representation ^, 

\\\J{P,-tT)f^h < Cp\\qp{A)i^h, 
therefore, by putting the two inequalities together, we get 

\\\woPff\\,<Cfj\\a-lT)-^qp{A)fh 

(since the Tj commute strongly with A). In particular, if we take / = m, 

\\\woPfmh<Cp\\a-iT)-^qf3iA)mh^Cp\\a-iT)-^qpiA)m\\2 

by Lemma 4.3.3, since m commutes with all the ht by Lemma 3.2.1. 
On the other hand, by Lemma 3.2.1 and Theorem 3.2.7, 

|lC(-*r)-^^(A)m||2 == f \fh(X)\^q^{p{\)rC{T)-'f>da\\,T) 

<Ck,J |m(A)|2C(T)-2^d^'(A,T), 

where Ck.p = sup;^^^ ^^(^(A))^. D 

By simple manipulations, the previous estimate may take a slightly more 
general form. 

Corollary 4.3.7. Let us suppose that, for some nonnegative Borel functions 
''^3 ■ 0/3 ^^ ^ '^'^'^ • 3* ^^ I^ (J = Ij • • • 1 h); "^6 have 

\J{x,t)\ > Wj{x)Q{t) for all x G g/j, t ef, 

and set Wj(x) = 1 + Wj{P{x)). If K C M" is compact, then for all m E 2?(M") 
with supp m <Z K and for all j3 = (/3i ,...,/?;;) > we have 

[ |™(x)p n*,(x)2ftdx<C^^~ / |m(A)p n(l + 0(r)-^^Oda'(A,r). 
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Proof. If wc set, for / C {1, . . . , h}, 

jei jei jei 

then clearly 

\J{x,t)\ > wi{x)Ci{t) for all x e g/3, t e f , 

and moreover 

Y[w,{xf^^<C^ Y^ w^~^^{P{x)f^', 
i=i /c{i,...,/i} 

j=l /C{l,...,h} 

therefore the conclusion follows by repeated application of Proposition 4.3.6. D 

Therefore, under some particular hypotheses, we may control a weighted 
L^ norm of m in terms of a weighted L^ norm of m, where the weight on the 
spectral side is a function of the central coordinates. The following result gives 
some information about the latter norm. 

Proposition 4.3.8. Let C G ^ioc(3*) ^^ nonnegative. Then the push-forward 
(T^ of the measure 

ar)da'{X,r) (4.3.3) 

on the first factor ofW^ x 3* is a regular Borel measure on M". 

Suppose moreover that G is a homogeneous group, with dilations St and 
homogeneous dimension Qg, and that Li, . . . , L„ is a homogeneous system, with 
associated dilations Cf. If the function C, is homogeneous of degree a, i.e., 

C{ToSt)^t-C{T), 

then (T^ is homogeneous of degree Qs + a, i.e., 

ac(6,(A))^t'?^+Vc(A) 

for all Borel A <ZW^. 

Proof. Let K C R" be compact. By Lemma 3.5.1, the canonical projection 
R" X 3* ^ M" is a proper continuous map when restricted to supper', therefore 
there is a compact K' C ^* such that 

(iCx 3*) n supper' CKxK', 

and consequently 



ac{K)^ / C{r)da'{X,T) 



< Ck / e-^^''^^\{T)da'{\T)^CKmxK'Y'\^mhi\\ 



2 

KxK' 
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by Lemma 3.2.1 and Theorem 3.2.7. On the other hand, since hi E S{G), the 
last quantity is easily seen to be finite by using the Euclidean Fourier transform 
and the fact that (Cxk'V^'^ G L'^ii*)- 

We have thus proved that, ii K C K" is compact, then <7q{K) < oo. By 
Theorem 2.18 of [Rud74], this means that a^ is a regular Borel measure on K". 

Suppose now that G is a homogeneous group and Li, . . . , i„ a homogeneous 
system. Without loss of generality, we may take the basis Ti,. . . ,Td of 3 as 
composed by (5t-homogeneous elements, so that 

Li, . . . ,Ln, —iTi, . . . , —iTd 

is a homogeneous weighted subcoercive system, and the associated dilations ej 
on K" X 3* are given by 

By Proposition 3.6.1, cr' is e^-homogeneous of degree Qs- Therefore, if ( is 
homogeneous of degree a, then clearly the measure (4.3.3) is homogeneous of 
degree Qs + a; since the canonical projection R" x 3* — )■ R" intertwines the two 
system of dilations, we infer that also cr^ is homogeneous of degree Qs + a. □ 

The previous results give, via interpolation, an improvement of the estimates 
of §4.1. 

Proposition 4.3.9. Let us suppose that, for some nonnegative Borel functions 

Wj '■ 0/3 -^ R o,rid Cj : 3* — > R (J = 1, . . . , k), we have 

\J{x,t)\ > Wj{x)Q{t) for all X e g/j, r G 3*, 

and set Wj{x) — 1 + Wj{P{x)). Let us suppose moreover that, for some open 
A C R", /3 > 0, 7 > 0, 1 < p, <7 < 00, and all compact K C A, 

f l/(A)P l[(^ + Q{r)-'^'nda'{X,r)<C^j^^^J\f\\l.^^^^^ (4.3.4) 

for allj>j and f E ^(R") with supp f CK. Then 

J^ \m{x)\' {x)l" n %(x)2ft dx < C^,„,^-^||m||B,^^(R„) 

for all a > 0, J > a + ^, K <Z A compact, m G 2?(R") with suppm C K. 

Proof. By (4.3.4) it follows that the function Q cannot be everywhere null, 
therefore the inequality 

\J{x,t)\ > Wjix)Q{T), 

together with the bilinearity of J and Proposition 1.3.1, implies that, for some 
C,0>O 

Wj{P{x)) < C{x)% for aU x e G; 

thus we also have 

n«),(x)^^^<G,~(x)f^^+-+^^) 

127 



Chapter 4. Weighted inequahties for kernels 



for some Cs > 0. 

Let V e X>(M") such that iPIk = 1, K' = suppV" Q A. The operator 

T : m 1-^ (mipy 

is then continuous 

for a > 0, 7 > a + 0(/3i + . . . /3h) + nhy Theorem 4.1.6, whereas it is continuous 

for 7 > 7 by Corollary 4.3.7 and (4.3.4). The conclusion then follows by inter- 
polation (see Proposition 2.3.1). D 

Corollary 4.3.10. Under the hypotheses of Proposition 4-3-9, suppose more- 
over that 

. h 

/ (2;>G^" n *j(^)"^'^' dx<oo (4.3.5) 

for a > a?;. Then we have 

\m{x)\ {x)2;dx < Cj^^^jJinWe;^ 



'G 

for all a > 0, "/ > a + as + 7, K <Z A compact, m G 2?(R") with supp m C K . 

Proof. Choose a' strictly between as and 7 — a— 7. Then, by Holder's inequality 
and Proposition 4.3.9, 



J |m(x)| (x)g dx < Ck..c.,^ j j {x)a^''' f[ w^ix)-^^^ dx 



1/2 



I™I1b;,, 



and the conclusion follows from (4.3.5). D 

As we mentioned at the beginning, the clearest example of application of 
this machinery is that of Metivier groups, i.e., the connected, simply connected 
groups G such that 

\Jix,T)\ > \x\\t\ for ah x G g/3, t G 3*, 

for some norms on g/3 and 3*. 

Lemma 4.3.11. If G is a Metivier group, then: 

(i) 3 = [q,q\, and in particular G is 2-step nilpotent; 

(ii) dim(g/3) is even; 

(Hi) dim 3 < dim(g/3). 
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Proof, (i) From the definition, it follows immediately that, if r e 3* \ {0}, then 
the linear map 

Ji-,T) : 0/3^0* 

is injective, and moreover it takes its values in the subspace of t)* corresponding 
to (15/3)*. Thus we have dim(r)/3) > dim(g/3), but 3 C t) C g, therefore t) — Q, 
which means that [q,q\ C 3. If the inclusion were strict, then we would find 
r € 3* \ {0} such that rKg gi — 0, so that, by the definition of J, we would have 
J{x, t) — for all x € 0/3, which contradicts the hypothesis. 

(ii) Choose r G 3* \ {0}. Then, by the hypothesis, the skew-symmetric 
bilinear form on g/3 induced by 

Qxg3 {x,y) ^Ti[x,y]) G M 

is non-degenerate. In particular, dim(g/3) must be even, 
(iii) Fix X e g \ 3. The linear map g/3 — >■ 3 induced by 

g 9 ?y H^ [x, y] e 3 

determines, by transposition, a linear map 3* — > (0/3)*, which is injective by 
the hypothesis, and in particular dim3 < dim(g/3). D 

Proposition 4.3.12. Suppose that G is a Metivier group. If a > and 

dimG 

7 > aH 2 — ' 

then, for every K C M" compact, 

\\'nT-\\LHG.,{x)'^dx) < CK,a,f\\m\\B2^_^ 

for all m G 2?(G) with suppm C K. 

Proof. We take as wi and Ci the chosen norms on g/3 and 3* respectively. By 
Proposition 4.3.8, the hypotheses of Proposition 4.3.9 are satisfied for h = 1, 
A = K", 7 = 0, p = g = 00, if Cr^'^' e -^ioc(3*). i-e-, if 2/3i < dim3. Having 
fixed such a /3i, by Proposition 1.3.1 it follows easily that 

(1 + |x|g)-'" (1 + w;i(P(a;)))-2/3i dx < 00 

G 

if 2a > Qa — 2/3i (since 2/3i < dim(g/3) by Lemma 4.3.11). We can then apply 
Corollary 4.3.10 with a^ = Qg/2 — /^i, thus obtaining the inequality 

\\'<TT-\\LHG.Xx)'^dx) < CK,a,f\\m\\g2^_^ 

for 7 > q; + Qg/'2 — Pi- On the other hand, Qg = dimG + dim3; since /3i can 
be chosen arbitrarily near (dim3)/2, we get the conclusion. D 

We have thus shown that, for Metivier groups, the regularity threshold in 
weighted L^ estimates may be lowered to half of the topological dimension. The 
same result can be obtained, by a slight generalization of the previous argument, 
also for nilpotent groups which are direct products of several Metiver and/or 
abelian groups. In fact, as it is noticed in a remark at the end of [HZ95], there 
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arc further cases of groups for which this technique gives an improvement of 
weighted L^ estimates. 

In order to attempt a systematic treatment of these various cases, we in- 
troduce the following definition: for /i e N, we say that a homogeneous Lie 
group G is h-capacious if there exist linearly independent homogeneous el- 
ements uji, . . . ,uJh € (0/3)* s-nd linearly independent homogeneous elements 
zi, . . . , Zfi €3 such that, for j — 1, . . . ,h, 

|J(x,t)| > |c^,(x)||t(z,)| for all x G fl/3, r e 3*. (4.3.6) 

Clearly, every homogeneous Lie group is 0-capacious. Here are some criteria 
which may be of some use in showing that a certain homogeneous group is 
/i-capacious. Recall that we denote by 

0[1] =fl, 0[r+l] = [9,9[r]] 

the descending central series of a Lie algebra g. 

Proposition 4.3.13. Let G be a homogeneous Lie group, with dilations Sf. 

(i) If G is a Metivier group (with any family of automorphic dilations), then 
G is {diva i)- capacious. 

(a) Suppose that, for some r > 2, dimgu = 1. Then G is 1- capacious. 

(Hi) If Q admits a C-linear structure which is compatible with its homogeneous 
Lie algebra structure, and if moreover dime Qm = 1 for some r > 2, then 
g is 2-capacious. 

(iv) Suppose that G = Gi x G2, where Gi and G2 are homogeneous Lie groups 
with dilations 5i^t and 62,t respectively, so that St — (5i.f x S2,t- If Gi is 
hi-capacious and G2 is h2-capacious, then G is (hi + h2) -capacious. 

Proof (i) Since the St are automorphisms, 3 is a homogeneous ideal. Therefore, 
if ft, = dim 3, by Lemma 4.3.11 we can choose linearly independent elements 
zi, . . . , Zh of 3, and linearly independent homogeneous wi, . . . ,ujh € (0/3)*. By 
a suitable renormalization, we then have 

\ujj{x)\\t{zj)\ < \x\\t\ < \J{x,t)\ for all x G 0/3, r G 3*, 

since G is Metivier. 

(ii) Since G is nilpotcnt, it must be r-step, so that g^^] ^ 3- Notice that the 
ideal Q[r-i] is preserved by every automorphism of g, therefore it is generated 
by (5t -homogeneous elements; since [0,0[r-i]] = flw 7^ 0, then there must exist a 
(5i-homogeneous element y G fl[r-i] such that, for some xq G g, [a;o,y] = z ^ 0. 
In particular J/ 7^ and moreover, since the ideal gr^i is 5i-homogcneous and 
1-dimensional, necessarily z is (5t-homogeneous. 

Since y G 0[r-i], the linear map [-,2/] : — > takes its values in gj^j = Mz; 
therefore, there exists ui G (0/3)* such that 

[x,y] = uj(P{x))z for all a; G g. 

Notice that uj{P{xo)) — 1, thus a; 7^ 0; moreover, since both y and z are 
homogeneous, also uj is homogeneous. Finally 

J{x, T){y) = uj{x)t{z) for ah x G g/3, t G 3*, (4.3.7) 
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which imphes imm.ediatcly that G is 1-capacious. 

(iii) Arguing as in part (ii), but with a complex Lie algebra g, one finds 
an identity analogous to (4.3.7), where now w is a C-linear functional on g/3, 
and z G 3. The conclusion then follows by taking the R- linearly independent 
R-linear functionals JRo;, 3a; on g/3, and the M-linearly independent elements 
z,iz € 3. 

(iv) Via the canonical identification 

fl = 01 X 02, 

we have (with the obvious meaning of the notation) 

3=31X32, t}==t}iXt)2, 

thus also 

3*=3tx32> l)*=t)iXt);, fl/3 = (fli/31) X (02/32). 

Moreover it is easy to check that 

J{{xi,X2),{ti,T2)) = (Jl(Si,Ti), J2(S2,T2)), 

therefore 

\J{{xi,X2), (ti,T2))| > max{|Jl(Sl,Tl)|, 1^2(^2, T2)|} 

and the conclusion follows immediately. D 

Notice that the previous proposition is not sufficient to exhaust all the cases 
of /i-capacious groups. For instance, one can check that all the nilpotent groups 
listed in [Nie83], except for the free nilpotent groups, are (at least) 1-capacious, 
for at least one choice of a homogeneous structure on them; see also the examples 
of §4.4. 

Lemma 4.3.14. Suppose that G is h-capacious, and let wi, . . . , w/j G (0/3)* be 
as in the definition. Then the functionals loj o P are null on [q, q\. In particular 

h < minjdimj, dimg — dim(3 + [g, g])}. 

Moreover, we can find a homogeneous basis of of g compatible with the descend- 
ing central series such that the functionals wi o P, . . . , w/j o P are part of the dual 
basis. 

Proof. Notice that 

[[g,0],O] c [g, [g,o]] c [g,3] =0. 

Therefore, from the definition of J it follows that, for every x G [g,0], 

J(P(x),t)=0 for ah tG 3*. 

In particular, by choosing in (4.3.6) a r G 3* such that t{zj) 7^ 0, we obtain 
that the functional cvj o P is null on [g,g]. In particular, the luj o P correspond 
to linearly independent elements of (0/([0,0] +3))*, thus the inequality about 
h follows. 
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Let now W =- kcr(a;i o P) n • • • n ker(a;^ o P). Then Ty is a homogeneous 
subspacc of containing [0,0]. Moreover, if Wj is the element of (0/VF)* corre- 
sponding to Wj, then wi, . . . , w/j are a homogeneous basis of (0/VF)*. We can 
then choose homogeneous elements wi , . . . , w^ G such that the correspond- 
ing elements in the quotient 0/VK are the dual basis of wi, . . . , (D/j. Finally, we 
append to ui , . . . , u/j a homogeneous basis of W compatible with the descend- 
ing central series (which, apart from 0[i], is contained in VF, and is made of 
homogeneous ideals), and we are done. D 

Here is finally the improvement of Corollary 4.1.8 for /i-capacious groups. 

Theorem 4.3.15. For some ft- € N, suppose that the homogeneous group G is 
h-capacious, and let Qg be its degree of polynomial growth. Let moreover 

Ll, ■ ■ ■ , Ln 

be a homogeneous weighted subcoercive system on G. Ifp,q € [l,oo], a > and 

Qa-h n 1 

7> aH ^ \ i^r~r' 

2 p max|2,p| 

then, for every K C M" \ {0} compact, 

\\'m\\LHG,{x)'^dx) < CK,a.'(\\M\Bl^ 

for all m G 'D{G) with supp?Ti C K. 

Proof. Let wi, . . . ,a;;i G (0/3)* and zi, . . . , z;; G 3 be given by the definition of 
/i-capacious, and set 

Wj {x) = |Wj (x) I , Cj (t) = \t{zj ) I . 

Notice now that, since the Zj are linearly independent, for every choice of 
Pi, . . . ,l3h G [0, l/2[, the push-forward as of the measure 

h 

l[{l + Q{rr'''nda'{X,r) (4.3.8) 

via the canonical projection on the first factor of R" X3* is, by Proposition 4.3.8, 
a regular Borel measure on R"; in fact, since the Zj are homogeneous, as is the 
sum of ej-homogeneous positive regular Borel measures on R" (with possibly 
different degrees of homogeneity) , hence as is locally 1-bounded on R"\{0}. By 
Corollary 2.3.22, embeddings and interpolation, this means that the hypotheses 
of Proposition 4.3.9 are satisfied for A = R" \ {0} and 7 = n/p — 1/ max{2,p}. 
By Lemma 4.3.14, we can find a homogeneous basis vi, . . . ,Vk of 0, compat- 
ible with the descending central series, such that, ii vi, . . . ,Vh is the dual basis, 
then Vj = LOj o P for j — 1, . . . ,h; in particular we have Wj{x) = 1 + |t)j(a;)|. If 
we set 

Kj ~ max{r : Vj G Q[r]}, 

then by Proposition 1.3.1 we have 



k k 

Y^Kj, {x)g-1+Y,\v3{x)\' 
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and in particular 

for j ~ 1, . . . ,k and aj > 0. Moreover, since the ljj o P are null on [g, g], then 
Kj — I ior j — I, . . . ,h. 

Notice now that, for fixed /3i, . . . , /3^ e [0, l/2[, if a > satisfies 
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'^j=i j='i+i 



We can thus apply Corollary 4.3.f0, and the conclusion follows because, if the 
V tends to Ei=h+i «i 



j3j tend to 1/2, then as tends to X^^h+i '*i ~ Qg ~ h. D 



Notice that, as in Corollary 4.1.8, the estimates can be improved for p < oo 
by results of local d-boundedness; in this case, however, the measure to be 
examined is not the original Plancherel measure a, but its "modified version" 
as considered in the proof. 

4.4 Examples 

We now see how the techniques and results previously shown can be applied in 
some particular cases, involving nilpotent Lie groups. Preliminarily, some gen- 
eral computations are performed, which concern, on the one side, the Plancherel 
measure associated to a weighted subcoercive system and, on the other side, the 
capacity map of a nilpotent Lie algebra. The results thus obtained and the in- 
troduced notation shall be understood in the subsequent specific examples. 

4.4.1 Computation of the Plancherel measure 

Here we present a "heuristic" method which can be used in order to determine 
the Plancherel measure associated to a specific weighted subcoercive system, in 
connection with the group Plancherel measure. 

If G is a connected Lie group which is type I and of polynomial growth, and 
Li, . . . , Ln is a weighted subcoercive system on G, then we know (see Propo- 
sition 3.3.16) that there exists a generic set Ggcn of (equivalence classes of) 
irreducible unitary representations of G such that, if tt G Ggon, then the Hilbert 
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space "Htt admits a complete orthonornial system of joint eigenvectors {v^ ci}a 
of Li, . . . , Ln- If X-K.a G M" denotes the eigenvalues of Li, . . . , i„ corresponding 
to the eigenvector Wtt.q, then, for every m G I?(R"), 



|m(A)|2dcr(A) = / |m(a;)pda;== j ||7r(m)||^s rivr 






If one is able to determine both the group Plancherel measure and the eigen- 
vectors Wtt^q in such a way that the function (tt, a) i— > A^r^a is sufficiently reg- 
ular, then the measure a on M" is determined by the previous identity as the 
push-forward of the product of the group Plancherel measure times a counting 
measure. 

For nilpotent Lie groups, the Kirillov theory gives a fair amount of infor- 
mation about irreducible representations and the group Plancherel measure 
(see [CG90] , and also [Nie83] , where irreducible unitary representations and the 
group Plancherel measure are computed for every nilpotent Lie group of dimen- 
sion up to 6). However, except for some particular cases, an "explicit" formula 
for the joint eigenvalues of Li, . . . , L„ in a generic irreducible representation is 
not easy to find. 

Two-step nilpotent Lie groups. In the case of a two-step nilpotent Lie 
group, we follow the computation of the group Plancherel measure given in 
[ACDSOO]. 

Namely, let g = © 3, where 3 is the center of g, and let (•, •) be an inner 
product on g such that _L 3. To every r € 3*, we associate the skew-symmetric 
endomorphism B(t) of defined by 

{B{t)v,w) = t{[v,w]), 

and set t,- = ker i3(r), m,- = 00 r^. Since B{t) is skew-symmetric, irir has 
even dimension. Denote by A the Zariski-open subset of 3* such that dimrrir is 
maximum, and let ?n € N be such that dimrrir — 2m for t G A. We can then 
choose, for r G A, an orthonornial basis 

Ei{T),...,E^{T),Ei{T),...,Em{T) 

of rrir such that 

B{t)E,{t) = b,{T)E,{r), B{t)E,(t) = -b,{T)E,{T) 

for some 6j(t) G K \ {0} and for j = 1, . . . , to. For r G A, if 

yr = spa.n{Ei{T),...,E,n{T)}, \)r = span{£'i (t), ..., ij„(r)}, 

and wc use coordinates {X, F, i?, Z) G yr ®t)T®t^T®3 on G = g, then, for yu G r*, 
an irreducible unitary representation tt,-,^ of G on L'^{i-t) is defined by 

7rr,^(X, y, R, Z)^{X') = e-(^+[^'+^/2^^1)e^^(«),/,(X + X'). 
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If moreover, for t e A, we denote by D{t) — foi(T)^ • • • bm{T)'^ the determinant 
of the restriction of B{t) to m,-, then D{t) is a polynomial function of r, and 
moreover, as in [ACDSOO], one can show that, for / e S{G), 

G JAJt* 

Notice now that, for Z e 3, _R G c^, 

(these differential operators are represented as constants), whereas 

d 



where (ti, . . . , tm) are the coordinates related to the basis Ei{t), . . . , Emir) of 
'.j{t) = -{E,{t)^ + E,{ 

2 



yi-- In particular, if Lj{t) = — (£'j(t)^ + Ej{t)^), then 



d^.,^(L,(r))--(^) +b,{T)h^ 



It can be easily checked that an orthonormal basis of _L^(j:,-) made of joint 
eigenfunctions of dT:r,p,{Li{T)), . . . , diTr^^iLmiT)) is given by 

m 

for a = (ai, . . . , a„i) e N™, where 

and 

is the fc-th Hcrmitc polynomial; we have in fact 

dTrr,f,{Lj{T))Ur.^^.a = 1^^(^)1(1 + 2aj)Ur,f,^a- 

The differential operators Lj{t) e ©(G) depend on r, and moreover they do 
not commute in general. However, in the following we will find several examples 
of operators that, for every r G A, can be written as polynomials in the Lj{t), so 
that the previous decomposition will give us the eigenvalues of those operators 
in the representation tTt-.^. For instance, if 3 = [0,0] and L is the orthonormal 
sublaplacian on G associated to the inner product (•,•), then 

L = Li(t) + • • • + L^{t) - {R^irf + ■■■+ Rhirf) 

for every t G A, where Ri{t), . . . , RhIt) is an orthonormal basis of Vr, thus 
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4.4.2 Computation of the capacity map 

Let be a nilpotcnt Lie algebra, 3 its center and t) as in (4.3.1). We now describe 
a simple algorithm for computing the capacity map J : 0/3 x 3* — >■ t)*. This is 
useful for checking if the techniques of §4.3 can be applied to a given group. 

Notice first of all that J takes its values in (l)/3)* (which can be thought 
of as the subspace of X)* made of the functionals which vanish on 3). Choose a 
basis Ti, . . . ,Td of 3, and complete it to a basis Yi, . . . , Y^, Ti, . . . , T^ of r), and 
also to a basis Xi, . . . , Xk ,Ti, . . . ,Td of g (one can always take Yi, . . . ,Yfi to 
be a subset of Xi , . . . , Xk , but this is not necessary here) . Correspondingly, we 
have a basis Yi, . . . ,Yfi of r)/3, and a basis Xi, . . . , Xk of g/3. Finally, we take 
the dual bases Y{ , . . . , Y*^ of (l)/3)* and T^, ■ ■ ■ .T^ of 3*. 

We construct now a matrix M, with h rows and k columns, whose entries are 
homogeneous polynomials of degree 1 in the indeterminates ti, . . . ,td- Namely, 
the (i, j) entry of this matrix is X]r=i ^r d^j' ^«]) ^r- Notice that this polynomial 
is simply the expression of [Xj, Yi] in terms of the basis Ti, . . . , T^, where the 
elements T^ have been replaced with the indeterminates t^. Consequently, this 
matrix is nothing else than a part of the "multiplication table" of g. 

Finally, we take the product of M with the column vector V whose entries 
are the indeterminates xi, . . . ,Xk- The result MV is a column vector with h 
rows, whose entries are polynomials which are separately homogeneous of degree 
1 both in the ti, . . . ,td and in the xi, . . . , x^. Specifically, its i-th entry is 

k d 
j=l r=l 

i.e., the i-th component of J(^j^iXjXj,Ylt=i^rT*) in the basis Y^*, . . . ,y,*. 
In particular, by taking the sum of the squares of the entries of MV ^ one obtains 
the square of the norm of Ji^^^i ^i^ji X]r=i ^rT*), with respect to the inner 
product which makes Yj*, . . . , Y,* into an orthonormal basis; this sum of squares 
is a polynomial F{xi, . . . ,Xk,ti, . . . ,td), and in order to apply the techniques of 
§4.3 one looks for inequalities of the form 

F{xi, . . . , Xfc, ii , . . . , td) > w{xi , . . . , Xk)'^C{ti, • • • , td)"^ 

for some nonncgativc functions w and C- For instance, if one finds that 

F(xi, ...,Xk,ti,...,td) = ixl + ---+ xl){tl + ■■■+ tl), 

then Q is H-type. 

4.4.3 Some 2-step groups 

The Heisenberg group i7„ is the nilpotcnt Lie group determined by the 
relations 

[^i,Yi]=r, ..., [X„,Y„]=T, 

where Xi, Yi, . . . , X„, Y„, T is a basis of its Lie algebra f)„. The group Ha is 
easily shown to be H-type (see §4.4.2). 

Automorphic dilations 5t on _ff„ are defined by 

6t {Xj ) = tX, , 6t ( Y, ) = tYj , ,5* (T) = t^T, 
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Figure 4.1: The Heisenberg brush for H2 

which makes H„ into a stratified Lie group of homogeneous dimension 2n + 2. 
If we set Lj — —{X'j + Y^) (the j-th partial sublaplacian) , then 

^ij • ■ • 7 Lm ^iT 

is easily checked to be a system of pairwise commuting, formally self-adjoint, 
(5t-homogeneous left-invariant differential operators on Hn] in fact, they are a 
Rockland system, since the algebra generated by them contains the full sub- 
laplacian L = Li + ■ ■ ■ + Ln- 

The Plancherel measure a on M"+^ associated to that system can be easily 
determined by the aforementioned techniques: if we choose an inner product 
on f)„ which makes Xi, Yi, . . . , X„, Y^, T into an orthonormal basis, and if we 
identify the dual of the center 3 — WT with M via the basis {T} of 3, we have 

B{t)X,=tYj, B[t)Y, = -tX„ 

so that A = R \ {0}, r^- = 0, and we can choose Ej{t) = Xj,Ej{t) = Yj, 
therefore 5j(t) = r and, if / = (1, . . . , 1) e N", then 

/ |m|2d(T=(27r)-("+i) / V |m(|r|(/ + 2a),r)p|Trdr 






qGN" 
ee{-l,l} 



rA 



I + 2a 



\I + 2a\i \I + 2a\i 



A"dA. 



This shows that the Plancherel measure a is the sum of (suitably weighted) 
Lebesgue measures on half-lines of R"+^, which are contained in [0, +00 [" x R 
and which accumulate on [0,+oo[ x {0}; for this reason, one cannot hope to 
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-0.4 -0.2 0.2 0.4 

Figure 4.2: The Heisenberg fan for H2 



obtain that a is locally d-bounded for some d greater than 1. The support of a 
is called the Heisenberg brush. 

The Plancherel measure a' on M^ associated to the system 



L,-iT 
can be simply obtained as a push-forward of cr; we have in fact 

eA 



I""'^^"'^ £ (^ 



{':") 



;3eN 
ee{-l,l} 



(n + 2/?))(«+i)7o 



m A, 



n + 2/3 



A"dA. 



The support of a' is called the Heisenberg fan. 

The quaternionic Heisenberg group HiJ„ is defined by the relations 

Km, y,, 2] = Tg, K- 2, r,,3] = Ti, K3, ^,4] - t^ 

for j = l,...,n, where Xi,Yi,i,Yi,2,Yi^3, . . . ,Xn,Yn^i,Yn^2,Yn,3,Ti,T2,T3 is a 
basis of its (4n -I- 3)-dimensional Lie algebra. The group IHIiJ„ is easily seen to 
be H-type (see §4.4.2). 

A family of automorphic dilations is given by 

6t{X,) = tXj, 6tiY,^k) = tYj^k, St{Tk) = ^Tk, 

for j = l,...,n, k = 1,2,3, which makes MHn into a stratified group of homo- 
geneous dimension An + 6. 
The partial sublaplacians 

L,^-{Xf + Y^,+Yl, + Y^3), 
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and also the full sublaplaeian L = Li + - ■ ■ + Ln, are (^^-homogeneous. Moreover, 
the partial sublaplacians commute pairwise. Therefore, the system 

ii, . . . , Ln, -iTi,-iT2, -iT'i 

is a Rockland system on WHn- 

Let us identify the dual of the center with R'^ via the basis Ti,T2, T3 of the 
center, and choose an inner product on the Lie algebra of MHn which makes 
Xi, Y14, Yi^2, ^1,3, • • • , Xn, Yn^i,Yn^2,Y„^3, Ti, T2 , Ta iuto an orthonorrnal basis. 
Then A = M^ \ {0}, and moreover, by a suitable choice of the Ej{t), Ej{t), we 
have 

L, - -{E2,-i{t)' + E2,-i{Tf + E2,{rf + E^Arf) 

and &j(t) = |t|, therefore the Plancherel measure a on R"+'^ associated to the 
system ii, . . . ,i„, — iTi, — iT2, —iT^ is 



/ \m\^da^ Y. (oZt I |m(|r|(2/ + 2«),r)nrp"dr 






^ (47r|/ + a|ip+3,^.,o 



R3\{o} 

/ + a e\ 



|/ + a|i 2|/ + a|i 



A2"+2dAd£. 



We thus obtain that the Plancherel measure a is the sum of suitably weighted 
Lebesgue measures on countably many 3-cones contained in [0,+oo[" x M'^, 
whose vertex is the origin and which do not intersect elsewhere, whose axes are 
half-lines laying in [0, +oo[" x {0} and whose apertures tend to zero. 
If we restrict now to the system 

i, -iTi, -zT2, -zTs, (4.4.1) 

then the corresponding Plancherel measure cr' on M x R^ is given by 

V 2n-l / 

('47T 

/3eN 



„ j'/3+2n-l\ c 



m A, 



e\ - ^ 



2(n + ;3) 



A2"+2dAd£. 



Notice that a' has a spherical symmetry in the central coordinates, due to 
the invariance by suitable automorphisms of E[iJ„ of the algebra generated by 
L, — iTi, — iT2,iT3 (see §3.5). Moreover, it is easily checked that a' is locally 
3-bounded on M^ \ {0}. However, since IHIiJ„ is H-type, the techniques of §4.3 
can be applied to get sharper weighted estimates, and correspondingly, in order 
to take advantage also of local d-boundedness properties, one has to look at the 
"modified" measure 

d(T;(A,r) = (l + |rr^)rfa'(A,T) 

for 7 G [0,3[ arbitrarily near to 3 (cf. Corollary 4.3.7 and Proposition 4.3.12). 
This measure is locally 3-bounded on M x (M"^ \ {0}), but, for 7 near 3, it is 
only locally (4 — 7)-bounded on R'' \ {0} (which is essentially nothing more than 
the local 1-boundedness given by homogeneity). Consequently, we get sharper 
weighted estimates only for kernels corresponding to multipliers supported away 
from the line R x {0}, but we do not get a general improvement in the multiplier 
theorems of Chapter 5. 
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The free 2-step nilpotent group N32 on three generators is defined by 
the relations 

[Xi,X2] = n, [X2, X3] = Ti, [X3, Xi] = T2, 

where Xi, X2, X3, Ti, T2, T^ is a basis of its Lie algebra 1X3,2 • 
A family 5t of autoniorphic dilations is given by 

5t{X^)=tX,, St{T,)^fT, 

for j — 1, 2, 3, which makes -/V3,2 into a stratified group of homogeneous dimen- 
sion 9. 

If L = -{Xf+X^+XD is the sublaplacian and D = -{X1T1+X2T2+X3T3), 
then it is easily checked that 

L, D, -iTi, -iT2, -iTs 

is a Rockland system. 

Let (•, •) be the inner product which makes Xi, X2, X3,Ti,T2,T3 into an 
orthonormal basis, and identify both 3* and with M.^ via the chosen bases. 
Then it is not difficult to sec that 

B{t)v = t a V 

for r e 3*, u e U. In particular, A = M'' \ {0}, Vr = t^; moreover, for r G A, 
if E{t), E{t) are chosen so that t/\t\,E{t),E{t) are a positive orthonormal 
basis of R'^, then 6(t) = \t\. Finally, if we identify r* with M via the basis t/\t\ 
of Vr, then we have, for t e A, /i G r*, 

therefore 

/ Imp da =.(2^)-^ J2 f f\m{\T\a + fi^fi\T\,T)\'\T\d^idT 

Jbs «e2N+l"'"'\{0}"'" 

= (2^)-^^ r/ |m(A,A3/2e,Ar;)|2da„(e,r7)A^/2^A, 
where ctq is the regular Borel measure on M^ = M x M'^ given by 

/ fda^ = a-' j f\f('-^,^^^)ii-e-fdedu.. 

Each a a is supported on a compact hypersurface in M^, and it is not difficult to 
see that 

for every x G R^, r > and e > 0, therefore 



ae2N+l ae2N+l Qe2N+l 



140 



a-(i+^). 



4.4. Examples 




-0.4 -0.2 0.2 0.4 

Figure 4.3: Group ^^32: supports of the measures a'^ 

i.e., ^^ (Tq is locally 3-bounded on M"* and consequently a is locally 4-bounded 
on M^ \ {0}. 

Let A = -{T^ + r| + T^) be the central Laplacian. Then 

L,AA 

is a Rockland system on A^3,2; hi fact (see [FRYIO], Theorem 7.5) this is a system 
of generators of the left-invariant SOa-invariant differential operators relative 
to the Gelfand pair (Af3,2 x SO^jSOz)- The associated Plancherel measure a' 
on R'^ is easily obtained as the push- forward of the previously considered a: 

f \mfda'^{2n)-' Y^ H f \m{X, X'^'i, X'O? da^^X) >^'^' dX, 
where a'^ is the regular Borel measure on R^ given by 

J-i ^ ' 

Each (T^ is supported on a curve in M^, and it is not difficult to sec that 

therefore 

Qe2N+l ae2N+l Qe2N+l 

which implies that X]q '^q i^ locally 1-bounded on M^, and consequently a' is 
locally 2-bounded on R^ \ {q}. 

Via projections, one can now obtain the Plancherel measures associated to 
the systems 

L,-iri,-zT2,-zT3, L,A, L,D, 
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and estimate with analogous techniques the optimal exponent d for the local 
d-boundedness, which in these cases is half-integer. 

For instance, for the first of these systems, the Plancherel measure a" is 
determined by 

f \m\'da"^{2nr^ J2 H f \m{X,Xrj)\' da'^irj) X'/' dX, 



p3 



such that 



/ fda':,^a-^ I C f(—)v^{l-v)-^'^dvdu:. 

JR3 JS2 Jo ^ " ^ 

Each of the measures a'^ is supported on a ball of M"^ centered at the origin, and 
is absolutely continuous with respect to the Lebesgue measure, but the density 
is not bounded, and diverges along the boundary of the support. Because of 
this, the CT^ are not locally 3-boundcd on R^, but we have 

ai'(B(r7,r))<Cr5/2; 

thus, as before, it follows that a" is locally |-boundcd on M^ \ {0}. 

Similarly, one obtains that the Plancherel measure associated to the systems 
L, A and L, D are both locally |-bounded on R^ \ {0}. 

The group G5_2 of [Nie83] is defined by the relations 

[X^^Xi] = X2, [X5,X3] = Xi, (4.4.2) 

where X^, X^, X3, X2, Xi is a basis of its Lie algebra g = fl5,2- It is isomorphic 
to the quotient of the free nilpotent group A^3,2 by some central element; it is 
also isomorphic to a semidirect product R k R**. 
The following are characteristic ideals of g: 

3 = [0,0] =span{ ^2,^1}, 

1) = span{X4,X3,X2,Xi}; 

in fact, 3 is the center of g, whereas f) is the unique 4-dimensional abelian 
subalgebra of g. The ideal t) of g corresponding to the center of the quotient 
g/3 in this case coincides with the whole g. 

Let 5t be automorphic dilations on g. Then 3 and () are (5t -homogeneous. 
Consequently, we can choose a homogeneous element X^ G X5 + f) and homo- 
geneous elements X^^^X^ in f) which are linearly independent modulo 3. If we 
set moreover X2 = [X5,X4] and Xi = [XsjXs], then clearly in the (homo- 
geneous) basis X5,X4,X3,X2,Xi the relations of g have the same form as in 
(4.4.2). Therefore, without loss of generality, we may suppose that the initial 
basis X^,X4,X3,X2,Xi is homogeneous. 

If Xj is the homogeneity degree of Xj for j = 1, . . . , 5, then it must be 

A2 = A5 + A4, Ai = A5 + A3; 

conversely, for any choice of A5,A4,A3 > 1, if A2,Ai are determined by the 
previous equalities, then the dilations St of g defined by St{Xj) = t^^Xj are 
automorphic. 
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With respect to the bases Xq,X4,X^ of g/3 and X|,Xi* of 3*, and to a 
suitable norm on q* , we have (see §4.4.2) 

\J{X5X5 + XiXi + 2:3X3, t2^2 + *i^r)P = (^22:4 + hx^f + (4 + tl)xl. 

The homogeneous elements Xt^ of (0/3)* and X2 of 3 then attest that 6*5,2 is 2- 
capacious (despite the fact that Proposition 4.3.13 does not apply in this case), 
with respect to any homogeneous structure on q. 

We fix now the homogeneous structure with A5 = A4 = A3 = 1, which makes 
^5,2 into a stratified group of homogeneous dimension 7. We consider moreover 
the Rockland system 

L, -iX2,-iXi, 

where L = —{X^ + X| + X|) is the sublaplacian. The computation of the 
associated Plancherel measure a is performed as in the previous cases, and 
gives 

f \m\^ da ^ {2Tr)-^ ^2 f f l™(A, At?)^ dcr„(r7) A^/^ ^A, 

where da is the measure on M^ such that 

fdaa=a-^ f f f( — ) u^{l-iy)-^/^diyduj. 

It is then not difficult to show, as in the case of the group N^_2, that cti is 
locally |-bounded on M^, and consequently cr is locally |-bounded on R^ \ {0}. 
Here, however, we can also apply the techniques of §4.3, since 

\J{x5X5 + X4Xi + X3X3,t2X;+tiXl)\ > I (i2,il)|2 12:512; 

thus, as in the case of IHIiJ„, we consider the "modified" measure 

da^{\,T) = {1 + \t\-^) dc7{X,T) 

for 7 G [0, 1[ arbitrarily near to 1. It is not difficult to show that a-y is still 
locally |-bounded on M x (R^ \ {0}), but, for 7 near 1, it is only locally (3 — 7)- 
bounded on M^ \ {0}. Anyway, all the measures a^ are locally 2-bounded on 
R'^ \ {0}, and this will yield — differently from the case of the groups MHn — 
an improvement in the multiplier theorems of Chapter 5. 

The free 2-step nilpotent group A^4,2 on four generators is defined by 
the relations 

[Xj, Xk] = Tjk 

for 1 < .7 < fc < 4, where Xi,X2,X3,X4,ri2,ri3,ri4,T23,T24,T34 is a basis of 
its Lie algebra n4.2. 

A family 6t of automorphic dilations is given by 

St{Xj)=.tX,, St{T,k)^t^Tjk, 
which makes iV4.2 into a stratified group of homogeneous dimension 16. 
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li L = -{X^ + X^ + X^ + Xj) is the sublaplacian and 

D = —{X2T12 + X3T13 + X4T14) — {—X1T12 + X3T23 + X4T24) 

— (— X1T13 — X2T23 + X4T34) — {—X1T14 — X2T24 — X3T34) , 

then it is easily checked that 

L, D, -iTi2, -iTi3, -iTi4, -iT23, -iT24, -iTz4 

is a Rockland system. 

Let us fix on 1x4,2 the inner product which makes 

-'^l,-''^2, -^^37 -'^4, T12, Tia, Ti4,T23,T24,T34 

into an orthonornial basis, and identify 3 and its dual with SO4, the space of 
skew-symmetric 4x4 matrices, where the vector Tjk corresponds to the matrix 

{SjmSkl — SjlSkm)l,m 

(where Srs is the Kronecker delta). If is identified with M* via the basis 
Xi,X2,X3,X4, then it is easily seen that, for t G SO4, the matrix representing 
the endomorphism B{t) of is t itself. Moreover, A = {r : detr 7^ 0}, and 
v^ = foT T e A. 

For 6= (61,62) eM^^ let 

(0 -bi \ 
fcl \ ^ ^„ 
-b2 ] ^ SO*. 
62 / 

In order to write the Plancherel formula, we will use the following change of 
variables (cf. [Hel84], Theorem 1.5.17): 

/(r) dr^n^ [ [ f{pnp-^) (hi - blf dbdp, 

SO4. JsOi JV? 

where the integration on SO4 is made with respect to the Haar measure of 
total mass 1; in fact, if t = pr^p^^ , then we simply have 61 (r) = 61, 62 (r) = 62. 
Therefore, the Plancherel measure a associated to the aforementioned Rockland 
system on iV4.2 is given by 



\m\'^ da 



r-g V" / / |m(|6i |ai + |62|a2, |6i l^ai + |62|^a2, /0T(,/9 



X \bib2\{bl- blf dbdp 



In particular, if A = -{TI2 + ^1^3 + T^4 + ^2^3 + T'2^4 + ^Ij) is the central 
Laplacian, and P = —T12T34 + T13T24 — T14T23, then also 

L,D,P,A 
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Figure 4.4: Group N4^^2'- supports of the measures a'^ ^ 



is a Rockland system (in fact, it is a system of generators of the 5'04-invariant 
differential operators relative to the Gelfand pair (A'4_2 ><i 5*04, 5*04), see Theo- 
rem 7.5 of [FRYIO]), and the associated Plancherel measure a' is given by 



Imp do-' 



28 



2 , ,2)|2 



r-F y" / \m{\bi\ai + \b2\a2,\bif'ai + \b2f'a2Mh2,hl^h 

X \bib2\{bl-blfdb 



Qe(i+2N)2 



I.e., 






ae(l+2N) 
££{-1,1} 

where cr^ ^ is the regular Borel measure on R^ given by 



JR3 JO ^ ^ ^ 



t:^ 1" 






de. 



By projection, we also obtain the Plancherel measure a" associated to the Rock- 
land system 

L,P,A, 



--, J. , ._», 
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namely 

/ Imp da" = -^ Y. r I l"^(^' ^'^' ^'^)l' ^'^-' ^(^' ^) ^' '^^' 
££{-14} 

where the a'^^^ are the corresponding projections of the cr^^. 
Notice now that, if p^ : R^ — > R is the linear map defined by 

Pe{v,0 = C + 2e?7, 

then the measure Va ~ Pii'^a.-i) = P-i{<^a,i) on R satisfies 

f dv ^ I f ( ( i^ - —\\ <^::'^y (" i-g _ aV f i:^ + aV ^6* 






from which we get 

a^AB{{vX),r)) < i^^{B{p^,{C,v)),rV5) < -^ (— + —) r. 

4:a^a2 \ai 0.2) 

Consequently, the sum of the a'^ ^ is locally 1-bounded on R^ , and the measure 
a' is locally 2-bounded on R^ \ {0}. But then also the sum of the ct^ ^ is locally 
1-bounded on R"^, so that u' is locally 2-bounded on R** \ {0}. 

Analogously, one deduces that the previously considered measure and the 
Plancherel measure associated to the system 

i, -«ri2, -iTi3, -Jri4, -iT23, -ir24, -iT34 

are both locally 2-boundcd off the origin. 

4.4.4 Some 3-step groups 

The free 3-step nilpotent group A^2,3 on two generators is defined by 
the relations 

[Xi, X2] = r, [Xi, y] - Ti, [X2, r] - r2, 

where X\, X2, Y, Ti,T2 is a basis of its Lie algebra 1x2,3. 
A family 6t of automorphic dilations is given by 

St {Xj ) == tX, , 6t (Y) =. t^Y, 5t (T, ) = i^T, , 

which makes iV2.3 into a stratified group of homogeneous dimension 10. 

If L == -{Xf + X|) is the sublaplacian and D = 2X2T1 - 2X1T2 - Y'^, then 
it is easily checked that 

L,D,-iTi,-iT2 

is a Rockland system. Notice that the group 5*02 acts on iV2.3 by automorphisms 
given by simultaneous rotations of MATi -I- RX2 and RTi + RT2 , and that the 
algebra generated by L, D, —iTi, —iT2 is 5'02-invariant. As we are going to 
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see, this invariance by rotations gives some inform.ation about the Plancherel 
measure, which yields improvements in the weighted estimates. 
We consider first the subsystem 

by homogeneity (cf. Propositions 2.3.23 and 3.6.4), we know that the associated 
Plancherel measure ctq is given by 

fdao= f f f{X,X'^'Od<j'o{0^'dX, 

Jo JR2 

where a^ is a compactly supported regular Borel measure on R^ which is invari- 
ant by rotations, so that in turn it can be written in the form 

fd.(7'a^Tr / fiP^)dcroip)du!, 

where a^ is the push- forward of ctq via the map ^ i— > |^|2- 
Notice now that, for r < 1, a > 0, 

a^'([0,r[) = 5 / X]o.i[(A)xB(o.r)(A-3/V)dao(A,T) 

<5r" / X]oMWXB(o,i){T)\T\^''da„{X,T). 

Since, by Proposition 4.3.8, the last integral is finite for a < 2, we deduce that 
cr^(B(0,r)) = ctq ([O^^D < C'ar" for < a < 2 

(notice that, for r > 1, one can use the fact that ctq is compactly supported). 

Consequently, <Tq is locally 1-bounded on M^: in fact, for ^ e M^ and r > 0, 
if |^|2 < 2r then 

a^(B(e,r))<a^(B(0,3r))<Cr, 

whereas, for |^|2 > 2r, the ball B{£^,r) is seen from the origin in an angle of 
magnitude less than 7rr/|^|2, so that 

^^(S(C,r))<^a^'([0,f|e|2D<Cr. 

Therefore, cto is locally 2-boundcd on R'^ \ {0}. 

This result has consequences also for the larger system L, D, — iTi, —1X2- In 
fact, if a is the Plancherel measure associated to this system, then, as before, 

Jda^ I I f{X,X^f^,X^/^0d<7'{v,0XUX, 



where a' is a compactly supported regular Borel measure on M"'; since the push- 
forward of a' via the map R'^ 9 (77, ^) h^ ^ € R^ is the measure CTq, then also cr' 
is locally 1-bounded on R"^, so that a is locally 2-bounded on R** \ {0}. 
It is also possible to consider the systems 

L,D, L,A, L,D,A, 

where A = —{Tf +Tf ) is the central Laplacian. In this case, all the mentioned 
operators are S'02-invariant, so that the action of SO2 on the joint spectrum is 
trivial, and we do not recover any information on the Plancherel measure. 
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The group Gg^ig of [Nie83] is defined by the relations 

[X6,X5]=X4, [X6,X3]=Xi, [X^,Xi]=X2, (4.4.3) 

where Xq,X^, X4, X3, X2, Xi is a basis of its Lie algebra g = Q6,i9- This group 
also appears, in a different form^, in [Jen79]. 

For any ideal / of g, let C{I) denote the ideal of g corresponding to the 
center of the quotient g//, and Z{I) the centralizer of / in g. We then find 
quite a rich collection of characteristic ideals of g: 

[g,g]=span{ X4, ^2,^1}, 

[sJb,0]] =span{ X2 }, 

3 = C(0) = span{ X2,Xi}, 

= Cis) ^ span{ X4,X3,X2,Xi}, 

\) = 2'([g,g]) = spanjXe, X^.X^.X^.X^}, 

[f),f)] =span{ Xi}, 

e = C([f),f)])=span{ X3,X2,Xi}, 

Z(fi) = span{ X5,X4,X3,X2,Xi}. 

If (5t are automorphic dilations on g, then the previous ideals must be all 8t- 
homogeneous. In particular, X2 — Xi and X\ — X\ are certainly homogeneous. 
Moreover, in f) we can find a homogeneous element X^ € X^ + I}, whereas in 
Z(^) we find a homogeneous X5 g X5 + I); then X4 = [Xq,X^] G X4 + 3 is 
homogeneous. Finally, in { we find a homogeneous X^ G X^ + 3. It is then 
not difficult to show that, in the basis X6,X5,X4,X3,X2,-'^i, the relations of 
g are the same as in (4.4.3), with Xj replaced by Xj] therefore, without loss 
of generality, we may suppose that the initial basis X^,, X^,^ X^, X^^, X2t Xi is 
(5t-homogeneous. 

Notice that, if \j is the homogeneity degree oi Xj for j = 1, . . . , 6, then we 
must have 

A4 = Ag + A5, A2 = Ag + 2A5, Ai = Ag + A3; 

in fact, for any choice of Ag,A5,A3 > 1, if A4,A2,Ai are determined by the 
previous equalities, we have a system of automorphic dilations 5t on g such that 
Xj has degree A^ for j = 1, . . . , 6. In particular, for Ag = A5 = A3 = 1 we have 
a stratification on g. 

By computing the capacity map J as in §4.4.2, one easily obtains that 

\J{xqXq + X5X5 + X4X4 + X3X3, t2^2* + ^l^r)P = xltl + xltl. 



^In [Jen79], a 6-dimensional Lie algebra g with basis Vi, V2, ¥3, Y4, ¥5, Yg and relations 

[n, V2] = Ya, [^2, 13] = n, [Yi, I3] = Ve = [Yi, Vi] = [Y2,Yi] 

is introduced, and it is claimed that there exist no dilations on g such that the elements of 
degree 1 generate the whole algebra (i.e., that g is not stratifiable); the argument supporting 
the claim, however, considers only dilations which make Yi,...,Y6 homogeneous. On the 
other hand, by setting 

Xi=Y5-V6, X2 = -y6, X3 = Yi-Yi, Xi = -Yi, X5 = Yi, X6 = y2-yi, 

one can easily check that the relations in the new basis Xi , . . . , Xij coincide with the above 
(4.4.3), and in the following we show that ge.ig admits a stratification. 
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In particular, the linearly independent elements X^^Xt, G (0/3)* and X2, Xx E 3 
attest that Gg.ig is 2-capacious (although Proposition 4.3.13 gives only that 
6*6,19 is 1-capacious), for any choice of a homogeneous structure on 6*6,19. 
A Rockland system on Gg.ig is given, e.g., by 

L, -iX2,—iXi, 

where L is any Rockland operator (with respect to some homogeneous structure) 
on 6*6,19; for instance, one can take 

L = (-zX6)2'=« + {-1X5)^''^ + {-zXsf''^ 

for any choice of A:6, ^5, ^3 € N \ {0}. 

The group 6*6,23 of [Nie83] is defined by the relations 

t^^'^^^^"^^' (4.4.4) 



[^6,^5] 


= ^4, 


[^6,^4] 


= X2 


[^5,^4] 


-^1, 


[^5,^3] 


-^2 



where Xe, X5, X4, X3, X2, Xi is a basis of its Lie algebra g ~ 06,23- 
In this case, we have a less rich list of characteristic ideals: 

[0,0] =span{X4, ^2,^1}, 

3 = C{0) = [0, [0, 0]] = span{ X2 Xi}, 

= C{i) = span{Xi,X3,X2,Xi}. 

However, since [f), t)] = 0, the bracket [•, •] : g x g ^ M defines a bilinear map 

S : 0/0 X 0/3 -^ 3, 

and it is easily checked that B{x, y) = implies x = and y — 0. 

Let 6t be automorphic dilations on g. Then we can find a Jj -homogeneous 
basis vq, V5 of 0/r), with degrees Xq, A5 respectively, and a ^j-homogeneous basis 
W4,'W3 of t)/3, with degrees A4,A3 respectively. Notice that, by the aforemen- 
tioned non-degeneracy, B{v(i,W4),B{v5,W4) must be a homogeneous basis of 3, 
with degrees A2 = A6 + A4, Ai = A5 + A4 respectively. On the other hand, also 
B{vq,W4), B{ve,W3) must be a homogeneous basis of 3, thus B{ve,W3) must 
have degree Ai, so that Ai = Ag -I- A3. Analogously, B{vq,W3),B{w5,W3) is a 
basis of 3, thus i?(w5,W3) must have degree A2, thus A2 = A5 + A3. By putting 
all together, we get A6 = A5, A4 = A3, A2 = Ai. 

Consequently, we can choose (5i-homogeneous elements Xq G Xq + r) and 
Xr, e A5 + t), and set A4 ~ [Xq, X5] G ^4 + 3; moreover, we can choose in t) a 
homogeneous X3 S X3 -I- 3 . Finally, if we set X2 = X2 and A"i = Ai , then it 
is easily seen that the relations of g in the basis A6: A5, A4, A3, A2, Ai are the 
same, mutatis mutandis, as in (4.4.4); therefore, without loss of generality, we 
may suppose that the initial basis Xg, A5,X4, A3, A2, Ai is (Jf-homogeneous. 
Moreover, since [A6,X5] = X4, we must have A4 ~ 2Xq and A2 — SXq; this 
means that g6.23 admits an essentially unique homogeneous structure, which is 
not stratified, because A6, A5 do not generate the whole Lie algebra. 

The computation of the capacity map J (see §4.4.2) gives 

I J(X6A6 + aJgAs + a;4A4 + a;3A3, t2A2* + tiA*)P = {xl + xl){tl + tj). 
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In particular, the linearly independent elements X^^X^ E (fl/j)* a-nd X2, Xi E ^ 
attest that 6*6,23 is 2-capacious (despite the fact that Proposition 4.3.13 does 
not apply to this group), for any choice of a homogeneous structure on 6*6,23 • 
A Rockland system on 6*6.23 is given, e.g., by 

L, -iX2,—iXi, 

where L is any Rockland operator on 66,23; for instance, one can take 

L = i-iXe)'"' + i-iX,)'"^ + (-1X3)^'^ 

for any choice of fc e N \ {0}. 

4.5 An intrinsic perspective 

Let Li, . . . , Ln be a weighted subcoercive system on a connected Lie group 6. 
It has already been noticed that the joint spectrum S of Li,...,i„ can be 
identified with the Gelfand spectrum of the sub-C*-algebra Co{L) of Cv'^{G). 
By Proposition 3.2.3 and the following remarks, we have that Co(L) is the 
closure of the algebra generated by 

{ICL{e~^) : r > is a polynomial and r{L) is weighted subcoercive}. 

By Proposition 3.5.2, this set depends only on the subalgebra O of 3(6) gener- 
ated by Li, . . . , L„, and not on the choice of a particular system of generators 
of O. Therefore, the same holds for Co{L), which can thus be denoted also by 
60 (O). 

In particular, we can think of S as a particular immersion of the "abstract" 
Gelfand spectrum of the C*-algebra 60(0) in R", due to a choice of generators 
Li, . . . ,Ln of C Notice that the results of §3.3 are consistent with this per- 
spective, since the concept of "joint eigenfunction" depends only on O and not 
on the choice of the generators Li, . . . , L„. 

In order to have a more "intrinsic" presentation, one may start with the 
notion of weighted subcoercive algebra, i.e., a finitely generated commutative 
unital *-subalgebra of S)(6) containing a weighted subcoercive operator. A 
weighted subcoercive system is then a (finite) system of (formally self-adjoint) 
generators of a weighted subcoercive algebra. If O is a weighted subcoercive 
algebra, then it is not difficult to define: 

• the spectrum S of O, i.e., the Gelfand spectrum of the C*-algebra 60(0); 

• a resolution E of the identity of L'^{G) on S and an isometric embedding 
/Co : i°°(S, E) — >• Cv'^{G), extending the inverse of the Gelfand transform 
of 60(0), such that 

(f> * Kara ^ mdE for aU e X>(6); 

• the Plancherel measure, i.e., a regular Borel measure ct on E such that 

\K,o'm'{x)\'^ dx — / |mp(i(T 
G Jj: 



for every bounded Borel ?Ti : E — > C; 
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• for every choice of generators Li, . . . , L„ of O, a topological embedding 
772^ : S — > M", which maps homeomorphically S onto the joint spectrum 
oi Li, . . . ,Ln- 

In order to give an intrinsic version of the results of §4.1, one would like to 
have a notion of smoothness on the spectrum E of a weighted subcoercive algebra 
O. Unfortunately, the embeddings of E in R" in general are not particularly 
regular closed subsets of M" (see the examples of §4.4). However, if _Li, . . . , L„ 
and L[, . . . , L'^, are two different systems of generators of O, and if p : M" -^ R" 
is a polynomial map such that L' = p{L), then 77^' = p o rjL- Therefore, the 
properties of functions which are preserved by these particular (polynomial) 
changes of variables can be thought of as intrinsic. 

In particular, for A: e N U {00}, we may define C'^(E) to be the set of 
(continuous) functions / : E — > C such that, for some (equivalently, for every) 
system of generators L of O, the function / o ry^^ : r7L(E) -^ C extends to a 
function of class C^ on ]R". Analogously, one can define the local Besov spaces 
-S^.oo.ioc(S) for s > (see Proposition 2.3.17). 

From Theorem 4.1.6, Corollary 4.1.8 and Theorem 4.3.15 then wc immedi- 
ately deduce the following 

Theorem 4.5.1. Let O be a weighted subcoercive algebra on a connected Lie 
group G, and let E be its spectrum. 

• If 01 > 0, then, for every compactly supported m € B^ ^ loc(^) "with s > a, 
Kom and all its left-invariant derivatives belong to L'^{G, {x)'j?^ dx). 



• 



Lf G has polynomial growth of degree Qg, then, for every compactly sup- 
ported m e -B^ oo;oc(^) with s > Qg/^, it is JCom e L^--°°{G). 



• Lf G is a homogeneous group which is h-capacious for some /i G N, then, 
for every compactly supported m G B^ ^ loc(^) "^ith s > (Qg ^ ^)/2, it 
isJComeL^'°°{G). 

Notice also that, if the group G is homogeneous, and if the weighted sub- 
coercive algebra is invariant by dilations (so that it admits a finite system of 
homogeneous generators), then we have the corresponding dilations on the ab- 
stract spectrum S. Therefore, also the Mihlin-Hormander and Marcinkiewicz 
conditions — which has been considered in Chapter 2 and will be used as hy- 
potheses for the multiplier theorems of Chapter 5 — can be given an intrinsic 
formulation (at least by restricting to minimal homogeneous systems of gener- 
ators of O, cf. Proposition 2.4.12). 
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In this last part of the work, homogeneity (of the group and the operators under 
consideration) plays a crucial role. 

By means of homogeneity, in fact, along with singular integral operator 
theory, the weighted estimates obtained in the previous chapter can be put 
together, thus obtaining a multiplier theorem of Mihlin-Hormander type for a 
homogeneous weighted subcoercive system. 

Next, we develop a sort of product theory of the above: several homogeneous 
groups Gj are considered, each with its own homogeneous system of operators. 
By a non-conventional use of transference techniques (together with Littlewood- 
Paley decompositions and maximal operators), we obtain a multiplier theorem 
of Marcinkiewicz type, not only on the direct product of the Gj, but also on 
fairly different groups, even non-nilpotent. 

Finally, some applications are presented, and particularly it is shown how, 
by the use of the mentioned theorems, it is possible to improve known multiplier 
results for a single operator on some non-nilpotent groups. 



5.1 Singular integral operators 

Here we summarize the main notions and techniques related to singular integral 
operators which will be used in the following sections in order to prove the mul- 
tiplier theorems. Thus we shall restrict to the case of left-invariant operators T 
on a homogeneous Lie group G (with automorphic dilations 5t and homogeneous 
dimension Qs), which are given by convolution: 

T/ = / * fc 

for some distribution k G S'{G) (see Theorem 1.2.3). In our context, the under- 
lying metric measure space is the homogeneous group G with a Haar measure 
(i.e., essentially R'' with the Lebesgue measure, where d — dimG) and a ho- 
mogeneous left-invariant distance induced by a subadditive homogeneous norm 
I • l^. It should be noticed, however, that some of the results mentioned below 
admit an extension to more general settings, such as the spaces of homogeneous 
type developed by Coifman, de Guzman and Weiss (see [CG71], [CW71]), where 
the notions of distribution and convolution cannot be used. 
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Our first multiplier theorem will be proved in §5.2 via the Calderon-Zygmund 
singular integral theory, which allows, starting from an operator T bounded 
on L?{G), to obtain boundedness of T on L'p{G) for some p 7^ 2, under the 
hypothesis that the convolution kernel fc is a function off the origin satisfying 
suitable estimates. 

Theorem 5.1.1. Let T be a bounded operator on LF'{G) whose convolution 
kernel k G S' (G) is such that fc|G\{e} G Ll^^{G \ {e}) and, for some K > 0, 
c> 1, 



\k{xh) - k{x)\dx < K, 



\x\s>c\h\s 



\k{hx) -k{x)\dx < K, 



x\s>c\h\s 



for all h Cz G \ {e}. Then T is of weak type (1, 1) and hounded on U'{G) for 
l<p<^, with ||T||p^p < Cp(||T||2^2 + K). 



Proof. See e.g. [Ste93], §1.5, Theorem 3 and §I.7.4(iii) 



D 



p^p 



For the second multiplier theorem, proved in §5.3, a multi-parameter struc- 
ture is required, and Littlewood-Paley theory is exploited. An important tool 
will be the following result, which summarizes a well-known argument for prov- 
ing properties of square functions. 

Proposition 5.1.2. Let {X,ii) be a a-finite measure space, Q>1, 1 < p < 00, 
Tj: (k G N^j bounded linear operators on LP(X,fi). Let A > be such that, for 
all choices o/e^ G {— 1, 1} (I < i < g, k gN) and of a finite subset I C N^, we 
have 

]Ei:ei<---4M ^^- (5.1.1) 

Then, for all f e LP{X,fi), 

P 

Moreover, if p > I, for all {fjijj:^^,, C LP{X,ti), if (Efcl/fel')'^' ^ LP(X,m) 
then 

ll^feeNe ^kHWp — ^e,p'^ [z^keNe l/fel ; 
where the series on the left-hand side converges unconditionally in L^ . 
Proof. For n E N, let r„ : [0, 1] ^ M be the n-th Rademachcr function, 

r„(t) = (-l)L2"*J, 



< Cs,pA\\f\[ 



(5.1.2) 



and set r^ 



Tfci «) • • • (X) rfc^ for fc = (fci, . . . , kg) G N^. Then (r^)g is an 
(incomplete) orthonormal system in L^([0,1]^), and the following Khinchin's 
inequalities hold: for 1 < p < 00, there exist constants Cg,p, Cg,p > such that 

Cg^pWfWp < II./II2 < CgJfWp for aU / e span{r,- : k G N^. 
(see [Ste70a], Appendix D, or [Gra08], Appendix C). 
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Consequently, for all finite / C N^ and / e L'p{X^ii), we have 

P J X 

JX J[04]e 

Jo 



< 



Since / C N^ was arbitrary, (5.1.2) follows by monotone convergence. 

Notice now that the vector-valued Lebesgue space Vp — LP{X, ^; P(N^)) can 
be thought of as a space of sequences of LP{X, /i)-functions: 



with norm 



\ihk 



feVfeeNell^P 



[l^k l/fcl 



vl/2 



The inequality (5.1.2) therefore means that the operator / i-^ (^fe/)feGNe ^^ 
bounded LP(X,fi) —^ Vp, with norm not greater than Cg^pA. 
If p > 1, the hypothesis (5.1.1) is equivalent to 






<A- 



p'^p' 



consequently we also have that S : f i-^ (^p/)fceNe ^^ bounded L^ (X, /i) -^ Vp' , 
with norm not greater than C'gyA. This means that the transpose operator 
5'* : V^ — > LP(X,fi) is bounded too, with the same norm; since it is easily 
shown that 

'-' yiJk'k) ~ ^k-'-kH' 

where the series on the right-hand side converges unconditionally in L^, the 
remaining part of the conclusion follows. D 

The other fundamental tool will be the boundedness of some maximal oper- 
ators, given by the following general result of Christ [Chr92]: 

Theorem 5.1.3. Let G be a nilpotent Lie group, and let Xi, . . . ,Xd a basis of 
its Lie algebra g. Identify G ~ q via exponential coordinates, and let "Ij* be the 
multi-parameter dilations on G given by 



~\{ti,...,ta)^j — tj^j- 



Then the strong maximal operator Mstrong 
defined by 



associated to the basis X^ 



MstronJix) = sup / \fix ■ (lf(y))" )l dV 
t>0 JK 



■ ■ ,Xd, 
(5.1.3) 



(where K is some compact neighborhood of the identity), is bounded on LP{G) 
for 1 < p < oo. 
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5.2 Mihlin-Hormander multipliers 

Let G be a homogeneous Lie group, with automorphic dilations 6t and homo- 
geneous dimension Qg. We denote by Qg the degree of polynomial growth of 
G. Moreover, we fix a connected modulus | • jg on G and we set 

{x)g = 1 + |a;|G- 

We denote also by | • j^ a subadditive homogeneous norm on G. 

Let Li, . . . , L„ be a homogeneous weighted subcoercive system on G, and 
£t be the associated dilations on K", as in (3.6.1). Denote moreover by | • j^ a 
e- homogeneous norm on M" , smooth away from the origin. 

Our starting point is, for some p G [1, oo] and s G M, the following 

hypothesis (Ip.s): for some compact Kq C M" \ {0} such that 
Ue,(ieo)=M"\{0}, 

for some qo E [l,oo], for all /? > s and for all m E 2?(]R") with 
suppjn C Kq, we have 



II^IIli(g) <C'^II^IIb^_,^(r.)- 



This hypothesis can be checked by exploiting the results of Chapter 4; for 
instance, we have 

Proposition 5.2.1. For every p G [l,oo], the hypothesis (Ip.s) holds in each of 
the following cases: 

• s = (9g/2 + n/p - l/max{2,p}; 
• (7 is locally d-bounded on M" \ {0} and s — Qg/'2 + n/p — dj max{2,p}; 

• G is h-capacious and s ~ {Qg ^ ^)/2 + n/p — 1/ max{2,p}. 

Proof. The conclusion follows easily from the weighted estimates of §4.1 and 
§4.3. We omit the details since an alternative proof is obtained by combining 
the following Proposition 5.3.1 and Corollary 5.3.3. D 

Proposition 5.2.2. Suppose that (Ip.s) holds for some p G [l,oo] and s G M. 
Then s > n/p. Moreover, for every compact K C M" \ {0}, for every g G [1, oo], 
for every a > and (3 > a + s, for every D G Ti{G), for every m G B^^ (W^) 
with supp m C K , we have 

\\Drh\\Li(^G.Xx)''dx) < C'K,D,a,l3,q\\m\\B^g- 

Proof. Let A G Kq. For every m G I?(]R") with suppm C Kq, wc then have 

|m(A)| < ||m||oo = ||?7i||c-u2 < ||m||i < Gfj\\m\\„ti 
for all /? > s; by Proposition 2.3.15, we conclude that s > n/p. 
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Let now K C M" \ {0} be compact. Then we can find ti, . . . ,tk such that 

K C ctAKo) U ■ ■ ■ U etdKo) 
by compactness. If 

(f)0,(f)l,...,(j)k 

is a partition of unity on M" subordinated to the open cover 

K"\X,et,(i:o),...,etjXo), 

then 01 + • • • + (/)fe = 1 on _ftr, so that, for every m G 2?(M") with suppjn C K, 

m ~ m(f>i + • • • + m(j)k — mi o e.-i + • • • + rrik o e^-i , 

1 k 

where the rrij — {m(f>j) o e^. are supported in Kq] therefore, for all /3 > s, by 
Propositions 3.6.1 and 2.3.13, 

k k 

\\fh\\i <^\\fhj\\i <Cfi^\\mj\\gi^^ <Cp^K\\m\\gP^^. 

If now, given K C M"\{0} compact and /3 > s, we choose some K' C M"\{0} 
compact such that K C K' and some /3' G ]s,/3[, by Proposition 2.3.9 it is 
easy to see that every m G B^gg{M.'^) with suppm C K can be approximated 
in B^ {K^) by a sequence of smooth functions supported in K', therefore, 
by passing to the limit in the previously obtained inequality and by Proposi- 
tion 2.3.2, 

Wmlli^CfS'.K'WmW p' < C'fj.K\\m\\„fi . 

On the other hand, by Corollary 4.1.8 and Proposition 2.3.2, we also have, 
for a > 0, ;3 > a + Qg/2 + n/p, K CW^\ {0} compact and m G B^,^ (R") with 
supp?n C K, that 

\\'rn\\L\{x)°dx) < CK,a,f3\\m\\B!^ ^■ 

Hence, analogously as in the proof of Theorem 4.1.6, we obtain first the conclu- 
sion for D = 1 by interpolation, and then also for an arbitrary D G 'Z){G). D 

Notice that, by Proposition 1.3.1, there are constants a, C > such that 

l + \x\s<C{x)1,. (5.2.1) 

Corollary 5.2.3. Suppose that (Ip.s) holds for some p G [l,oo] and s G M. 

Let K CW\ {0} be compact, /S > s and q e [l,oo]. If m e 5^,,(M") and 
suppm C K, then rh G L^{G), thus m(L) is bounded on LP{G) for 1 <p<oo. 
Moreover, for < a < (/? — s)/a, 

(1 + \x\sr\m{x)\dx < CK,c..p.pJm\\B^ (5-2-2) 
and, for all h E G, 

\m{xh) ~ 'm{x)\dx <GK,fi,p,q\\'ni\\gf) \h\s, (5.2.3) 

\rh{hx) -rh{x)\dx <GK,ii,p,q\\'m\\gf) \h\s. (5.2.4) 

Cr 
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Proof. Since /3 > s + aa, by Proposition 5.2.2 and (5.2.1) we have 

{l + \x\s)°'\m{x)\dx<Ca / {x)a°'\m{x)\dx < CK,c.j3.p.q\\m\\gi3 , 

G JG "•" 

and in particular m e L^(G). 
Starting from the inequality 

TO(xexp(iX)) — fh{x)\ dx < ||XTO||i|i|, 

G 

true for all X € g and i e R, chosen a basis Xi, . . . , X^. of g, with Xj homoge- 
neous of degree dj , it is not difficult to see that 

fe 
m{xh) - m{x)\ dx < C V \\Xjm\\i\h\f . 
G 

In particular, we also have 

/ \m{xh) -m{x)\dx < C \\m\\i +y^||Xj-m||i 



\h\ 



5 



(in fact, for \h\s small we have \h\^^ < \h\s, whereas for \h\s large the left-hand 
side is not greater than 2||m||i). However, by Proposition 5.2.2, 



1 +^ ll^j-n^lli < CK,i3,p.,q\\m\\gfi^, 



thus we get (5.2.3). The remaining inequality is simply obtained by replacing 
m with m. D 

Lemma 5.2.4. Let m be a bounded measurable function on M". Then we can 
find bounded measurable functions ruj on M" (for j G Z) such that 

suppTOj C {A : 2"^ < |A|e < 2}, 

\\mj\\B^^^ <Cp.9,/3|I'™IIm.b^„ 
for all p,q (z [1, oo] and /3 > 0, and moreover 

m = ^2"'3M-^^. o^2-., (5.2.5) 

in the sense of strong convergence of the corresponding convolution operators. 

Proof Set K ^ {X : 2-^^ < |A|e < 2}. Chosen a nonnegative ry e X>(M") 
supported in K and such that^ 

X1^('^24A)) = 1 for all A 7^0, 



^Take a nonnegative -y e V(\0,+oo[) with [3/4,3/2] C {7 7^ 0} C [1/2,2]. Then, for all 
t > 0, there is at least one and at most two J G Z such that 7(2^4) 7^ 0, so that the sum 
s{t) = 5Z,g2 7(2''*) is in fact locally a finite sum, s € £(\0, -l-oo[) and s > 0; moreover, clearly 
by definition s(2H) = s{t) for all j G Z, t > 0. Using s wc can renormalize 7 obtaining 
7 = 7/s, which is again a smooth nonnegative function supported in [1/2,2], but in addition 
it satisfies J^,g2 7(2-'i) = 1 for all i > 0. Since the homogeneous norm is smooth away from 
0, the function r){x) = 7(|3::|e) has the required properties. 
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we have (see Proposition 2.4.1) 

II™IIm,<, =sup||(moet)r;||^^^(„„). 

Let 

rrij — (m o £2-3) V- 

Then clearly llTijU^ja < ||m-||^ ^/3 and supprrij C K. Moreover we have 
(away from 0) 

m = 2^ iT^j ° ^21 ■ 

In fact, this is locally a finite sum and the convergence holds pointwise (away 
from 0), dominated by the constant ||r7i||oo- Since E{{0}) =- 0, by the spec- 
tral theorem and Proposition 3.6.1 wc then have (5.2.5), in the sense of strong 
convergence of the corresponding convolution operators. D 



Proposition 5.2.5. Suppose that (Ip,s) holds for some p G [l,oo] and s (^ R. 

Let j3 > s. If m is a hounded Borel function on ffi." such that \\m\\j^ gin < cx), 

then JTilcVje} G -^ioc(^\ i^})' '^"■'^ moreover 

\m{xh) - m{x)\ d^i{x) < Cp^q^pWmW ^ gii , (5.2.6) 



/ 



x\s>2\h\s 

\rh{hx) - m{x)\ dfi{x) < C'p,g,/3||m||^^^^/3 ^ (5.2.7) 

\x\i>2\h\i 

for allheG\{e}. 

Proof. Let rrij {j € Z) be given by Lemma 5.2.4 and set Uj — 2~'^^^rhj o 52-3- 
Firstly we prove that the convergence in (5.2.5) holds also in L\^^{G \ {e}). 
In fact, let Bk ~ {x E G : 2^ < \x\f, < 2*^+^}; it is sufhcient to prove the 
convergence in each L^(Bk)- We have 

Uj\ djj. ~ |mj| d/x 



and, for j < k, 



\rh,{x)\ dx < 2"(^-'=) / |m,(x)||x|? dx < C2'^^^-'^^\\m\\^,^, 



'Bk-j J Bk-j 

(where a > is as in (5.2.2)), whereas, for j > k, 

\m,ix)\dx<\\m,h^i{Bk-,y^'<cy{Ky/'\\m\\^,^{Bo)'/^2Q^^''-^y^, 

Bk-j 

(here we use a uniform estimate on the L^-norms of the rhj) so that 
j •'Bk j<k j>k 



00. 



This shows (by uniqueness of limits) that the restriction of the distribution rh 
to G\ {e} coincides with a function in L\^^{G \ {e}). 
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Notice that, if j^l^ > 2\h\s, then \xh\s > \h\s by subadditivity of | • \s, so 
that in the integrals in (5.2.6), (5.2.7) the function m is always evaluated away 
from the origin. 

Since m = J2jei. "i '= ^lod'-' \ i*^})' then R^m - m = J^jei.^^'''-'^:) ^ "i) i*^ 
in L\^^{G \ {e, /i^^}), so that in particular 

/ \rh{xh) ~ fh{x)\dx <2^ / \uj{xh) — Uj{x)\dx 

J R>\x\s>2\h\s ^^^JR>\x\s>2\h\s 

for all i? > and then 

/\fh{xh) — fh{x)\ dx < y^ / Wji^f^) ^ "^ji^)] dx. 

Let fc e Z. Then for j <k 



/ \uj{xh) — Uj{x)\ dx < 2 \uj{x)\ dx 

J\x\s>2\h\s J\x\s>\h\s 



f 2"^ 

2/ \rnj{y)\dy<Cp,q.fi-—\\m\\j^j^i 



by (5.2.2), whereas for j > k 

/ \uj{xh) ~ Uj{x)\ dx < \rhj{yd2-j (h)) - rhj{y)\ dy 

-'kU>2l/iU JG 



by (5.2.3). Putting all together, 



< (-^P,qJ^\m\M,B'l, 



x\5>2\h\s "•" yms j-<o ^ j>o J 



and, in order to obtain an estimate independent of h, it is sufficient to choose a 
k such that 2'' < \h\s < 2*^+1. 

Hence we have proved (5.2.6); the inequality (5.2.7) is obtained in the same 
way, using (5.2.4) instead of (5.2.3). D 

Here is finally the multiplier theorem. 

Theorem 5.2.6. Suppose that (Ip.s) holds for some p € [1, oo] and s eM.. If m 
is a bounded measurable function on M" such that \\rn\\]^jj^fi < oo for some 
j3 > s and q <E [1, oo], then the operator m{L) is of weak type (1, 1) and bounded 
on L^{G) for 1 < r < oo, with 

Proof. By Proposition 5.2.2, we have /? > n/p, so that, by Proposition 2.3.2, 

IIJ^IIoo < Cp,qAm\\M,B§,,^ 

thus Theorem 5.1.1 and Proposition 5.2.5 yield immediately the conclusion. D 
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The "smoothness" conditions (5.2.6), (5.2.7) proved in Proposition 5.2.5 for 
the kernel rh off the origin are sufficient, together with the i^-boundedncss of 
m{L), to obtain the previous multiplier theorem. However, we show now that, 
under the same hypotheses, the kernel fh satisfies also some "size" and "cancel- 
lation" conditions, analogous to the ones considered for convolution kernels in 
K" (see, e.g., §4.4 of [Gra08], or §VI.4.5 of [Stc93]). 

Recall that a normalized bump function (or n.b.f. in short) of order N is 
a smooth function on G supported in a fixed compact neighborhood of the 
identity, which is bounded by a fixed constant together with its derivatives up 
to order N. 

Proposition 5.2.7. Under the hypotheses of Proposition 5.2.5, we also have: 

(a) for r > 0, 

\m{x)\dx < Cp,5,/3||m||^^3^ ; 



/ 



r<\x\s<2r 



(h) for every n.b.f. (f> of order 1 and every t > 0, 

\{m,(l)oSt)\ < Cp^qAmWj^^gfi 

(c) for < ri <r2, 



P,Q 



/ rh{x) dx 

J r-i<\x\s<r2 



<a 



P,q,fi\M\M.B^„ 



Proof, (a) From the proof of Proposition 5.2.5, we get that, if 

Bfc = {.T e G : 2'= < \x\s < 2'=+!}, 

then 

/ \rh{x)\dx <Cp,q,j3\\m\\j^^gf,^, (5.2.8) 

where the constant Cp^q^p is independent of fc G Z, and we are done. 

(b) Set N = [^iif^'+ IJ. The estimate for a n.b.f. of order N follows 
simply from boundedness of to, by the use of Sobolev's embedding: 

\{rh,(j)o5t)\ = |((moet)",(/))| 

= |(0**(TOoeO1(e)| 

<C max ||(X")°(0**(TOoet)")|l2 

|Q|<Af 

= C max ||(X"0)* *(moet)l2 

|q|<A' 

<Cmax|l(X»*||2||(moeO(L)!|2^2<C||m||„o. 

\a\<N 

Observe that, by Propositions 5.2.2 and 2.3.2, ||to,||j^^ ^,3 majorizes ||to,||oo. 

In order to extend the result to n.b.f. functions of order 1, we follow Remark 
2.1.7 of [NRSOl]. Fix exponential coordinates x = (xi, . . . , Xd) on G such that 

5t{xi,...,Xd) = {t^'xi,...,t^^Xd), 
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and let kj E 'D'{G) bet the product of the distribution rh by the smooth function 
X !—>■ Xj (for i = I, . . . ,d). Let rj G 2?(G), and let rjj be the product of ry by 
X t-^ Xj. Then for every / G 2?(G) and every t > we have 

{k,,f) = {kj, (1 - r; o St)f) + t^^ (m, /(ry, o 5^)). 

Notice now that, for t > 1, the functions (/ o 5t-i)rjj arc n.b.f. of order N 
(modulo a constant factor not depending on i > 1), thus, taking the limit for 

t -^ +00, we get 

(fc„/)= hin {k,,{l-7^o5t)f). (5.2.9) 

r— >-+oo 

By choosing an rj equal to 1 in a neighborhood of the origin, we conclude that 
kj is determined by its restriction to G \ {e}. 

Since the restriction of rh off the origin is an L\^^ function, this holds also 
for the kj. Moreover, from (5.2.8), by a simple dyadic decomposition we get 

\xj m{x)\ dx < Cp_q_ii M^^\\m\\j^ ^p < oo 

0<|a;|i<M ' ' ° "'" 



for ah M > 0. Therefore (5.2.9) gives 



{kjJ) = / f{x)xjm{x)dx 

JG\{e} 

for all / G 2?(G); in other words, kj is an Ll^^ function on the whole of G, which 
coincides with the pointwise product of rh\Q\ie} by a; i— > Xj. 

Fix a n.b.f. rj of order N such that 77(0) — 1. For every n.b.f. (p of order 1, 
we may decompose 

d 

(j){x) = 0(O)?7(x) +^Xj(j)j{x) 

for some (j)j G 2?(G) which are bounded by a fixed constant and supported in a 
fixed compact neighborhood of the origin. In particular 

d 

{rh,(j>) = (j){0){rh,ij) + ^{kj,(j)j), 

thus from the previous estimates we deduce 

|(m,(/))| < Cp^qj3\\m\\j^,j^g^^, 
but then, for an arbitrary t > 0, 

\{m,<l)o5t)\ = \{{m o etj , (t))\ < Cp^qjj\\mo et\\^^g^^^ = Cp,qAm\\j^^^gg^. 

(c) For < ri < r2 , if we choose fci , fc2 G Z such that 

2^^! < ri < 2'=i+\ 2*^^ < ra < 2''^+\ 

and if we fix a nonncgativc G T>{G) supported in {x : \x\s < 1} and equal to 
1 on {x : \x\s < 1/2}, then 

/ rh{x)dx <C'^( / |m| d^+ |(m, (/lo (^^-(fcj+i))! J , 

and the previously proved inequalities give the conclusion. D 
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If we require a greater regularity on the function m, we obtain a more precise 
characterization of the corresponding convolution kernel rh. 

Proposition 5.2.8. Suppose that m : M" — > C satisfies a Mihlin-Hormander 
condition of infinite order, adapted to the dilations St- Then rh\Q\s^f.} is a smooth 
function and, for every 6t-homogeneous D G ©(G), we have 

\Dm{x)\ < CrrMx\J^'^'+'"\ (5.2.10) 

where w is the homogeneity degree of D. 

Proof. As before, let nij {j G Z) be given by Lemma 5.2.4 and set 

uj = 2'Q'^mj o 62-,, Bk ^ {x e G : 2'' < \x\s < 2'=+^} 

for j, fc e Z. 

Let D e S(G) be (5t-homogeneous of degree w. Let a > 0, /3 > aa; by 
Corollary 4.1.7 and (5.2.1), we have 

sup(l + \x\s)°'\DThj{x)\ < CD,a.fs\\m\\j^^ ^0 , 
xeG " °°'°° 

which can be easily manipulated to obtain 

\Du,{x)\ < Gz5,„,^||m||^^5^_^2-^«^+'"-")(2^' + |a;|,)-". (5.2.11) 

In particular, for x G Bk, we have 

|i?^.,(^)|<Gz.,„,^||m||^^^^^|x|7(«^+'"'2('=-^-)('?^+-")(l + 2^-'=)-". 
For j > fc, we choose a = Qg + w, so that 



\Du,{x)\ < Cm,D\x\J^'^'^'''>J22-^^Q^+-\ 



El 

j>k j>0 



whereas, for j < fc, we choose a > Qg + w, so that 



\Du,{x)\ < G„.z,|a;|,-(«^+"')^2^«^+— ") 



El 

j<k j>0 



(notice that /? can be taken arbitrarily large, since m satisfies a Mihlin-Horman- 
der condition of infinite order). In any case, the quantities on the right-hand side 
do not depend on k. Putting all together, we obtain that the series X^igz-^^j 
converges uniformly on the compacta of G \ {e}, and that its sum, which coin- 
cides with Dm by uniqueness of limits, satisfies (5.2.10). D 

Kernels satisfying this kind of estimates on a homogeneous Lie group are 
considered, e.g., in §6. A of [FS82]. 

5.3 Marcinkiewicz multipliers 

Let G be a homogeneous Lie group, with automorphic dilations St and homoge- 
neous dimension Qg- For w G L^{G), we define the maximal operator associated 
to w. 



M-u;4>{x) — sup \(f> * {t '^^w o 6t-i){x)\ — sup 
t>o t>o 
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We say that the function w is M-admissible if the associated maximal operator 
M^j is bounded on LP{G) for 1 < p < oo. 

In terms of maximal operators, we formulate the following hypothesis about 
the homogeneous group G and a chosen homogeneous weighted subcoercive 
system Li, . . . , Ln on it: 

hypothesis (Js.d)'- for every /3 > s there exist 

• a Borel function up on G with u^ = u*g and up > c{-)q for 
some c, 6* > 0, 

• a positive regular Borel measure ap on K.", which is locally 
d-bounded on K" \ {0}, 

• a non- negative real number 7^ < 2/3, 
such that 

• the function {■)fj'^'^up is M-admissible, and 

• for every compact K C M" \ {0} and every m E 2?(M") with 
supp?n <Z K , we have 

ll"^llL2(G,«-i(a;)da;) < CKJ3\\m\\L2^^^y 

The next proposition shows how this quite technical hypothesis can be ver- 
ified by the techniques and results of the previous chapters. 

Proposition 5.3.1. Let G be a homogeneous group, with degree of polynomial 
growth Qg, <ind let _Li,...,L„ be a homogeneous weighted subcoercive system 
on G. 

(i) The hypothesis (Jqq/2,i) holds. More generally, if the Plancherel measure 
a is locally d-bounded on M" \ {0}, then {3Q/2,d) holds. 

(ii) If G is h-capacious, then (J(QQ-h)/2.i) holds. 

Proof, (i) For (3 > QgI'^, we choose up = 1, ap — a. By Proposition 3.6.1, 
a is i5t-homogeneous, so that it is locally 1-bounded on M" \ {0}. Therefore, 
by Theorem 3.2.7, in order to conclude, it is sufficient to show that, for 7^ G 
]<5g,2/3[, the function wp ~ {■)g'^'^ ^^ M-admissible. 
Set 

01 = Q, 9k+i = [g,0fe]- 

The ideals gk are characteristic, i.e., they are invariant by any automorphism of 
Q. In particular, they are iJ^-invariant, so that we can find (5t-invariant subspaces 
Vk such that flfe = Vfe ® 0fe+i. Let (5t : g -^■ g be the linear map defined by 

dt{x) ~ t'^x for a; e Vfc. 

The 5t are dilations of the vector space g, which commute with the 5t, but 
in general the 5t are not automorphism of the Lie algebra q. However, by 
Proposition 1.3.1, if | • |^ is a homogeneous norm with respect to the dilations 
5t, then 

C^^(l + |-b)<(->G<c(l + |.|,-) 
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for some c > 0. We then have 



(f>{xSt{y) ^)wfj{y)dy 



< 






C,,Y.^-'^'' f \4>{x6t{y)-')\dy 

\<t>{xSt{6,'^{y))-')\dy. 



h>0 •'ll/ls<2 



h>0 



y\s<^ 



Therefore, since 7/3 > Qg, if Afgtrong is the strong maximal function (5.1.3) on 
G associated to a basis of simultaneous eigenvectors of the St and the St, we 
conclude that 

which gives the conclusion by Theorem 5.1.3. 

(ii) Let 3 be the center of 3, and P : g ^ q/i be the canonical projection. Let 
LOi, . . . ,ujh € (0/3)* and zi, . . . , z^, G 3 be given by the definition of /i-capacious. 
By Lemma 4.3.14, there exists a homogeneous basis vi, . . . ,Vk of g compatible 
with the descending central series such that, if ui, . . . , u^ is the dual basis, then 
(jjj o P ~ Vj for j = 1, . . . ,h. Moreover, if we set 

Kj — max{r : Vj G Qm}, 



then K j = 1 for j = 1 , . . . , ft, and 

k 



k 



(5.3.1) 



by Proposition 1.3.1. 

Let "!(• be the /c-parameter family of dilations on g given by 



3T 



Clearly the Ij- are in general not automorphisms, but the automorphic dilations 
St can be obtained as a particular case: 

St ~ "l(t''l,...,t*'fc)5 

where bj is the (5t-homogeneous degree of Vj. 
If/3> (Qg - ft)/2, then 



2/3 > Qg-H^ ^ Kj, 
j=h+i 

so that we can find »7^,i, . . . , ??/3,/i G [0, 1[ and 7^,1, . . . , 7/3, fe > such that 
fc 



2/3 > 7/3 ^Xl^/sj, 



7ft > 



1 - ?70j for 3 = 1,. 



ioi j = h + 1, . . . ,k. 
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Let now a' be the Plancherel measure on M" x 3* associated to the system 
Li, . . . ,Ln extended with the central derivatives, as in §4.3, and let ct^ be the 
push- forward of the measure 

h 

via the canonical projection on the first factor of R" x 3*. By Proposition 4.3.8, 
since -qp^i^ . . . ,rjp^h < 1, the measure afj is a regular Borel measure on R"; 
moreover, since the Zj are (5t-homogeneous, ap is the sum of Ci-homogeneous 
regular Borel measures of different degrees (where Ct are the dilations associated 
to the system Li, . . . , L„), and consequently ap is locally 1-bounded on R"\{0}. 
Finally, if we set 

h h 

nt3{x) = n(l + \^AP{mr'' = 11(1 + \v,{x)\)-^^ , 

then Up — u*a and, by (5.3.1), u^ is dominated by some power of (•)g; moreover, 
by Corollary 4.3.7, for every compact K C R" \ {0} and every m e I?(R") with 
supp m C K, we have 



Wf3 = (•)g'^";3 



In order to conclude, we have to show that w« = {■)r^^^UR is M-admissible. 



In fact, again by (5.3.1), 

h k 

wp{x) < Cp n(l + \i,{x)\r^^^-+^^-^ H {1 + |^>,(x)|)-^^.^■/«^ 

and the exponents "/is.j+rifsji lp,j/i^j are all greater than 1 by construction. The 
conclusion then follows as in part (i), but with a multi-variate decomposition, 
by Theorem 5.1.3 applied to the multi-parameter dilations ~Ij*. D 

Suppose now that, for I = 1, ..., g, Gi is a homogeneous Lie group, with di- 
lations {Sij)t>Oi and that L/,!, . . . ,Li^ni is a homogeneous weighted subcoercive 
system on Gi. Let 

G^ =Gi X ••• xGp, 

and let Lj^ ■ be the left-invariant differential operator on G^ along the l-th factor, 
corresponding to Li_j on G;, for I = 1, . . . , gi, j = 1, . . . , ri;. By the results of 
§3.4, we know than that 

tX tX tX tX 

-^1,1T ■ ■ T^l.ni^ ■ ■ ■ '-'^e,!' • • • '-^e,ng 

is a homogeneous weighted subcoercive system on G^ . 

We then show how the hypotheses on the factor groups G; can be put to- 
gether in order to obtain weighted estimates on the product group G^ . 

Proposition 5.3.2. Suppose that, for I ~ I, . . . , g, the homogeneous group Gi, 
with the system Li^i, ... ,Li,ni, satisfies (Jsj.d,). Forp,qCz [l,oo], if 

p; ^ n d 

fi>s+ J— ^, 

p max|/,p| 
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where s — (si, . . . , Sg), d = (di, . . . , dg), then there exists 

with ws > 0, w*-. — ws, such that ws , is M-admissible on the group Gi for 
I — 1, . . . , g, and moreover, for every compact 

K = l[KiCl[{R-'\{0}), 
1=1 1=1 

and for every m E S^ „B{M.") with supprri C K, we have 



Proof. Take a such that 



d > s, l3 > a + 



n 



p max{2,p} 



For I = I, . . . , g, since a; > s;, by (Jg^.^J we can find a function ugi = ut ^ > 

on Gi such that us^i > ci{-)q ' for some ci,Oi > 0, a positive regular Borel 
measure as,i on M"' locally fi/-bounded on M"' \ {0}, and a positive real number 
75./ < 2ai such that the function w^ ^ = {■)q "'''us^i is M-admissible on Gi and 

\\^l\\LHGi,uZ]^{xi)dxi) <CK,.,Ci\\m\\L^(as,,) (5.3.2) 

for every compact Ki C M"' \ {0} and every mi E 2?(M"') with suppTTij C Ki. 
Set 

us ~ U5,i (8) • • • (8) us,g, as — crs.i x • • • x as,e- 

By "taking the Hilbert tensor product" (see §1.1.11) of the inequalities (5.3.2), 
from Proposition 3.4.3 we deduce that 

\\M\L^(Gx.uZ\x)dx) < CK,s\\M\L^ias) 

for every compact K ^ HLi ^i C nf=i(II^"'' \ {0}) and every m £ X>(]R") with 
supp?n C K . 

Notice now that, again by taking Hilbert tensor products, Corollary 2.3.22 
and (2.2.1) give 

||?™||L2(ff3) < CK,sM\'m-\\sl^B{R^) 

for fj > {n — d)/2, whereas, by Proposition 2.3.28, 

so that, by embeddings and interpolation (Propositions 2.3.26 and 2.3.25), we 
deduce that 

for ff > n/p — d/ max{2, p}. 
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In particular, we have 

\\^\\L'2(G>^MZUx)dx) - ^K,S,f!,p\\'m'\\slpB(R") 

for ff > n/p — d/niax{2,p}. On the other hand, for / ~ !,...,£», by Theo- 
rem 4.1.6, we have 

for rji > 7;/2 + 6';/2 + n;/2, so that, by Hilbert tensor products and embeddings, 

\\'^\\L'-'{G>'-,{xi)l\---{xe)l^ uZ\x)dx) - ^^,a,%^.P ll'™!! s|,pS(R") 

for fj > 7/2 + 9/2 + n. By interpolation, we obtain that 

\\'^\\L^{Gx,{xi)l\-{xg)l<'^uZ\x)dx) ^ '^K,S,i,if,p\\m\\ gn^^gf^^H-^ 

for ff > 7/2 + n/p — d/ max{2, p}. 

In particular, if we take 7 = (75.1, . . . ,75.^), ff — cJ + n/p — d/max{2,p} and 
set ws = ws ^(E) ■■■ <E)ws , we get 

\\'^\\L2(G>',wZ\x)dx) ^ '^K,/3,pll'™lls|,pB(R")' 

for every compact K = nf=i ^i C nf=i(lR"" \ {0}) and every m G X>(M") with 
supp m <Z K. The conclusion then follows by approximations and embeddings 
(Propositions 2.3.31 and 2.3.26). D 

Notice that, in the particular case g — 1, the previous proposition, together 
with Holder's inequality and Proposition 5.2.2, gives the following 

Corollary 5.3.3. // a homogeneous weighted subcoercive system Li, . . . , L„ on 
a homogeneous Lie group G satisfies the hypothesis (Js,d); then, for p G [l,oo], 
it satisfies also (Ip.s+n/p-rf/max{2.p})- In particular, s > d/2. 

The weighted estimate on G^ given by Proposition 5.3.2 will be the starting 
point for the following multi-variate multiplier results. In fact, we are going to 
consider a setting which is more general than the product group G^ . 

Let G be a connected Lie group, endowed with Lie group homomorphisms 

vi : Gi ^ G ior I ^ 1, . . . , g. 

Then, for I — 1, . . . , g, the operators L/^i, . . . , -L/,„, correspond (via the deriva- 
tive v'l of the homomorphism) to operators L\^,...L\^ € S)(G), which are 
essentially self-adjoint by Corollary 3.1.3. Since we want to give a meaning to 
joint functions of these operators on G, we suppose in the following that 

7-b 7-b 7-b 7-b 

commute strongly, i.e., they admit a joint spectral resolution on Lp'{G). 

In order to obtain multiplier results on G, we would like to "transfer" to G 
the estimates obtained on the product group G^. However, we cannot apply 
directly the classical transference results, since the map 

v^ -.G^ 3 {xi,...,Xn) ^ vi{xi)---Ve{xg) e G 
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in general is not a group homoniorphism — because the elements of vi{Gi) are 
not supposed to commute in G with the elements of vii{Gi>) for I ^ V — and 
consequently it does not yield an action of G^ on LP{G) by translations. Never- 
theless, under the sole assumption of (strong) commutativity of the differential 
operators L\ on G, we are able to express the operator m{L^) on G by a sort 
of convolution with the kernel JCj^xm of the operator m{L^) on G^ . 

Proposition 5.3.4. For every m E 2?(R"), we have 

m{L^)<j){x)^ I (f>{xv''{yy^)JCL>^m{y)dy 



for an(f)eL^nGo{G). 

Proof, lime X>(R") = 2?(M"i) (g)^ • • • (g)^ ^(M""), then we can decompose 

fceN 

where gk.i G I?(R"' ) ior k £ N, I ~ 1, . . . , g, and the convergence is in I?(K"). In 
particular, by applying Corollary 4.1.8 and Proposition 3.4.3 to the group G^, 
we obtain that 

K-Lxm^^ K-L^gk.i (g • • • (g K.L^gk,Q 

ken 

inLi(G^). 

On the other hand, for all (f) G L'^ Go(G), by Proposition 3.2.4 we have 

gk.i{L\)(j){x) ^ I (j){xvi{yiY'^)K,Ligk.i{yi)dyi, 

JGi 

and in particular (being /CL,(7fc,i <E L^{Gi)) also gk,i{L\)(f) £ L^nGo(G), so that, 
by iterating, 

(fffc,i • • • (g gk,e){L^)(f>{x) = gk.g{Ll) ■ ■ ■ gk,i{L\)(f){x) 

<j){xvg{ygy^ ■ ■ ■ vi{yiy^)KL,gkAyi) ■ ■ ■'K^L^gkAVe) ^V- 

Summing over fc G N, the left-hand side converges in L^{G) to m{L^)(l>, whereas 
(since y M- (j)(xv^ {v)^^) is bounded) the right-hand side converges pointwise to 

xv'^{yy^)]CL>^m{y)dy 

Gx 

and we get the conclusion. D 

Corollary 5.3.5. Under the hypotheses of Proposition 5.3.2, if p,q G [l,oo] 
and 

-> ^ n d 

/3> s + - 



p max{2,p}' 

then the conclusion of Proposition 5.3.4 holds also for every m G S^ „B{W^) 
with compact support suppm C Hf^iP^"' \ {0})- 
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Proof. Choose /3' such that 



/3>/3'>s + 



p max{2,p} 

By Proposition 2.3.31, we can find a compact K = nf=i ^i C nLi(IR"' \ {0}) 
and a sequence nik € I?(R") with suppTn^ C K such that nik — > m in S^ JM"). 
By Proposition 5.3.2 and Holder's inequality, we then have /C^xTTi^, — > fCj^xm 
in L^{G^); moreover, by Corollary 5.3.3, /3; > n;/p for ^ = 1, . . . , £i, so that, by 
Propositions 2.3.26 and 2.3.28, tti^ — > to uniformly. Therefore, the conclusion 
follows by applying Proposition 5.3.4 to the functions nik and passing to the 
limit. n 

For / = 1, . . . , g, let e/^t be the dilations on M"' associated to the weighted 



subcoercive system L, 



;,ii 



, Li^m , and fix a ej-homogeneous norm 



on 



smooth off the origin. Choose a non-negative ^ G 2?(M) with supp^ C [1/2,2] 
and such that, if 5fc(i) = ^(2~'^i), then 



J2ek{t) = l fori>0. 



(5.3.3) 



fcez 
and set, for I ~ 1, . . . , g and fc G Z, 

».fc(A)-C(k.2-(A)|„)=a(|A|eJ forAeM"'. 

Finally, for A? := (/ci, . . . , fcg) e Z^, let 

Xk = Xi,/ci ® • • • ® Xe.fc, , Tfc = Xfe(i^) = Xi,fei (ii) • • • Xe,k, [L^g]- 

Lemma 5.3.6. For 1 < p < oo and for all 4> e L^ C] LP{G), 



< 



1/2 



Ei^£^ 



\k£lB 



<a 



Proof. For every s G N, (£'j.)feez G {^1,0,1}^ and A^ e N, it is easy to prove 
that 



E46 

|fc|<Ar 



<Cs, 



M,C= 



where Cs > does not depend on (eJc)*: or N; therefore, by Proposition 2.4.10, 
for I = 1, . . . , g, also 



E ^kXi.k 

\k\<N 



<Cl. 



M„C' 



where Ci^s > does not depend on (ejj)/^ or N. 

By Theorem 5.2.6 applied to the group G;, and by transference to the group 
G (see Theorem 1.2.1 and Proposition 3.2.4), we then have 



\k\<N 



< 



P-^P 



E 4xfe(^i 



\k\<N 



<Cu 



p-i-p 
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for 1 < p < oo, I ~ I, . . . , g, where Ci^p > does not depend on (e^)fe or N, and 
consequently also 



2^ ^ki'"^kj^k 

|fei|,...,|fee|<Ar 



S ^i,p ' ' ' ^e,p- 



Moreover, by (5.3.3) and the properties of the spectral integral, X^fceze ^^ '-°'^" 
verges strongly to the identity of L'^(G). The conclusion follows then immedi- 
ately by Proposition 5.1.2. D 

In the following, we will consider Marcinkiewicz conditions on M" adapted 
to the system 

^r=ei.ti X ••• X eg^t, 

of multi-variatc dilations. 

Theorem 5.3.7. Suppose that, for I ~ l,...,g, the homogeneous group Gi, 
with the system L/^i, . . . , L;.„j, satisfies the hypothesis {isi,di)- Ifp,<l G [IjCo] 
and 

;? ^ " ^ 

l3> s + - 



p max{2,p}' 

then, for every bounded measurable function m on R" with \\Tn\\ o^ r < °°j 
the operator m{L ) is bounded on L'^(G) for 1 < r < oo and 



\\m(L )||r^r < Gs \\m\\ s 



M2S;,gB 



Proof Choose a non-negative ( G I?(M) with supp^ C [1/4,4] and such that 
C = 1 on [1/2, 2]. Set, for / = 1, . . . , £», 



and let 
If we set 



77 = ?7i (g) • • • (g) 77^. 



m^ = imo2f^2''i,...,2''i!))V, Ik ="^fc °^(2-'=i,...,2-'=e) 

for /c G Z^, then we have X^'"^ ~ fkXki so that 

TkHL') - fj:{L')T^k- 
Let Wi^ = W0^i^---i^W0e L^{G^) be given by Proposition 5.3.2. Set 

for k ^ "L, I — 1, . . . , Q, and let 



^^-,fe = "^^,i,fei 



^/3,.,fc, 
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for fc e Z^. For / = 1, . . . , g, if tt; denotes the unitary representation of G; on 
L^ (G) induced by the homoniorphism u; , since ws , is M-admissible on Gj , then 
the maximal function Ms . on G defined by 

Ms i(t)ix) = sup Itt/ {ws ; ,^)(j){x) I 

fcGZ 

is bounded on L^{G) for 1 < r < oo, by transference (see Theorem 1.2.2). 

If e i^ n Go(G), then we have, by Corollary 5.3.5 and Holder's inequality, 

<l \Tj:^{xv^{y)-')\^w^,j:{y)dy f \JCL.mj:{y)\^wZ\y)dy 



Gx 



< 



Cs \\mr\\ a TT-\(WS-, , ) ■ ■ ■ TTniws , )(\Tr(t>\ ) 



thus 



1/2 



E i^£™(^' 



bNA|2 



\keZe 



^ ^0,pJ'^\\M,si,B 



E ^i(^04,fci)'"^e(^0,e,fe.)(l^fe'^l') 



feeze 



1/2 



72 



for 2 < r < oo. 

On the other hand, since ws = w*-., for every ■!/; G it'"/^) (G) we have 

/ E ^i(^0,i.fei)-"^e(^/3,e,fc,)(l^fc'^l') ^^^c 
•^^ Vfceze / 

- Ey (^i("',3,i,fci)---^e(«^0,e,fc,)(l^fe'/'l')) IV-lc^MG 

fceze 

= E y^l^fc<^l'(^eK-e,fc,)---'^iK-i,fci)(l^l)) ^^G 



^fceze 



<Cs 

— P:1^ 



Ei^^^ 



feeze 



IV'll(r/2)' 



r/2 



that is. 



E ^eK.e.fe,)---'^iK-i.fci)d^fc'i 



feeze 



<G,7 

— /3,r 



r/2 



Ei^fe^ 



feeze 
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and finally 




1/2 



TML' 



<Cs I 



which, by Lemma 5.3.6, is equivalent to 



\m{L^ 



<C'« I 



'M^Sl^^^B 



'M2S^,gB' 



1/2 






\T0 



This gives the conclusion for 2 < r < oo. In order to obtain the same result 
for 1 < r < 2, it should be noticed that, if m is real-valued, then m{L^) is self- 
adjoint, so that boundedness for 2 < r < oo implies boundedness for 1 < r < 2. 
In the general case, one can decompose m in its real and imaginary parts and 
then apply the previous result to each part. D 

Remark 5.3.1. A multi-variatc analogue of Propositions 5.2.7 and 5.2.8 can be 
proved for the kernel /C^x m on the product G^ , thus showing that, if m satisfies 
a Marcinkiewicz condition of infinite order, then /C^xTti is a smooth Calderon- 
Zygmund product kernel (see [NRSOl], §2.1, and [MRS95], Theorem 1.4). 

Remark 5.3.2. Although the convolution kernel /C^b?n of the operator m{L ) 
on the group G is never used directly in the previous arguments, from Proposi- 
tion 5.3.4 it follows that this kernel is the push-forward of the kernel ICj^xm of 
m{L^) on G^ via the map v^ : G^ -^ G, i.e., 

{ICi^\,m,(f)) = (/C/^xm, (/) o u^) 

for (/. e V{G) (cf. §17.4.5 of [Die72] and Corollary 2.5.3 of [NRSOl]). 

5.4 Applications 

The previous Theorems 5.2.6 and 5.3.7 can be applied, e.g., to the groups and 
systems of operators considered in §4.4; the corresponding results are collected 
in Table 5.1. Here we focus on some few cases, which are probably the most 
interesting, also because they permit a comparison with results already present 
in the literature. 

5.4.1 The abelian case 

As a nilpotcnt Lie group, one can certainly take M". In this case, commutativity 
of translation-invariant differential operators is automatically guaranteed. 

For j = 1, . . . , n, let Xj = — o^ be the partial derivative in the j'-th compo- 
nent. Then the operators 

-iXi, . . . ,-iXn 

form a weighted subcoercive system, since, e.g., the Laplacian —{Xf + ■ ■ • +X,^) 
is contained in the algebra generated by them (which in fact is the full algebra 
2)(R") of translation- invariant differential operators). 

One should notice that, with respect to the abelian group structure of M", 
every family of (possibly non-isotropic) dilations 

6t{xi,. . .,X„) = {t^^Xl, . . . ,t^"Xn) 
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group 


operators 


dimG 


Qg 


S 




required 
smoothness 


Hn 


Li, . . . , £„, — iT 


2n+l 


2n+2 


2n+l 
2 


1 


2n+l 1 n 
2 + p 


Hn 


L,-iT 


2n+l 


2n+2 


2n+l 
2 


1 


2n+l 1 1 
2 + p 


HiJ„ 


Li, ...,£„, -iTi, -ir2, -iTa 


4n+3 


4n+6 


4n+3 
2 


1 


4n+3 1 n+2 
2 1 p 


HiJ„ 


L,-zTi,-ir2,-ir3 


4n+3 


4n+6 


4n+3 
2 


1 


4n+3 1 3 
2 + p 


^3,2 


L,D,-iTi,-iT2,-iT^ 


6 


9 


9 
2 


4 


9,1 
2 + P 


^3,2 


L,D,A 


6 


9 


9 
2 


2 


9,1 
2 + P 


A^3,2 


L,-iTi,-iT2,-iT^ 


6 


9 


9 
2 


7 
2 


9 , J_ 
2 ^ 2p 


A^3,2 


L,A 


6 


9 


9 
2 


3 
2 


9 , J_ 
2 ^ 2p 


^3,2 


L,D 


6 


9 


9 
2 


3 
2 


9 + J_ 
2 ^ 2p 


G5,2 


L,-iX2, -iXi 


5 


7 


6 
2 


2 


6+1 
2 + P 


7V4,2 


L,D,-iTi2,...,-iT34 


10 


16 


16 
2 


2 


16 1 6 
2 + P 


7V4,2 


L, —iTi2, . . . , — ir34 


10 


16 


16 
2 


2 


16 1 5 
2 + P 


^4,2 


L,Z?,P,A 


10 


16 


16 
2 


2 


16 1 2 
2 ^ P 


A^4.2 


L,P,A 


10 


16 


16 
2 


2 


16 1 1 
2 ^ P 


A^2,3 


L,i:),-«ri,-iT2 


5 


10 


10 
2 


2 


10 1 2 
2 + P 


A^2,3 


L, —iTi, —iT2 


5 


10 


10 
2 


2 


10 1 1 
2 + P 


A^2,3 


L,D,A 


5 


10 


10 
2 


1 


10 1 2 
2 + P 


^6,19 


L,-iX2,-iXi 


6 


10 


8 
2 


1 


8,2 
2 + P 


^6,23 


L,-iX2,-iXi 


6 


11 


9 
2 


1 


9,2 
2 + P 



Table 5.1: Multiplier theorems applied to the groups and operators of [ 

(the required smoothness is expressed in terms of LP Besov norms with p > 2) 
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is automorphic. Moreover, the operators —iXi, . . . , —iX„ are homogeneous with 
respect to such a family of dilations. 

Notice that, by the properties of the Fourier transform, 

mi-iXi, . . . , ~iX„)f = F-\m{Ff)) = f * J-^^m, 

so that rh = T^^m, and then, by the classical Plancherel formula, 

\m\^d<7^ ( |m(a;)|2dx=(27r)-" /" 1^(01'^^, 

i.e., the Plancherel measure a associated to the system —iXi, . . . , —iXn is (apart 
from a constant factor) the Lebesgue measure on R", which is clearly locally 
n-bounded on the whole M". 

This means that the aforementioned system satisfies the hypothesis (Jn/2,n) 
(in this case, the degree of polynomial growth clearly coincides with the topolog- 
ical dimension) and we recover from Theorem 5.2.6 the classical Mihlin-Horman- 
der theorem for Fourier multipliers on M", i.e., Theorem A of the introduction. 

One can also think of each —iXj as a self-adjoint Rockland operator on the 
j'-th factor of R", i.e., as a Rockland system by itself, satisfying the hypothesis 
(Ji/2,i); by applying Theorem 5.3.7 to these systems, we recover Theorem B of 
the introduction. 

5.4.2 H-type groups 

Let G be a H-type group, with a fixed stratification. Let L be a homogeneous 
sublaplacian on G, and let Ti, . . . , T^ be a basis of the center of the Lie algebra 
of G. Then we have a Rockland system 

L,-iTi, . . . ,-iTd, 

to which our multiplier theorems can be applied, at least in two different ways. 
Namely, this Rockland system on the H-type group G satisfies the hypothesis 
(J(dimG)/2.i) by Proposition 5.3.1, so that, by Theorem 5.2.6, we get that, for 
p > 2, the condition 

dimG d 

"^ M,s= < oo tor some s > — \ — , 

' p.p 2 p 

where e^ are the dilations associated to the Rockland system, implies that the 
operator ?n(L, — iTi, . . . , —iTd) is of weak type (1, 1) and is bounded on U'{G) 
for 1 < r < oo. 

On the other hand, we can consider each of the operators L, —iTi, . . . , ^iTd 
as forming a Rockland system by itself: the sublaplacian L is Rockland on G, 
so that it satisfies the hypothesis (J(dimG)/2,i), whereas each central derivative 
~iTj is Rockland on a 1-dimensional subgroup of the center of G, thus it satisfies 
the hypothesis (Ji/2,1..) Therefore, by Theorem 5.3.7, for p > 2, the condition 

^ ^ /dimG 1 1 

WMlAUSl^B < 00 for some s > I ^ , 2' ' • ' ' 2 

implies that m{L, —iTi, . . . , —iTd) is bounded on U'{G) for 1 < r < 00. 
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H Theorem 5.2.6 

(Mihlin-Hormandcr, L°° Besov norm) 

Theorem 5.3.7 

(Marcinkiewicz, L Sobolev norm) 

H [MRS96] 

(Marcinkiewicz, L Sobolev norm) 
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Figure 5.1: Comparison of multiplier results on the Heisenberg groups 

If we compare these two results in terms of the required smoothness, we see 
that, for p = OD, neither of the conditions is contained in the other: in fact, in the 
former conditions, only derivatives up to (something more than) the order ™ 
are required, but any kind of derivative; in the latter, instead, the order '^^'^^+'^ 
is reached, but only with mixed derivatives, and in particular pure derivatives 
with respect to the spectral variables corresponding to —iTi, . . . , —iT^ are only 
required up to the order i. This comparison is illustrated in Figure 5.1 in the 
case of the Heisenberg groups i/„ (for which d = 1). 

We notice that the result of Miiller, Ricci and Stein [MRS96] involving this 
system of operators is sharper than ours. In fact their condition, which is of 
Marcinkiewicz type, is expressed in terms of a "mixed" multi-parameter L^ 
Sobolev norm 
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therefore, with respect to the required smoothness, the condition of [MRS96] 
is exactly the "intersection" of our two. On the other hand, our results are 
more general, since, for instance, the sublaplacian L can be replaced by any 
Rockland operator (with respect to any homogeneous structure) on G, without 
any change in the condition on the multiplier. 

On the Heisenberg group i/„ we can also consider the Rockland system 



Li, ■ ■ ■ ,L„ 



^iT 



made of the partial sublaplacians and the central derivative. There are several 
ways in which our multiplier theorems can be applied to this system, since every 
subfamily of partial sublaplacians form (with or without the central derivative) 
a Rockland system on some subgroup of iJ„. Analogously as before, the "in- 
tersection" of all our conditions corresponds to the sharper result of Vcneruso 
[VenOO] about this system of operators. 

5.4.3 Non-nilpotent groups 

Theorem 5.3.7 allows one to obtain spectral multiplier theorems also on groups 
which are not homogeneous, even not nilpotent. Clearly, the case g = 1 gives 
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transference of multiplier results from a homogeneous group to a larger, possibly 
non-homogeneous one. A less trivial example comes by considering an action 
of a torus T'' = R'^/Z'' on a homogeneous group N by automorphisms which 
commute with dilations, and the corresponding semidirect product T'' tx A^ (or 
alternatively its universal covering group M'' k A^). 

Take for instance a diamond group G = T'' k iJ„ (see [Lud95]). If L is 
a T'^-invariant homogeneous sublaplacian on _ff„ (which always exists), and if 
Ui, . . . ,Ud are the partial derivatives on the torus T'', then 

L,-iUi, . . . , -iUd 

is a weighted subcoercive system on G, since these operators commute on G, 
and the algebra generated by them contains the operator 

A = L + {-iUif + --- + {-tUdf, 

which is a sublaplacian and therefore is weighted subcoercive on G. Each of 
the operators L,—iUi, . . . ,~iUd can be considered as a Rockland system in 
itself: L is Rockland on i/„, and therefore satisfies (J(dimH„)/2.i)i whereas —iUj 
comes from the corresponding derivative on the j-th factor of M'', which satisfies 
(Ji/2,1,.) By applying Theorem 5.3.7, we then obtain that, if 

\\M\m,s1^b{vJ+'') < oo for s > ( , 2' • • • ' 2 

then m{L, —iUi, . . . , —iUd) is bounded on U'{G) for 1 < r < oo. 

Thanks to Proposition 2.4.12 and Corollary 2.5.7, this result in turn yields 
a multiplier theorem for the sublaplacian A: if 

dim Hn + d dim G 

l|nT-llAf.S|2(R) < oo for s > ^ = — ^ — , 

then ?7i(A) is bounded on U'{G) for 1 < r < oo. We remark that: 

• this condition is sharper than the one following by the general result of 
Alexopoulos [Ale94], which instead requires s > '^""^^^ in terms of an 
L°° Besov norm (in fact, dim G + 1 is the local dimension associated to 
the sublaplacian A); 

• this is an example of a group in which the regularity threshold for a mul- 
tiplier theorem can be lowered to half the topological dimension, which is 
neither a Metivier group (or a direct product of Euclidean and Metivier 
groups), nor SU2; 

• by Proposition 2.4.12, Corollary 2.5.7 and Proposition 2.5.8, the sublapla- 
cian A can be replaced by any operator of the form 

L''° + -{iUif"' + ■ ■ ■ + {-iUdf"" or L^"{-iUi)'''---{-iUd)^'' 

for some fco, /ci, . . . , fc^ G N \ {0}, obtaining an analogous multiplier result 
with identical smoothness requirement. 
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Operators such as the complete Laplacian 

Ac = i + {-iTf + {-iUif + ■■■ + {-lUdf, 

where T is the central derivative on Hn, can also be studied. By considering 
L, —iT together as a Rockland system on iJ„, and each of the —iUj separately 
as before, one obtains, by Theorem 5.3.7, Proposition 2.4.12 and Corollary 2.5.7, 
a multiplier theorem for the Laplacian Ac, with a regularity threshold of order 
^isii in terms of an L°° Besov norm. 

Analogous considerations hold if one replaces iJ„ by any H-type (or Metivier) 
group, and also if one takes the universal covering group M'' x Hn, this last case 
comprises, for d = 1, the oscillator groups. Notice that the previous result about 
the Laplacian Ac, when stated on the universal covering group, is sharper than 
[Ale94] , since the degree of growth of the group is greater than its topological 
dimension. 

Further examples include the plane motion group TkM^, and also the semidi- 
rect product T k 7V2,3 determined by the action of SO2 on the free 3-step nilpo- 
tent group iV2.3 considered in §4.4.4. In these last cases, for some distinguished 
sublaplacians, we still get a sharpening of the result by Alexopoulos: although 
the required order of smoothness is the same, our condition is expressed in terms 
of an L^ instead of an _L°° Besov norm. 
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In the following we give a brief account of the theory of spectral integrals, 
including the spectral theorem for multiple operators and the connections with 
the Gelfand theory of commutative C*-algebras. In doing so, we also summarize 
some results from the theory of Banach *-algebras which are used throughout 
the work. 

A.l Banach *-algebras and C*-algebras 

The following results can be found, together with a more extensive presentation, 
in [BD73], [Dix82], [Pal94], [PalOl]. 

A. 1.1 *-algebras 

A =¥ -algebra is an associative algebra over C (i.e., a complex vector space A with 
a bilinear, associative product) endowed with a conjugate-linear involution 

A3 a^ a* eA 

such that (a*)* ~ a, (ab)* — b*a* . A is unital if the product has an identity. 

If Ai and A2 are *-algebras, a linear map T : Ai — > A2 which preserves 
multiplication and involution is called a ^-homomorphism; if moreover Ai and 
A2 are unital *-algebras, and T maps the identity of Ai to the identity of A2, 
then T is called a unital *-homomorphism. 

A Banach * -algebra (with isometric involution) is a *-algebra A endowed 
with a norm || • || which makes it into a Banach space and such that 

||aia2|| < ||ai|| ||a2||, ||a*|| = ||a||, 

||e|| = 1 if e G ^ is an identity. 

If moreover 

\\a*a\\ ^ War, 

then A is called a C*-algebra. 

If "H is a Hilbert space, then the space B{H) of bounded linear operators on 
"H, with composition, adjunction and the operator norm, is a unital C*-algebra. 
In fact, by the Gelfand-Naimark theorem, every C*-algebra is (isometrically) 
^-isomorphic to a closed *-subalgebra of B(7i) for some Hilbert space H. 

If a *-algebra A is not unital, then we embed it in a unital *-algebra 

Au = AS)C, 
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called the unitization of A, with operations 

(ai, Ai)(a2, A2) = (aia2 + \ia2 + A2ai, A1A2), (a, A)* = (a*, A); 

in fact, the element (0, 1) is an identity for Ajj, and the embedding of A into 
Ajj is given by a i-> (a, 0). If ^ is a Banach *-algebra, then Ajj can be made 
into a Banach *-algebra with the norm 

||(a,A)|| = ||a|| + |A|; 

if moreover ^ is a C*-algebra, then the norm 

||(a, A)||'=: sup ||aa; + Aa;|j 
xeA 
Nll<i 

makes Ajj into a C*-algebra. 

A. 1.2 Spectrum of an element 

For a unital *-algebra A, we define the spectrum Spec_^(a) of an clement a Cz A 
as the set of the A G C such that a — A is not invertible in A; if A is not unital, 
then the spectrum Spec_4(a) of an element a € ^ is defined as its spectrum in 
the unitization Ajj of A. The spectral radius Pyt(a) of an element a ^ Ais given 

by 

PA(a) = sup{|A| : A € Spec_4(a)}. 

If ^ is a Banach *-algcbra, then Spec_4(a) is a non-empty compact subset of C 
for every a ^ A, and 

PA{a) < ||a||; 

moreover the spectral radius formula holds: 

PA{a)^ lim ||a"||i/" = inf||a"||i/". 

n— >-oo n 

If A' is a closed *-subalgcbra of a Banach *-algebra A, then, for every b G A' , 

aSpec_4,(6) C aSpcc_4(6) C Spec_4(6) C Spcc_4,(6) U {0}, 
(see [BD73], Proposition 1.5.12), and in particular 

PA{b) ^ PA'ibj- 
If A is a, C*-algebra, then, for every a E A, 

A. 1.3 ^-representations 

If ^ is a *-algcbra, a =¥ -representation T of ^ on a Hilbert space "H is a *- 
homomorphism T : A-^ B(H). For o G ^, we set 

7^ (a) — sup{||T(a)|| : T is a *-representation of ^}. 
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The function 7_4, which is caUed the Gelfand-Naimark seminorm of A, is a 
(possibly infinite-valued) submultiplicative seminorm on A, which satisfies 

lA(a*a) ^ 7^(a)^, 7^(0) < p^(a*a)^/^. 

In particular, if ^ is a Banach *-algebra, then 

7A{a) < \\a\\, 
so that every ^-representation is automatically continuous. 

A. 1.4 Hermitian *-algebras 

An element a of a *-algebra A is called hermitian if a = a*. A *-algebra A 
is called hermitian if Spec_4(a) C M for every hermitian a Cz A. In fact, for a 
Banach *-algebra A, the following conditions arc equivalent: 

• ^ is hermitian; 

• Spec_4(a*a) C [0, +oo[ for every a Cz A] 

• 7.A(a) — PA{ct*(i)^ for every a E A. 

The equivalence of the first two conditions is the Shirali-Ford theorem (see 
[BD73], Theorem 41.5), whereas the third condition is called Raikov's crite- 
rion (cf. [PalOl], Theorem 11.4.1). 
Every C*-algebra is hermitian. 

A. 1.5 Commutative *-algebras 

A character of a commutative *-algebra ^ is a non-null linear functional (j) '■ 
A ^ C which is multiplicative, i.e., such that (/)(oia2) — (/)(ai)0(a2); the set 
S5(„4) of the characters of A is called the G elf and spectrum of A. 

If ^ is a commutative *-algebra, then the Gelfand transform of a is the 
function a : &{A) —> C defined by 

a{(j)) == 0(a). 

The Gelfand topology is the weakest topology on &{A) such that all the maps 
a (for a £ A) are continuous. 

If ^ is a commutative Banach *-algebra, then, for all a Cz A, 

a{&{A)) C Spec_4(a) C a{e{A)) U {0}, 

and in particular 

||a||oo ^ PA{a) < \\a\\; 

moreover ®{A) is a locally compact Hausdorff topological space, and a G 
Co(lS(vA)) for every a G A. In fact, if A is unital, then r(^) is compact and 

die{A)) = Spcc^(a) 

for every a Cz A. 

For a commutative Banach *-algebra A, the map 

A3a^ae Cai@iA)), 

which is called the Gelfand transform, is a homomorphism of algebras, i.e., it is 
a linear map which preserves the product. In fact, we have: 
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• ^ is a hcrmitian Banach *-algcbra if and only if the Gelfand transform is 
a *-homoinorphisin; 

• ^ is a C*-algebra if and only if the Gelfand transform is an (isometric) 
♦-isomorphism. 

A. 2 Linear operators on Hilbert spaces 

While bounded operators on a Hilbert space form a C*-algebra, and conse- 
quently are included in the theory set forth in §A.l, unbounded operators require 
a specific treatment. Moreover, among bounded operators, specific subclasses 
with peculiar properties can be considered. General references for the following 
are [DS63], [Rud73], [RS80]. 

A. 2.1 Operators as graphs 

Let Hi,H2 be (complex) Hilbert spaces. A (possibly not everywhere defined) 
linear operator L from "Hi to 'H2 can be identified with its graph, which is a 
linear subspace of the direct product "Hi x 'H2- In particular, the domain D{A) 
and the range R{A) of A can be simply thought of as the projections of A on 
the two factors Hi and 7^2- 

A. 2. 2 Sum and product 

If Ai, A2 are linear operators from "Hi to H2, then their sum Ai + A2 is defined 
pointwise on the intersection of their domains: 

D{Ai + A2) ^ D{Ai) n D{A2). 

If A is an operator from "Hi to H2, and B is an operator from H2 to another 
Hilbert space 'H3, then their product (or composition) BA is an operator from 
"Hi to Hs defined as a composition of relations, so that 

D{BA) = {xe D{A) : Ax e D{B)}. 

A. 2. 3 Closable and closed operators 

An operator A from "Hi to 'H2 is called closable if its closure A (as a subspace 
of Hi X H2) is still (the graph of) an operator, i.e., if A is univocal. A is said 
to be closed ii A ^ A. Clearly, if an operator A admits a closed extension, i.e., 
a closed operator B such that A C B, then A is closable. By the closed map 
theorem, a closed operator which is everywhere defined is bounded. 

A. 2. 4 Adjoint of an operator 

Let J-^-^fi^ : Hi x H2 -^ H2 x Hi be the isometric isomorphism defined by 

J-Hi,'H2{^l>^2) = {-X2,Xi). 

We define the adjoint A* of an operator A from "Hi to H2 as 
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Then one can sec that A* is an operator from H2 to Hi if and only if D{A) is 
dense in Hi- Moreover, the domain of the adjoint A* of A is given by 

D{A*) = {x2 G "^2 : xi H- > {Axi^X2)u2 is continuous}, 

and for X2 G D{A*) we have that A*X2 is the unique element of T-Li such that 

{xi,A*X2)hi == {Axi,X2)v.2- 

From the definition, one has immediately A* is closed, and that A** — A. In 
particular, if A* is a densely defined operator, then A is closable. Moreover 

kerA* = R{A)^. 

A. 2. 5 Symmetric and positive operators 

From now on, let us suppose that Hi = 'H2 = "H. An operator A on "H is said 
to be symmetric ii A C A* . In particular, a densely defined symmetric operator 
is closable. Notice that A is symmetric if and only if 

{Ax, y)n = {x, Ay)-H for aU x,y e D{A) 

if and only if 

{Ax, x)n e R for aU x e D{A). 

We say that an operator A is positive if 

{Ax, x)n > for all x G D{A). 
A closable operator A is symmetric or positive if and only if A is. 

A. 2. 6 Self-adjoint and essentially self-adjoint operators, 
normal operators 

An operator A on "H is said to be self-adjoint if A* = A; in particular, a self- 
adjoint operator is closed and densely defined. 

A closable operator is said to be essentially self-adjoint if its closure A is 
self-adjoint, i.e., if A* = A. 

A closed and densely defined operator is said to be normal ii A*A = AA* . 

A. 2. 7 Spectrum 

If A is a densely defined operator on H, the resolvent set of A is the set of the 
A G C such that A~X is injective and its inverse {A—X)~^ is densely defined and 
bounded; the complementary Spec(j4) of the resolvent set is called the spectrum 
of A. 

A subset of Spec(j4) is the point spectrum of A, which is the set of the 
eigenvalues of A, i.e., the A G C such that A — A is not injective. Clearly, the 
point spectrum coincides with the whole spectrum when H is finite-dimensional. 

The spectrum Spec(j4) of a densely defined operator A on "H is a closed 
subset of C. If A is self-adjoint, then Spec(^) C M. 

If A is bounded, then Spec(A) = Specg/^-,(A). 
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A. 2. 8 Compact operators, Hilbert-Schmidt operators and 
trace class operators 

A bounded operator A on "H is said to be: 

• compact, if A maps bounded subsets of "H to relatively compact ones; 

• Hilbert-Schmidt, if 

PIIhs=(EII^^"II') <^ 

\aei / 

for any (hence for every) complete orthonormal system {va)aei iii 'H', 

• trace class, if 

for any (hence for every) complete orthonormal system {va)aei in ^• 

The quantities ||A||hs and tr |A| are independent on the choice of the system 
{va)a<£i, and define complete norms on the spaces of Hilbert-Schmidt operators 
and trace class operators respectively. 

The trace class and the Hilbert-Schmidt operators form *-ideals of B{H). 
The compact operators form a closed *-ideal of B{H). Moreover, for a bounded 
operator on H, the following implications hold: 

finite rank => trace class => Hilbert-Schmidt => compact. 

For a trace class operator A, the trace 

trA = y^^(Ava,Va) 

is well defined (and finite). Moreover, the expression 

tr(B*A) = ^(A«„,B«„) 

defines an inner product, inducing the Hilbert-Schmidt norm || • ||hs- 

A. 3 Spectral integration 

For the present and the next section, we refer mainly to [Ber66] , [Rud73] , [FD88] 
for detailed expositions and proofs. 

A. 3.1 Orthogonal projections 

Let "H be a Hilbert space. An orthogonal projection of "H is a bounded linear 
operator P onH such that P'^ = P = P*. 

An orthogonal projection P is uniquely determined by its range R{P), which 
is a closed subspace of H, and in fact every closed subspace of H is the range 
of an orthogonal projection. 



184 



A. 3. Spectral integration 



We define a (partial) order on the orthogonal projections of H by setting 

P<Q ^^ R{P) C R{Q). 

With respect to this order, the orthogonal projections of H form a complete 
lattice; in particular, the supremum of a family V of orthogonal projections is 
the orthogonal projection sup V with range 



i?(sup-p) = span|J{i?(P) : P(:,V}. 

A. 3. 2 Resolutions of the identity 

Let X be a locally compact Hausdorff topological space. A resolution of the 
identity of "H on AT is a correspondence E which maps Borel subsets A of A to 
orthogonal projections E{A) of "H, and which satisfies the following properties: 

• E{X) = id«; 

• E{Ai U A2) = E{Ai) + E{A2) whenever yli n A2 = 0; 

• E(A) = IminE(An) whenever {An}nefi is an increasing sequence with 
union A, and where the limit is meant to be in the strong sense; 

• E{Ai n A2) = E{Ai)E{A2) - E{A2)E{Ai). 

A resolution of the identity is also called a projection-valued measure. A res- 
olution E of the identity of "H on A is said to be regular if, for every Borel 
AC A, 

E{A) = sup{E{K) : K is a compact subset of A}. 

Let E he a, resolution of the identity of H on A. For every u,v e H, the 
equality 

EuAA) ^ {E(A)u,v) 

defines a complex- valued Borel measure Eu^v on A, which satisfies 

|^«,.|(A)<||w||||i'||. 
In fact, in the case u = v, we have that Eu^u is a positive Borel measure, with 

EuAX) = \\uf. 

It can be shown that E is regular if and only if Eu^u is regular for every u € H; 
in particular, if A is second-countable, then every resolution of the identity on 
A is regular (see [FD88], Proposition 11.11.10). 

The support supp _B of a projection- valued measure i? on A is defined by 

suppS = A \ [J{A CX:Ais open and E(A) = 0}. 

In fact, supp-E is the closure of the union of the supports of the measures E-^^u 
for u eH. If i? is regular, then E{s\ippE) = id-^. 
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A. 3. 3 Integral of bounded functions 

Let B{X) be the set of (complex- valued) bounded Borel functions on a locally 
compact Hausdorff topological space X; in fact, B{X) is a C*-algebra with 
pointwise operations and the supremum norm. 

If _E is a resolution of the identity of a Hilbert space "H on X, then there 
exists a unique continuous linear map B{X) — > B{T-L) which maps xa to E{A) 
for every Borel A Q X; the image of a function / € B{X) via this map is 
denoted by 

( JdE or E[f], 
Jx 

and is called the integral of the function / with respect to the projection- valued 

measure E. We clearly have 



{E[f]u,v)= / /d£;„,„ 

J X 

for every / G B{X), u,v CzH, and in particular 

Jx 
In fact, the map E[-] is a *-homomorphism, so that 

mm < ii/iioo. 

More precisely, if 

Ne = {/ e B{X) : E{{f ^ 0}) = 0}, 

then Ne is a closed *-ideal of B{X), and the map E[-] : B{X) -^ B{H) induces 
an isometric embedding of the quotient C*-algebra 

L°°{X,E)^B{X)/Ne 

into the C*-algebra B{H); moreover, the norm on L°°{X^E) is given by the 
i?-essential supremum: 

\\I\\l^(x.e) = niin{A e [0, +c^[ : Ei{\f\ > A}) - 0} 

(see [Rud73], §12.20). 

A. 3. 4 Spectral integrals and Gelfand transform 

If X is a locally compact Hausdorff topological space and E is a resolution of 
the identity of a Hilbert space H on X, then we can restrict the map E[-] to the 
sub-C*-algebra Co{X) of B{X), thus obtaining a *-representation T of Co{X) 
onH. If i? is a regular resolution of the identity, then the *-representation T is 
regular, in the sense that 

fjlkern/) : f e Co{X)} = {0}. 

In fact, if r is a regular ^-representation of Co{X) on a Hilbert space H, then 
there exists a unique regular resolution E of the identity oi H on X such that 
T(/) = E[f] for every / G Co{X) (see [FD88], Theorem II.12.8). 
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In particular, if "H is a Hilbert space and ^ is a closed commutative *- 
subalgebra oi B(H) containing the identity oiH, then the inverse of the Gelfand 
transform is a regular *-rcprescntation of C((&{A)) on H, so that there exists 
a unique regular resolution E of the identity of "H on the compact space ©(A) 
such that E[a\ — a for every a G A; this resolution E will be called the spectral 
resolution of the algebra A. 

On the other hand, if i? is a regular resolution of the identity of a Hilbert 
space "H on a locally compact Hausdorff topological space X, then the C*- 
algebra Co{suppE), identified with a sub-C*-algebra of B{X) via extension by 
zero, is isometrically embedded in the quotient L°°{X,E): moreover, by the 
Tietze-Urysohn extension theorem (see [Bou98b], §IX.4.2), its image in B{T-L) 
via the map E[-] coincides with the image E[Cq{X)] of Ci){X). Consequently, 
the Gelfand spectrum of E[Co{X)] can be identified with supp_E via a homeo- 
morphism <1> : &{E[Co{X)]) — > suppi*^ such that 

for every / e Co(X), c^ e <5{E[Co{X)]). 

A. 3. 5 Integral of unbounded functions 

Let _E be a resolution of the identity oiT-L onX . We extend the definition of E [/] 
to general Borel functions / : X ^ C, so that E[f] is the (possibly unbounded) 
linear operator on %, with domain 

D{E[,f]) = |w e H : / l/P dEu^u < cx)| , 

which is uniquely determined by the condition 



{E[f]u,v)= / fdEu,. 
Jx 

for all u G D{E[f]), v G T-L; in fact, it can be shown that, for every Borel 
/ : X — >• C, the set D{E[f]) is a dense subspace of H, and that 

miM^^ I \f\^dEu,u 
Jx 

for every u € D{E[f]). Moreover: 
• E[f,]+Elf2]=Elh + f2]; 



. E[,h]E[f2] = E[hhi and D{E[h]E[h]) = D{E[hh]) n D{E[h])-. 

. E[f] = E[f]\ and E[fYE[f] - i?[|/|2] ^ E[f]E[fY . 

(cf. [Rud73], Theorem 13.24). In particular, for every Borel / : X ^ C, E[f] 
is a (closed) normal operator, and in fact E[f] is self-adjoint if / is real- valued; 
moreover, the spectrum of E[f] is given by the _E-essential image of /, i.e., 

Spec(S[/]) = {A e C : E{{\f - A| < e}) 7^ for all e > 0}, 

and, for every A G C, the eigenspace of E[f] relative to the eigenvalue A is 
characterized by 

{u e D{E[f]) : E[f]u = Xu} = R{E{f = A}) 

(see [Rud73], Theorem 13.27). 
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Appendix 

A. 3. 6 Push- for ward measure 

Let Xi , X2 be locally compact Hausdorff topological spaces and p : Xi ^^ X2 
be a Borel map. If H is a Hilbert space and S is a resolution of the identity 
of Ji on Xi, then we can consider the push-forward of E via p, which is the 
resolution p{E) of the identity of Ti on X2 defined by 

piE){A) = E{p-\A)) for aU Borel A C X2. 

The support of p{E) is the i?-essential image of p: 

suppp{E) ~ {x e X2 : E(p^^{U)) 7^ for all neighborhoods U of x}\ 

in particular, if E is regular, then 



suppp(_E) Cp(suppi<^), 

with equality if p is continuous. Moreover, the following change-of-variable 
theorem holds: for every Borel function / : X2 — > C, 

p{E)[J]^E[Jop] 

(see [Rud73], Theorem 13.28). 

A. 3. 7 Product measure 

Let Xi,X2 be locally compact Hausdorff topological spaces; suppose moreover 
that Xi , X2 are second-countable (thus metrizable by the Urysohn metrization 
theorem, see §IX.9 of [Dug66]). Let "H be a Hilbert space, and let Ej be a 
(necessarily regular) resolution of the identity of Ti, on Xj, for j = 1,2. If Ei 
and E2 commute, i.e., 

Ei{Ai)E2{A2) - E2{A2)Ei{Ai) for aU Borel Ai C Xi, A2 C X2, 

then there exists a unique (regular) resolution E of the identity of "H on the 
product Xi X X2 such that 

E{Ai X A2) = Ei{Ai)E2iA2) for aU Borel Ai C Xi, A2 C X2, 

which is called the product of Ei and E2 (see [Bcr66] , Theorem 33 and Corol- 
lary). Clearly, if pj : Xi x X2 — > Xj is the canonical projection, then 

Pj{E)^E,, 

for j = 1,2. Moreover (sec [Ber66], Theorem 35) 

supp E C supp El X supp E2 ■ 

A. 4 The spectral theorem 

A. 4.1 Spectral decomposition for a single normal operator 

Let T be a (possibly unbounded) normal operator on a Hilbert space "H. Then 
there exists (see [Rud73], Theorem 13.33) a unique resolution E of the identity 
of "H on C such that 

r= / XdE{\), {AAA) 
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A. 4. The spectral theorem 



and in particular supp E = Spcc(T). The projection- valued measure E is called 
the spectral resolution (or spectral measure) of T. 

In terms of the spectral measure, a functional calculus is defined for the 
operator T: for every Borel function / : C ^ C, we set 



/(T)- [ fdE. 



A. 4. 2 Compact normal operators 

Suppose that the normal operator T on the Hilbert space "H is (bounded and) 
compact. Then there exist a complete orthonormal system (««)«£/ in "H and a 
sequence {Xa)aei of complex numbers such that 

Tva — y^aVa for all a € I, 

and 

for all £ > 0, the set {a E I : |Aq| > e} is finite 

(see [FD88], Theorem VI. 15. 10); notice that the last condition implies that at 
most countably many Aq, are not null. This means that, if E is the spectral 
resolution of T, then 



so that 



and 



R{E{{\})) = spanjua : a e /, A^ = A}, 

dimR{E{{\})) is finite for A 7^ 0, 
{A„}ae/ C SpecT C {A„}„e/ U {0}. 



Therefore, for a compact normal operator, the spectral decomposition (A. 4.1) 
becomes a sum 



T=J2 ^«^({^«}) 

ael 

(in the sense of strong convergence of operators) . 



A. 4. 3 Strong commutativity 

Two normal operators Ti , T2 are said to commute strongly if their spectral reso- 
lutions commute: more precisely, if Ei , E2 are the spectral resolutions of Ti , T2 
respectively, then we ask that 

Ei{A)E2iB) = E2{B)Ei{A) for ah Borel A, B C C. 

Notice that, in the case of bounded normal operators, strong commutativity is 
equivalent to commutativity (cf. [Rud73], Theorem 12.16). 
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Appendix 

A. 4. 4 Joint spectral theory for strongly commuting nor- 
mal operators 

Suppose that Ti , . . . , T„ are normal operators on "H which commute strongly 
pairwise, and let Ei, . . . ,En be their respective spectral resolutions. Then we 
can consider the product of Ei, . . . ,En, i.e., the unique resolution E of the 
identity of H on C" such that 

E{Ai X ■ ■ ■ X An) = Ei{Ai) ■ ■ ■ En{An) 

(see §A.3.7), and we have 

Tj ^ / Xj dE{Xi , . . . , A„) for j = 1, . . . , n. 

E is called the joint spectral resolution of Ti, . . . ,T„ and its support, which is 
contained in Spec(Ti ) x • • • x Spec(T„ ) , is called the joint spectrum of Ti , . . . , T„ 
and denoted by Spec(ri, . . . , T„). 

Via the joint spectral resolution, a joint functional calculus for the operators 
Ti, . . . , r„ is defined: for a Borcl function / : C" ^ C, we set 



/(Ti,...,T„)- / fdE. 
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